UNIVERSAL 

LIBRARY 


OU 160861 


UNIVERSAL 

LIBRARY 




6SMAI4IA UNIVERSITY UBRART 


Call No. 


Accession No. 


Author 


Te J kuhVcA 


Title H»'5V«nra 

This book shoula'fie^turn^ on or feroi c date 


marti=‘H tvlmv. 




HISTORY OF THE 


CALCULUS OF VARIATIONS. 




A HISTORY OF THE 


CALCULUS OF VARIATIONS 


DURING THE NINETEENTH CENTURY. 


By I. TODHUNTEfi, M.A. 


CHELSEA PUBLISHING COMPANY 
NEW YORK, N. Y. 



THE PRESENT WORK IS AN UNALTERED REPRINT OF THE FIRST EDITION, 
ORIGINALLY PUBLISHED UNDER THE TITLE A lIlSTORY OF THE PROGRESS 

OF THE Calculus of Variations during the Nineteenth Century 


Library of Congress Catalog Card Number 61-18586 


Printed in the United States of America 



PREFACE. 


In 1810 a work was published in Cambridge under the follow- 
ing title — A Treatise on Isoperimctrical Problems and the Calculus 
of Variations, By Robert Wood house, A,M,, F,R,8.y Fellow of 
Cams College, Gamhridye, This work details the history of the 
Calculus of Variations from its origin until the close of the eighteenth 
century, and has obtained a high reputation for accuracy and 
clearness, During the present century some of the most eminent 
mathematicians have endeavoured to enlarge the boundaries of the 
subject, and it seemed ])robable that a survey of what had been 
accomplished would not be destitute of interest and value. Accord- 
ingly the present work has been undertaken, and a short account 
will now be given of its plan. 

As the early history of the Calculus of Variations had been 
already so ably written, it was unnecessary to go over it again ) 
but it seemed convenient to commence with a short account of 
two works of Lagrange and a work of Lacroix, because they 



VI 


PREFACE. 


exhibit the state of tlie subject at the close of the eighteenth 
century; the first chapter is therefore devoted to these works of 
Lagrange and Lacroix, The notice of the two works of Lagrange 
is very brief, for in fact both of them were accessible to Wood- 
house, and he has given a good account of all that Lagrange 
accomplished. The notice of the work of Lacroix is fuller because 
the second edition of that work had not appeared when Wood- 
hoUse wrote ; it was also necessary to indicate two important mis- 
takes which occur in Lacroix on account of their influence on the 
history of the subject ; see Arts. 27 and 39, 

The second chapter contains an account of the treatises of 
Dirksen and Ohm. 

The third chapter contains an account of a remarkable memoir 
by Gauss, which affords the earliest example of the discussion of 
a problem involving the variation of a double integral with variable 
limits of integration. 

The fourth chapter contains an account of a memoir by Poisson 
on the Calculus of Variations. The great object of this memoir is 
to exhibit the variation of a double integral when the limits of 
integration are variable. The memoir is important in itself, and 
also from the fact that it may be considered to have led the way 
for those whieh were written by Ostrogradsky, Delaunay, Cauchy 
and Sarrus. 

The fifth chapter contains an account of a memoir by Ostro- 
gradsky ; this memoir was suggested by Poisson’s, and its object is 
to exhibit the variation of a multiple integral when the limits of 
the integration are variable. 

The Academy of Sciences at Paris proposed for their mathe- 
matical prize subject for 1842, the Variation of Multiple Integrals. 
The prize was awarded to a memoir by Sarrus, and honourable 
mention was made of a memoir by Delaunay. The memoir of 
Delaunay is analysed in the sixth Chapter, and the memoir of 
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Sarrus in the eighth Chapter; the seventh chapter analyses a 
memoir by Cauchy, in which the results obtained by Sarrus are 
presented under a slightly different form. 

Here that part of the present work terminates which treats 
of the variation of multiple integrals. 

The next three chapters treat of another branch of the subject, 
namely, the criteria which distinguish a maximum from a minimum; 
these criteria were exhibited in a remarkable memoir published by 
Jacobi in 1837, which has given rise to a scries of commentaries 
and developments. The method of Jacobi is founded upon one 
originally given by Legendre ; accordingly the ninth chapter first 
explains what Legendre accomplished, and also what was added 
to his results by another mathematician, Brunacci, and then finishes 
with a translation of Jacobi’s memoir. The tenth chapter con- 
tains an account of the commentaries and developments to which 
Jacobi’s memoir gave rise. The eleventh chapter contains some 
miscellaneous articles which also bear upon Jacobi’s memoir. 

The twelfth chapter contains an account of various memoirs 
which illustrate special points in the Calculus of Variations. 
The thirteenth chapter contains an account of three comprehen- 
sive treatises which discuss the whole subject. The fourteenth 
chapter gives a brief notice of all the other treatises on the sub- 
ject which have come to the writer’s knowledge. 

The fifteenth chapter notices various memoirs which have 
some slight connection with the subject. The sixteenth chapter 
notices various memoirs which relate principally to geometry, or 
differential equations, or mechanics, but the titles of which are 
suggestive of some relation to the Calculus of Variations. 

The seventeenth chapter gives the history of the theory of 
the conditions of integi^ability. 

The writer has endeavoured to be simple and clear, and he 
hopes that any student who has mastered the elements of the 
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subject will be able without difficulty to understand the whole 
of the work. 

It may appear at first sight that great disproportion exists 
between the spaces devoted to the various treatises and memoirs 
which are analysed. The writer has not considered solely or 
chiefly the relative importance of these treatises and memoirs, 
but also the ease or difficulty of obtaining access to them ; and 
thus a work of inferior absolute value may sometimes have ob- 
tained as long a notice as another of higher character when the 
latter could be procured far more readily than the former. 

In citing an independent work the title has usually been 
given in the original language of the work, but in citing a me- 
moir which forms part of a scientific journal it has generally been 
considered sufficient to give an English translation of the title. 
Sometimes a mathematician has been named in the history before 
an account of his contributions to the subject has been given; 
in such a case by the aid of the index of names at the end 
of the volume it will be easy to find the place which contains 
the account. Occasionally in the course of the translation of a 
passage from a foreign memoir the present writer has inserted a 
remark of his own ; this remark will be known by being enclosed 
within square brackets. 

The writer may perhaps be excused for stating that he has 
found the labour attendant on the production of this work far longer 
and heavier than he had anticipated. It would have been easy to 
have examined merely the introductions to the various treatises and 
memoirs, and thus to have compiled an account of what their re- 
spective authors proposed to effect ; but the object of the present 
writer was more extensive. He wished to ascertain distinctly what 
had been effected, and to form some estimate of the manner in 
which it had been effected. Accordingly, unless the contrary is 
distinctly stated, it may be assumed that any treatise or memoir 
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relating to the Calculus of Variations which is described in the 
present work has undergone thorough examination and study. 
This remark does not, however, apply to all the productions which 
are noticed in the last two chapters of this work. 

It will be found that in the course of the history numerous 
remarks, criticisms, and corrections are suggested relative to the 
various treatises and memoirs which are analysed. The writer 
trusts that it will not be supposed that he undervalues the labours 
of the eminent mathematicians in whose works he ventures occa- 
sionally to indicate inaccuracies or imperfections, but that his aim 
has been to remove difficulties which might perplex a student. 
In the course of his studies the writer frequently found that remarks 
which he intended to offer on various points had been already made 
by some author not usually consulted ; for example, the considera- 
tions introduced in Art. 366 occurred to him at the commencement 
of his studies, and it was not until long afterwards that he found 
he had been anticipated by Legendre ; see Art. 202. 

The writer will not conceal his own opinion of the value of a 
history of any department of science when that history is presented 
with accuracy and completeness. It is of importance that those 
who wish to improve or extend any subject should be able to ascer- 
tain what results have already been obtained, and thus reserve their 
strength for difficulties which have not yet been overcome; and 
those who merely desire to ascertain the present state of a subject 
without any purpose of original investigation will often find that 
the study of the past history of that subject assists them materially 
in obtaining a sound and extensive knowledge of the position to 
which it has attained. How far the present work deserves attention 
must be left to competent judges to decide; should they consider 
that the objects proposed have been in some degree secured, 
the writer will be encouraged hereafter to undertake a similar 
survey of some other department of science. 
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The writer will receive most thankfully any suggestion or cor- 
rection relating to the present work with which he may be favoured, 
and especially any information respecting those memoirs and trea- 
tises which may have escaped his observation, and those of which 
he has only been able to record the titles ; see Arts. 394 and 420. 

The writer takes this opportunity of returning his thanks to the 
Syndics of the University Press for their liberal contribution to the 
expenses of printing the work. 

St John’s College, 

April 15, 1861. 
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CALCULUS OF VARIATIONS. 

CHAPTER 1. 

LAGRANGK LACROIX. 


1. It is the object of the present work to trace the progress of 
the Calculus of Variations during the nineteenth century. It will 
be convenient to begin with an account of three works which ex- 
hibit the state of the subject at the close of the eighteenth cen- 
tury, We shall accordingly in this chapter give an analysis of 
the treatises on the Calculus of Variations contained in Lagrange’s 
ThSorie des Fonctions Analytiques^ in the Legons sur h Calcul des 
Fonctions of the same author, and in the Traiti du Calcul 
rentiel et du Calcul Integral of Lacroix. 

2. The first edition of Lagrange’s TJdorie des Fonctions Ana- 
lytiques appeared in 1797, and the second in 1813; the work was 
also reprinted in 1847. The portion which treats of the Calculus 
of Variations remains as it was in the original edition, where it 
extends over pages 198 — 220; we proceed to give an account of 
this portion. 


3. Having treated of ordinary maxima and minima problems 
in the preceding pages of his work, Lagrange states that the same 
principles may be applied to determine curves which possess at 
every point some assigned maximum or minimum property. For 
example, required the curve at every point of which 

{y+ {y+(n-a5)y| 


is a maximum or minimum, where y' denotes 
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Here it is supposed that at any point of the curve y is suscep- 
tible of variation while x and y are not susceptible of variation ; 
then according to the ordinary principles of maxima and minima 
problems we differentiate the proposed expression with respect to 
y as variable, and equate the differential coefficient to zero. This 
gives 

(m-x) {y + (n-x)^'} + (n-x) + =0...(1); 

therefore 

, __ (2x --m — n) y 

^ "" 2 (m — iP) (n—x)* 

divide by y and integrate, thus we obtain 

y* = 7i (w — a?) (n — x) (2), 

where h is an arbitrary constant. 

Differentiate the left-hand member of (1) with respect to y ; this 
gives 2 (m — a;) (n — a;) ; hence we conclude that at every point of 
the curve determined by (2) the proposed expression 

{y+{m,-x)y'\ {y-^-{n-x)y'} 

is a maximum or minimum according as {m — a?) — x) is negative 

or positive. From (2) it appears that the curve is an ellipse if h be 
negative, and then [m - cc) (n — a;) must be negative and there is a 
maximum ; also the curve is an hyperbola if h be positive, and then 
{m — a?) (w — x) must be positive and there is a minimum. 

This is the first appearance of a problem of this kind. La- 
grange intimates that such problems may be proposed involving 
other differential coefficients besides the first. 

4. Lagrange next considers the more common problem of the 
Calculus of Variations, namely that in which we require the maxi- 
mum or minimum value of the integral of a function/ (a;, y , y . 
He uses o) to denote what is called the variation of y, and which is 
usually denoted by Sy. He arrives at the well-known relation which 
must be satisfied in order that the proposed integral may be a maxi- 
mum or minimum; this relation he expresses in the following 
manner ; 

f{y) - [/'(y’)]'+ [fiylT - [/'(/')]"'+ ... = o. 
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He also obtains the ordinary result for the terms which are free 
from the integral sign, which must likewise vanish in order that the 
proposed integral may be a maximum or minimum. 


5. Lagrange now proceeds to the discrimination of a maximum 
from a minimum value ; he takes the case in which the function 
under the integral sign contains no differential coefficient of y higher 
than the first. We will here indicate his method, but we shall 
use the ordinary notation instead of Lagrange’s. Let p denote 

^ , and suppose /(a?, y, p) to represent any function the integral of 

which taken between certain fixed limits is to have a maximum or 
minimum value. Change y into y -f- Sy and p into /> -f ^ ; thus 
/(a?, y, p) will become 




dydp 


dp^ 


where the &c. stands for terms of the third and higher orders in hy 
and ip» 

Now by means of the relation between x and y given by 

<■). 

and the fact that the integration is taken between fixed limits, the 
integral denoted by 

vanishes. We must then examine the integral 



if this taken between tlie fixed limits is negative for all indefinitely 
small values of hy and hp^ the proposed integral is a maximum when 
y has the value which satisfies (1) ; if it be positive for such values 
of hy and hp the proposed integral is a minimum. 
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The integral which we have to examine may be put under the 
form 

where X is any function of x ; for we can shew immediately by dif- 
ferentiation that the latter expression coincides with the integral 
which we have to examine. Now assume \ such that 



then the last expression under the integral sign becomes a perfect 
square, and the integral may be written 

, . dy dy 

where A — 2\. 

dp dy dp 

Thus we have to examine the sign of 
\ (^i)’ - \ (%o)* + I ^ 


yrhere and denote the limits of the integration, and \ and \ 
are the values of X and By^ and By^ the values of By at the respective 
limits. Let us suppose that By^ and By^ are zero, then we have 
remaining 


d^f 

Hence we may conclude that if be always positive between 

the limiting values of x the proposed integi*al has a minimum value ; 

c?Y 

and if ^ be always negative between the limiting values of x the 
proposed integi^al has a maximum value. 


Lagrange remarks that this result had been published in the 
Memoirs of the Academy of Sciences, in 1786 [by Legendre] ; but he 
adds, that in order to ensure the correetness of the result it ought to 
be shewn tliat the value of X determined by (2) does not become 
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infinite between the limits of integration, and it is generally im- 
possible to do this, because the value of \ cannot actually be found. 


6 . 




dp 


Lagrange takes for example the case in which 

/(*» y. y) = y’ + 2»»/>y + ; 

is necessarily positive, but Lagrange shews that when n is 


negative we arc not certain of the existence of a minimum. 


7. Lagrange then indicates the method to be pursued in dis- 
criminating a maximum from a minimum when the expression 
which is to be integrated involves differential coefficients of a higher 
order than the first. 


8. Then leaving the question of the discrimination of maxima 
and minima values, Lagrange returns to the consideration of the con- 
ditions which are common to both maxima and minima values. He 
makes some remarks on the case in which the limiting values of the 
quantities y, y\ y'\ ... are not given, but only one or more equations 
connecting them. He then proceeds to suppose that the function 
under the integral sign contains, besides y and its differential co- 
efficients with respect to a?, another variable z and its differential 
coefficients with respect to x. When y and z arc independent he 
arrives at the two well-known relations which must be satisfied in 
order that the proposed integral may be a maximum or minimum, 
namely the relation already given in Art. 4, and another which may 
be obtained from that by changing y into z, Lagrange also gives 
the results for the case in which y and z and their differential coeffi- 
cients with respect to x are connected either by a given equation or 
by the circumstance that an assigned integral expression involving 
them is to have a constant value. 

9. As an example of the theory Lagrange considers the pro- 
blem of the brachistochrone when a particle moves from one given 
point to another. Take the axis of x vertically downwards, and let 
V2^ (A + ic) be the velocity which the falling particle has when at 
the depth x below the origin ; then the expression which is to be 
rendered a minimum is 

f v(i dx 
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where ^ » and ^ we have not assumed that the re- 
^ dx' ax' 

quired curve is 2 i, plane curve. Hence in order that the integral may 
be a maximum or minimum we must have, by the relations referred 
to in Art. 8, 

{v(A + a!)vfi+y’ + o}“‘^’ “”*^{v(A+*)V{i+y"+o}"‘^' 

Integrate these equations ; thus 

y z 

V(A + ®) vil+y^+O V(A + a;)V(H-y' + a") 

are both constants ; hence by dividing the first of these expressions 

by the other we have ^ a constant, and this shews that the curve 

must be a plane curve. Then by completing the investigation in 
the usual manner we obtain a cycloid for the required curve. We 
now proceed to examine whether the proposed integral is thus ren- 
dered a maximum or minimum. The terms of the second order are 
(see Art. 5) 

f (1 + g‘) {^pY-'ipqhpZq 4- (1 +/) (Sg)* ^ 

where ^ stands for ^ and g for The above expression may be 
written 

f (^)* + (^y + 

^ 2 V(A + a;) (1 +p* + 2*)* 

and as this is essentially positive the proposed integral is rendered 
a minimum; and thus the cycloid fulfils the conditions of the 
problem. 

10. Lagrange then gives some investigations relating to the 
conditions of integrahility of functions ; this is a subject to which a 
separate chapter will be devoted in the present work. 

11. The treatise on the Calculus of Variations contained in the 
Thionrie des Fonctions Analytiques is very clear, and although the 
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notation is not so expressive as that which Lagrange originally in- 
troduced, it is far preferable to that employed in the Legons sxir le 
Calcul des Fonctions, We now proceed to give an account of that 
part of the latter work which is connected with our subject. 

12. Ill the list of Lagrange’s works which is appended to the 
Mecanique Analytique it is stated that the first edition of the 
Lcijons sur le Calcul des Fonctions appeared in 1801 as a portion 
of the second edition of the Seances de V Ecole Normale; the Legons 
were also included in the 12th part of the Journal de V Ecole Poly^- 
technique in 1804. In 1806 a separate edition of the Legons ap- 
peared containing two additional legons^ and these were also in- 
serted in the 14th part of the Jov/rnal de V Ecole Polytechnique in 
1808. The two additional legons are devoted to the Calculus of 
Variations. 

13. In the edition of the Legons sur le Calcul des Fonctions 
which was published in 1806, the part bearing on our subject 
extends over pages 401 — 501 and forms the last two legons. The 
first of these two legons extends over pages 401 — 440 ; it treats of 
the integrability of functions, and also contains a sketch of the 
early history of the Calculus of Variations ; as we do not consider 
the early history of the Calculus of Variations in the present work, 
and as we reserve the subject of the integrability of functions for 
a future chapter, we shall not here give any account of this part 
of Lagrange’s work. Lagrange states that the work of Euler, 
entitled Methodus inveniendi lineas curvas,.. would have left nothing 
to be desired respecting curves which are required to have a maxi- 
mum or minimum property, if it had been based on an analysis 
more conformable to the spirit of the Differential Calculus; La- 
grange then adds that the object had been attained by his own 
method given in the Memoirs of the Turin Academy. This method 
is the well-known use of the symbol B to express a variation. 
Lagrange states that this method has been explained in most works 
on the Differential Calculus which have appeared since it was 
published, and therefore it will be sufficient for him to give merely 
an account of the principles of it ; and accordingly a brief sketch 
is supplied. 
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14. Lagrange begins the next legon thus ; — The method of 
variations based on the use and combination of the symbols d and 
8, which denote different differentiations, left nothing to be desired ; 
but this method having, like the Differential Calculus, the method 
of indefinitely small quantities for its base, it was necessary to 
present it under another point of view in order to connect it with 
the Calculus of Functions ; I have already done this in the TMorie 
des Fonctions, but I propose to return to the subject now in order 
to treat it in a manner more direct and more complete.” 


15. Lagrange proceeds accordingly to expound the subject 
with the aid of a new notation. Suppose y = (t>{x), and let ^(a?) 
be changed into <f>{x, t), where / is an arbitrary indefinitely small 
quantity ; then suppose ^ (a;, {) expanded in powers of t by Mac- 
laurin’s Theorem. The result is expressed thus, 





so that dots over the symbol y indicate differential coefficients of ^ 
with respect to f, it being supposed that i is made zero after the 
differentiations. The terms of the series after the first constitute 
in fact the variation of i / ; in this work however Lagrange confines 
himself to an investigation of the conditions which are common to 
maximum and minimum values, so that in fact the terms which 
involve powers of i beyond the first are not used by him. Since 
the way in which i enters into ^ (a?, i) is quite arbitrary it follows 
that y may have any value we please. 

16. Lagrange then arrives at the ordinary conditions for the 
maximum or minimum value of JVdx, where V is supposed to con- 
tain X and y, and the differential coefficients of y with respect to x. 
In his investigation he first supposes that x itself does not receive 
any variation, and afterwards finds the change in his formulae 
occasioned by varying x. 

He then proceeds to the case in which V contains besides 
y another dependent variable z, and its differential coeflicients with 
respect to x ; and he gives the relations which must hold in order 
that JVdx may be a maximum or minimum both when y and z are 
unconnected and wlien they are connected by an equation. 
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17. Lagrange gives some investigations relative to the maxi- 
mum or minimum value of a function of two independent variables 
which involves a double integral. We will indicate how far he 
proceeds with this problem ; but we shall use the ordinary notation 
instead of Lagrange’s. Suppose V a function of a?, y, pf q, r, s, 

, dz dz d^z 

t,... wherei,==^,2 = ^,r = ^ 

let Z7= JfVdydx', then 

W=fpVdydx, 


s = 


d'z ^ cPz , 

dxdy' 


and 


... dV^ dV^ dV^ dV^ , 


dr 


say 


= Liz 4 - Mip + Niq + Fir + Qis + Bit -f ... 


Now by the Differential Calculus 


and so on ; thus we obtain 

\ dx dy^ dd^ dxdy rfy® 


+ ^(mz-^R^ 

dy \ dy 


dP ^ ^ u,\ja 

^^Bz-^Sz 
dy dx 


iz 

•) 

■)• 


In order that S U may vanish it is necessary that the coefficient 
of Sz in the first line of the expression for SF should vanish; that 
is, we must have 

^ dM dNd^P d^Q dm 

dx dy ^ dx? dxdy dy^ 


Then iV consists of terms which involve only one sign of integra- 
tion, namely, that with respect to x or that with respect to y. 
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Thus Lagrange is correct as far as he has carried the investiga- 
tion ; but as we shall see hereafter the great difficulty of the ques- 
tion consists in reducing the terms which involve only one sign of 
integration to their simplest form, so as to deduce the equations 
which must hold for the limiting values of the integrals. The 
difficulty was first overcome by Poisson. Lagrange adds a remark 
which is not correct ; he says — “ The simplest case is that in which 
the boundary of the surface represented by the equation in £c, z 
is supposed completely given and invariable. Then the variations 
of z and its differential coefficients are zero with respect to the 
bounding curve and therefore also through the whole extent of the 
single integrals contained in 8^7, and the condition SC7'=0 is satis- 
fied of itself.” If the bounding curve be given Sz vanishes at every 
point of the bounding curve, but it is not true as Lagrange asserts 
that S/), ... also vanish. 

18. Lagrange illustrates the subject by the discussion of some 
of the standard problems. He selects the following ; — the shortest 
line ill free space or on a given surface, the brachistochrone in a 
resisting medium, the curve down which a particle must fall in a 
resisting medium in order to acquire a maximum velocity, and the 
surface of minimum area. The first three of these problems had 
been originally discussed by Euler, the last had been originally 
discussed by Lagrange himself in the Turin Memoirs. 

19. The treatise on the Calculus of Variations contained in the 
Lemons sur le Calcul des Fonctions is rather difficult, and the nota- 
tion is extremely uninviting and perplexing. It may be observed 
that there is a Grerman translation of the two works of Lagrange 
which we have considered, by Dr A. L. Crelle ; the translation is 
accompanied by a running commentary which is incorporated with 
the text. In the translation of the Legons the notation of Lagrange 
is replaced by the ordinary notation of the Differential Calculus. 
It seems to have been the design of Dr Crelle to translate all the 
works of Lagrange, but the only work which appeared besides the 
two we have considered was the Treatise on the Solution of Numeri- 
cal Equations, 

20. We now proceed to give an account of the chapter on the 
subject contained in the work of Lacroix. The first edition of the 
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TraiU du Calcul Diff^rentiel et du Calcul InUgral appears to have 
been published in 1797. The second edition of the second volume is 
dated 1814 ; it contains a chapter on the Calculus of Variations ex- 
tending over pages 791 — 816. There are some additions and cor- 
rections extending over pages 716 — 721 of the third volume, which 
is dated 1819. 

21. In his preface Lacroix states that the Calculus of Vari- 
ations is treated at much greater length than it had been in the 
first edition of the work ; he considers that he had to effect two 
things, namely on the one hand to exhibit the Calculus of Variations 
in all the extent it had reached and with the symmetry which it 
had gained by means of its peculiar notation, and on the other 
hand to explain the connexion of the subject with the ordinary 
principles of the Differential Calculus. He adds that those readers 
who wish to confine themselves to the Calculus of Variations strictly 
so called may begin at page 755. 

22. The guide whom Lacroix has principally followed is 
Euler ; the third volume of Euler’s treatise on the Integral Cal- 
culus contains an appendix on the Calculus of Variations, and in 
the fourth volume of the treatise a memoir on this subject is given 
which is reprinted from the Transactions of the Academy of 
St Petersburg (Novi Comment, Acad, Petrop, XVI.). Lacroix 
devotes the first part of his chapter, extending over pages 721 — 754, 
to an exposition of the method given by Euler in the memoir just 
cited ; the method is the same as that which was afterwards used 
by Lagrange in the Lemons sur h Calcul des Fonctions, Suppose 
y any function of cc, say y = (a?) ; let there be a new variable f, 
and let t) be any function of x and t which reduces to <f>(x) 
when < = 0. Then by Maclaurin’s Theorem 

+ I+... 

where t is supposed to be put equal to zero in the differential 
coefficients with respect to t after differentiation. Then <^(a?, <)— <^( 03 ) 
is equivalent to what is usually denoted by By and called the t?an- 
ation of y. If we suppose t small enough we may restrict ourselves 

to the first term in the series for ^(Xy t) — <^(a;), that is, to 
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Lacroix adopts this restriction and then proceeds to investigate the 
conditions which must hold in order that an integral ^Vdx may 
have a maximum or minimum value, where F is a function of x 
and y and the differential coefficients of y with respect to x. The 
results are of course the same as those which are obtained with the 
aid of the common notation. We shall make some remarks on 
various points which occur in this part of the work of Lacroix. 

23. On pages 729 — 731 Lacroix examines some cases of the 
problem of the hrachiatochrone. At first the starting-point is sup- 
posed fixed; the velocity at a point which has y for its vertical 
ordinate is supposed to be V2^ {y — h)^ where A is a constant. Now 
let the horizontal abscissa of the final point be supposed given, but 
not its vertical ordinate; then the usual result is obtained by 
Lacroix, namely, that the tangent at the final point must be 
horizontal. Lacroix next supposes that the horizontal abscissas 
of both the starting-point and the final point are known, but 
not their vertical ordinates, and he arrives at the result that 
the tangents at both points must be horizontal; and he gives a 
figure which supposes the moving particle to start from the lowest 
point of a cycloid, and to ascend to the cusp and then to descend 
down the next arc until it reaches the point which is in the same 
horizontal line as the starting-point. It must however be observed 
that Lacroix does not examine the terms of the second order so as 
to ascertain whether there really is a minimum ; and it is obvious 
that there can be no minimum in the present case, for by taking 
the starting-point low enough the initial velocity may be made as 
great as we please, and thus the time of passing from a point with 
the first given abscissa to a point with the second given abscissa 
may be made as small as we please without restricting the moving 
particle to describe a cycloid. 

24. On page 732 Lacroix observes that if the expression 

^_dP iQ_dJR 

dx^ dx* da? ^ ”• 

vanishes identically Vdx is an exact differential; thus jVdx taken 
between limits can be expressed as a function of initial and final 
values of co-ordinates and differential coefficients, and so the problem 
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of finding the maximum or minimum value of this integral does 
not differ from an ordinary problem of maximum or minimum. 
This remark leads him naturally to consider the example given 
by Lagrange of finding the maximum or minimum value of an 
expression which involves a differential coefiicient but no integral 
sign. (See Art. 3.) 

25. Up to page 734 Lacroix has supposed that the indepen- 
dent variable x is not susceptible of variation ; he now introduces 
the supposition that a? itself receives a variation. This part of the 
subject is treated perhaps as well as it could be on the basis 
adopted by Lacroix, but it would probably be obscure to a beginner. 
It is perhaps impossible to avoid this obscurity altogether if we 
ascribe a variation to the independent variable ; and thus it seems 
better to adopt the method of some recent writers who vary only 
the dependent variable and obtain the requisite generality in their 
formulae by giving small changes to the limits of the integral 
instead of varying the dependent variable. (See the works of 
Strauch and Jellett.) 

26. On pages 742 — 744 Lacroix expounds a method which he 
says in its full extent is due to Poisson, In this method the limit- 
ing values of the variables and differential coefficients which occur 
in the expression under the integral sign are at first supposed fixed ; 
then by the ordinary process of the Calculus of Variations a differ- 
ential equation is obtained, which must be solved, and which will 
involve a certain number of arbitrary constants; these constants 
Poisson proposes to determine by the principles of the Differential 
Calculus. For example, if the problem proposed be that of the 
brachistochrone, it would be first inferred from the differential 
equation furnished by the ordinary process of the Calculus of 
Variations that the curve must be a cycloid; then with the relation 
between x and y thus determined, the integral ^Vdx may be ob- 
tained, and may be expressed in terms of the limiting values of x 
and of the arbitrary constants which arise from the solution of the 
differential equation ; it will now be a problem of the Differential 
Calculus to assign such values to the limits of x and to the arbitrary 
constants as will ensure a minimum value for the integral. In fact 
instead of solving a problem at once and completely by the Calculus 
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of Variations, Poisson proposes to divide it into two parts and solve 
one part by the Calculus of Variations and the other part by the 
Differential Calculus. This method appears to possess no supe- 
riority over the common method, and Lacroix seems to intimate the 
same opinion on page 744. 


27. An important mistake in the treatment of the variation of a 
double integral occurs on page 752, and is repeated on pages 783, 
784 ; this we will now explain, using the ordinary notation. Let V 
be a function of the independent variables x and y, and of the 
dependent variable z, and of the differential coefficients of z with 
respect to x and y ; let 

Z7= ffVdxdy, 

then it is required to find the variation hU which arises from a 
variation iz ascribed to z. Let the differential coefficients of z be, 
as usual, denoted by p, and suppose for simplicity that no 

differential coefficient of z occurs of a higher order than the second. 
Then 



Lacroix now proceeds to transform these terms by integration by 
parts, and in doing so he makes a mistake. His process is sub- 

dV 

stantially the following. Let 8 denote -j - , then 




dSz r dS dSz j 



(1). 

thus 

JJsSsdxdy^Js^dx- 

( [ dS dSz j j 


again 

fs^dx = 8Sz- 



....(2), 

and 

hi 

II 




thus finally JJ 885 dxdy = 


SSz-f^^Szdx-f^Szdy + II^S.dxdy. 
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The step taken in (2) is generally false. For in a double inte- 
gral the limiting values of the variable with respect to which we 
first integrate are in general functions of the other variable; thus in 
(1) after integrating with respect to y, we should have to substitute 

Sbz 

some function of x for y in the term 8 , Therefore in the ex- 

r dhz 

pression j 8 dx, the symbol Sz does not represent a function of 

the independent variables x and y, but a function of x alone. But 
dBz 

indicates the partial differential coefficient of Sz taken with 

CLX 

respect to a?, and is therefore only a part of what we obtain when 
we differentiate with respeet to a:, supposing y itself a function of 
X. So that if we denote the complete differential coefficient of hz 

with respect to x by , we have 


DSz 

dx 




diz ^ dhz dy 
dx dy dx ’ 


where ^ is to be found from the value of y in terms of x which 

holds at the limit. The process of Lacroix then is wrong because 

. dhz . Dhz 
it uses -3— as if it were -j— . 
dx dx 


28. There is no error in the transformation which Lacroix 


effects of the terms j | ^ Srdx dy and j ^ ^ htdxdy ; but the error 


indicated in the preceding article occurs again in the transformation 
of terms arising from the differential coefficients of z which are of 
an order higher than the second. It must be observed that the 
error disappears when the limits of both the integrals are con- 
stants. 


29. The error indicated in Art. 27 was alluded to by 
Poisson and corrected in his memoir on the Calculus of Variations 
{MSmoires de V Institute Tome xii. page 296). It seems to have 
been introduced by Euler; it occurs in Art. 169 of the Treatise on 
the Calculus of Variations contained in the third volume of Euler’s 
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Integral CaUulm, In the memoir however to which we have 
already referred (see Art. 22), which is reprinted in the fourth 
volume of the Integral Calmlus^ the error does not occur; there 
Euler has a result which is equivalent to 

jj8Ssdxdi,=Js^^dx-l^£szd^+IJ^^Szdxdr, 

that is, he omits the incorrect equation (2) of Art. 27. He has 
therefore here not attempted to carry his transformations farther 
than they are carried in Art. 17, and has left his results in a correct 
form. It should however be observed that Strauch asserts that 
Euler’s results are not correct, since he has omitted several terms 
which involve only a single integral (Strauch, Calculus of Varia- 
tiona^ Vol. ii. p. 633). There seems no reason for the assertion 
made by Strauch beyond the following : — In such a step as 

we must remember that the integration with respect to y will have 
to be taken between certain limits, so that the equation just written 
would more correctly be written thus, 




dy dx 


dy, 


where the first two terms on the right-hand side are respectively the 
dZz 

values ^ ^ when y^ and y^ are substituted for y. This is the 

only point in which Euler’s formula is liable to objection, and this 
can scarcely be called an error, as it is really only an abbreviation 
which is perpetually used in the Integral Calculus. This is pro- 
bably all that Strauch means by his assertion ; in the problem 
which he has discussed in the pages immediately preceding his 
assertion he has confined himself to the case in which the limits of 
the integrations are all constants^ and his results agree with those of 
the third volume of Euler’s Integral Calculus^ when we allow for 
the abbreviated form which Euler adopts, as we have just ex- 
plained. It may be added that the mistake corrected by Poisson 
has been preserved in some elementary works which have been 
published since Poisson’s Memoir. 
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30. In addition to the error already pointed out, it must be 
observed that on page 752, Lacroix exhibits the result very incor- 
rectly ; for he omits all such terms as and ^ , and Sz is the 

only form in which he introduces the variation of z. In conse- 
quence of this, he falls into the same error on page 753, as has 
been already indicated in Lagrange (see Art. 17). He states that 
when the lines which bound the area over which the double inte- 
gration extends are absolutely given, then all the terms in the 
variation of the double integral vanish except those which remain 
under the double integral sign ; and this of course is not true. 


31. Lacroix closes this division of his subject with a remark on 
the problem of the variation of a double integral when the limits 
themselves are supposed variable; pages 754, 755. He says that 
the question is too difficult for him to stop to consider it, but that he 
will return to it afterwards in order to introduce the reader to some 
considerations of which no trace could he found in preceding works. 
It is not apparent to which of his subsequent articles Lacroix thus 
refers ; the only place in which he appears to return to the point is 
page 778, and there he gives scarcely any thing more than had pre- 
viously been given by Euler. 


32. On page 755 Lacroix begins his exposition of the Calculus 
of Variations properly so called. Here he introduces Lagrange’s 
symbol S to express a variation. Lacroix devotes his first article to 
proofs of the formulas My^dhy^ hdx = dhx^ SeTy = (TSy, .... This 
article seems to require some observations. After he has considered 
the case in which y alone receives a variation and not a;, he proceeds 
thus : 

“ Hitherto we have only varied the ordinate PM or y ; but this 
point of view is too restricted ; some questions may require that we 
should pass from the point M of the curve CE to a point v of the 
curve 76 corresponding to an abscissa AH which differs from AP. 
(See fig. 1.) It is obvious that the variation of PM consists then of 
two parts, namely of the variation My, which is due solely to the 
change of curve, and of the increment which Py, receives in the 
curve 76 when the abscissa AP is changed into AH ; and we shall 
have in this case My = rfSy. For let 
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PM— ^ {x), Pfi^'^jr (as), J^II = a; + «r (as) = X, 

AP = x + dx=x’, An' = x+iiT(x') = X'; 
it will follow that 

np = fiX), P'M' = y'^4,{aJ), nV = 'f (X'), 
n»» - PM = Sy = -f (X) - (a:), n V -PM' = (X') - (»') , 

and Sy -By = dBy = f (X') - ^ [x) - •f (X) + </> (a;). 

On the other hand, since 

dy = ^ (x') - <f> (x), 

My = ^ {x') - 8<f> {x) =f{X')-<f>ix')--^{X) + <l> (x ) ; 
hence Srfy = dBy. 

It is moreover obvious that by supposing Sa? = -bt (x) we have 
separately 

Sdx = dSx, 

It follows that Sd^y = dSdy = ; and proceeding thus wc 

shall obtain the theorem 

= d^S^y 

in virtue of which we may transpose the characteristics 8 and d ; 
this may be extended to any function whatever, so that 

Bd^U^d^BU 

whatever U may be. As the basis of the Calculus of Variations 
this was enunciated at the origin of the Calculus ; but it has always 
appeared to me that the truth of it had not been proved with suf- 
ficient care, and that it was necessary to develop the demonstration 
by bringing into view the nature of the variations attributed to the 
abscissa and the ordinate.” 

33. The proof given in the preceding Article may be exhibited 
more clearly ; it consists essentially of the following process. Let 
y stand for <^[x)y let d denote the operation of changing x into x’ 
and subtracting the original function from the new function, let B 
denote the operation of changing x into X and (f) into yfr and sub- 
tracting the original function from the new function ; then 

dSy^d {V^(X) -<f,ix)} = Vr(X') -i>(x') - {ir(X) -,f,(x)}, 
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and My = 8 {0 (a:') - ^ (a?) } = (X') - ^ W - 

therefore dSy = Sdy. 

The proof is certainly sound ; it must be noticed however that 
it is assumed that 8 always means a change of x into X and ^ into yjr 
and a corresponding subtraction. This however is too restricted a 
meaning of the operation denoted by 8, for it is necessary to have 
the power of supposing that the curve ye in the figure is not through- 
out determined by the equation y = yjr {x). The curve may be deter- 
mined hy y = yjr [x) for part of its extent, by y = % {x) for another 
part, by y =f{x) for another part, and so on. All the restriction 
on yjr, ,,, is that there be no discontinuity in the value of y 
or of any of its differential coefficients up to that of the highest 
order which occurs in the expression we are considering ; discon- 
tinuity in form is admissible, and in fact necessary. Thus the 
demonstration given by Lacroix in Art. 32 is not perfectly satis- 
factory, since it involves a limitation of the meaning of the sym- 
bol 8. 


34. Many elementary writers who have reproduced this de- 
monstration have however omitted that part of it in which the 
symbols are defined, and thus have rendered it inconclusive. Thus 
it has been considered sufficient to proceed as follows: — ^let AP=cc, 
Pn = rfa;, PP' = 8a;, 1111' = 8 (a? + rfee) ; then P' and 11' are the 
abscissa3 of points on the new curve which are infinitesimally near, 
and AP' = a; + 8a?, therefore 

P'll' = c/ (a? -f Bx) ; 

hence PIT' = cfo; + 8 (a? + cfo), 

and Pn' = PP' + P'H' = 8a? + rf (a: + 8a:) ; 

therefore 8c?a: = dSx. 

But in this process the statement P'n' = rf(a:-f 8a:) is quite arbi- 
trary, as there is no definition on which it depends. 

36. But in fact there is nothing to be proved, and the subject 
would be rendered more intelligible by the omission of these and 
similar propositions which appear in so many elementary works. 
Suppose for example that y receives an increment 8y, then the 

first differential coefficient of y with respect to x instead of ^ 
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becomes , that is, receives an increment . Hence if 

dx ax 

there 
dx 

is here nothing to prove, it is merely a definition of the meaning 
of ip. Again, let u denote the integral jvdx\ if v receives an 
increment hv then u receives an increment jhvdx, which we may 
denote by iu if we please. Instead then of a formal proposition in 
which i Jvdx is proved equal to JBvdx, there is really only a defi- 
nition of the meaning of Su when u= J vdx. 

36. That these supposed propositions are not required in a 
treatise on the Calculus of Variations may be seen by consulting 
Airy’s Tract on the Calculus of Variations. The subject will be 
found there treated with great simplicity and clearness, without 
any introduction of such matter as we have taken from Lacroix in 
Article 32. It may be added that Euler, who gives the geometrical 
process of Article 32 in his treatise on this subject contained in 
his Integral Calculus, gives it rather as an illustration than a proof 
(interim tamenjuvahit id per Geometriam illustrasse). 

37. Lacroix now proceeds to give the usual formulae of the 
subject expressed in the usual notation. He exhibits the variation 
of an integral which involves both x and y and their diiferentials, 
so that in fact x and y may be considered both functions of a third 
variable. He notices the conditions which must hold in order that 
a function involving two variables and their differential coefficients 
may be susceptible of integration, once or more than once, without 
assigning any relation between the variables. He also investigates 
the variation of /Frfa;, where V contains another integral JV'dx 
besides x and y and the differential coefficients of y ; as this is a 
point of some difficulty we shall consider it here more fully. 

38. An investigation of the variation of an integral formula 
which itself involves another integral was given by Euler ; it occurs 
in the 4th chapter of the treatise on the Calculus of Variations, 
which is contained in the third volume of his Integral CalculuLs. 
Lacroix gives it in his Articles 854 and 871. Lacroix omits a few 
lines of explanation which are found in Euler^ and thus the process 
which in its original form was not free from obscurity is rendered 


we please to denote this increment by Bp we have Bp = 
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still more obscure; in fact, as we shall see, Lacroix does not 
distinguish between problems which are really different. From 
Lacroix the process has passed into many elementary works. We 
will now give the process of Lacroix. 

Kequired the variation of fVdx, where 7 is a function of a;, y, 
y, r, ... and v where v = fV'dXy^eLni V is also a fiinction of x, y, 
p, q, r,.., ; here denote the successive differential coeffi- 
cients of y with respect to x. Suppose 

dV—Mdx + Ndy + Pdp + Qdq -h Rdr -f ... + Ldv^ 


dT^ M'dx + Wdy + P'dp + Qdq-YR'dr + ... 

Then by the usual formulas of the Calculus of Variations 
hfVdx = Vhx + fidxBV- dVSx ) ; 
now for shortness let dV = dylt -{• Ldv, then + 

thus S fVdx =VSx + J{dxS'\lt — dy/rSx) + J{LdxSv — LdvSx), 
Also 8v = V*Sx + fidxh F' — dV'Sx) ; and dv = V'dx ; 

therefore f{LdxSv — LdvSx) = jLdx J {dxS F' — dV'Sx). 

Put jLdx-I] then by integration by parts 
f{LdxSv - LdvSx) = IfidxSr - drsx) - fl{dxsr - dVSx). 
Hence we obtain 


S f Vdx = VSx + f (dxSyfr — d^|rSx) 

+if{dxsr-drsx)--fi{dxsr--drsx). 


The three terms which follow VSx on the right-hand side of 
the last equation may be transformed by the ordinary processes of 
the subject. Thus if © = Sy — pSx^ we shall obtain 


/{dicBylr - d^Bx) = ^ ^ - 

+<«-&+ 


X dm 


dx 


+ {R- 


V d^m 

^d^ 


dP d^Q d^R . v , 


(!)• 
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)| 

)S 

+ 

r r/XT! \ J tc^\ 

fl{d^V-dVh>) = (/P'-^' + ^- ...) 0, 

+ + 

+ )£ 

+ 

. r,r^r> dIF , dUR' . s J, 


Thus far there is no difficulty, but Lacroix adds in Article 871 ; 
let A denote the total value of /, that is, of jLdx taken between 
limits determined by the nature of the question ; since this value 
is a constant it may be introduced under the signs of differentiation 
and integi-ation, and thus the formula will become 

S fVdx = FSa;+|(P+ AF -IF)--^{Q +AQf -IQ') + 

+ j(«+^e’-/e') -^ («+ AT) + ...} g 

+ 

+ J|{2V+ AN' - IN') - ^ (P+ AF - IF) 

^■^{Q + AQ'-IQ')-..}^wdx. 
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This last step is not obvious ; it will be seen that no change 
is made in the terms which are denoted by (1) and (3), but that 
I is changed into A in (2). Now the original integral jVdx must 
be supposed taken between some limits, say a and yS ; thus the first 
line for example in (2) will really when written at full become 


and as the value of I when x = ^ will not generally be the same 
as its value when a; = a, we cannot as Lacroix does put A for I in 
the terms included in (2). 

Some variety of meaning may occur with respect to /; for by 
I we may understand simply the indefinite integral jLdx without 

any constant added ; or by I we may understand f Ldx^ so that 

J a 


I vanislies when x has the arbitrary value a, or again, a may be 
supposed equal to a or to None of these suppositions however 
lead to the result given by Lacroix, although the supposition that 
I vanishes Avhen a; = a or when aj = /8 will simplify the correct 
formulos. There is another point to be noticed. We have hitherto 
supposed V to mean the indefinite integral jV'dx without any con- 
stant added ; but v may stand for something different, as for ex- 


ample for j V'dx, In this case in order to find what arises from 

IJidxW — dV'Zx), we must take the integral from c to £c, then 
multiply by I and put successively a? = a and a; = ^ in the result, 
and subtract the first value of the result from the second. Similar 
processes must be performed with the terms in (3). For simplicity 

we will suppose that / = J Ldx, so that I vanishes when aj = a. 

Thus, for example, the first term of the first line of (2) is 

The second line vanishes since is zero, and the first line may 
be written 


4=/5{(P«),=,~(Pa>U}. 
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From considering this result, we see that if a, we may adopt 
the final form given by Lacroix. Thus the formula of Lacroix 

must be understood to imply that ^ = J V'dx, where a is also the 
lower limit of the integral JVdx, 

It is however possible to suppose that v stands for I V'dx, 

J a 

where a and b are constants. In this case the terms in (2) will 
give 

(/,=/» - /*=.) J {dxiV'-dV'ix). 

The terms in (3) will give 

i'' I{dxhV'-dV'hx), 

J a 

in which we are supposed to make x successively equal to a and /8, 
arid subtract one result from the other; so that the remainder is zero. 
Hence in this case 

sJ'^Vdx^i - ( VSx),^ + J'’(dxSir - dfBx) 

+ (/*=? fidxBV’-dV'Bx) ; 

and nothing remains except to transform j (dxB^ — d‘<frSx) and 
f (dxSV' --dV'Sx) by the ordinary processes of the Calculus of 

d a 

Variations. 

Moreover = J Zdx, 

39. We now amve with Lacroix at the problem of the Variation 
of a function of two independent variables. An important mistake 
occurs on pages 779 and 780, which must be noticed here. We 
shall use the ordinary notation for partial differential coefficients 

of a function z, namely^ j for ^ , r for , and so on. 

Lacroix gives the following process. 

To find Sp and Sj. We have 
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by differentiating the fraction in the ordinary way and changing 
d into Sy we shall have 

^ dxSdz — dzSdx _ dxdSz — dzdSx _ dSz --pdSx 
^ ““ dx^ ~ dx^ ~ dx 

StaiMy 85 

The formuloe thus obtained for ^ and Bq by Lacroix are incorrect ; 
they appear to have been taken by Lacroix from Euler’s treatise 
comprised in his Integral Calculus. The true formulae were given 
by Poisson ; the erroneous steps in the process of Euler and Lacroix 
were afterwards indicated by Ostrogradsky, and Poisson’s results 
were confirmed. These points we shall have occasion to explain in 
analysing the memoirs of the two writers last named. 


40. After the error in finding Bp and Bq Lacroix follows Euler 
in giving erroneous formula© for Sr, Bsy and Bt. These writers both 
shew that in following out their process they obtain two formulae 
for Bsy by performing the operations in different orders, and these 
two formulae can only be reconciled by supposing that Bx is a 
function of x only, and By a function of y only. They proceed 
thus 

dy dy 

, dBp ^ d^Bz dBx d*Bx ^ 

dy dy ^ dx ^ dydx^ 

, . ^ d^Bz dBx d^Bx dBy 

therefore w = tt-j — s -1 

dydx dx ^ dydx dy 

Again, adopting a different order, we have 
^ ^dq dBq — sdBx 


and 


dBq _ d^Bz ^ dBy ^ d^B y 
Sg dx dy ^ dy ^ dxdy^ 


Bs = 


d^Bz ^ dBy ^ ^ d^By ^ ^ dBx 


dxdy dy ^ dxdy dx 


therefore 
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These two formute for Ss contain respectively the essentially dif- 
ferent terms p and q , which can only be made to dis- 
appear by supposing that Sx does not contain y and that hy does 
not contain x. 


41. The difficulty at which Euler and Lacroix thus arrive is 
owing to the circumstance that they determine hp and hq errone- 
ously, and repeat their error in determining 85 ; the correet values 
will be given hereafter. Strictly speaking it is not absolutely 
necessary that Sx should be a function of x only, and Sy of y only 
d^Sx , d^Sy 
d^y 


in order to make 


and 7 T vanish ; for if Sx were a function 


d^Sx 


of X only or of y only would vanish, and a similar remark is 

true with respect to Sy. But the supposition that Sx is a function of 
X only and Sy of y only is more natural at this point, and is much 
more convenient for the subsequent processes required in the deve- 
lopment of the variation of a double integral. Lacroix seems to 
intimate on page 778 that there is some loss of generality in im- 
posing the restrictions on Sx and Sy ; this however docs not appear 
to be the case. For let x, y, z be tlie co-ordinates of any point ; 
and let x + Sx^ y-hSy, z-i- Sz be the co-ordinates of an adjacent 
point ; then if Sx be an arbitrary function of x only, Sy an arbitrary 
function of y only, and Sz an arbitrary function of both x and y, we 
have the power of passing from the point (x, y, z) to an adjacent 
point in every possible way ; that is, our suppositions involve all 
the generality we require. 


42. Lacroix now gives the ordinary development of the varia- 
tion of a double integral ; in so doing he reproduces the error which 
has been already indicated in Art. 27. He illustrates the whole 
subject by discussing some of the usual problems ; he selects the 
brachistochrone, the solid of least resistance, the curve which in- 
cludes a maximum area between itself and its evolute, the integral 
fVdx where F= y / V(1 -l-jp*) and the brachistochrone in a resist- 
ing medium. 
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43. Lacroix then gives Euler’s method of treating questions of 
relative maxima and minima; that is, for example, he shews that if 
we want the maximum or minimum value of ^udx subject to the 
condition that shall be constant we must proceed to solve the 
problem of finding the maximum or minimum of /(w + av) Ja:, where 
a is a constant. This part of the subject he illustrates by the pro- 
blem in which a curve is to be found of given length and area, 
which by rotation round an axis will generate a maximum or mini- 
mum volume. Lastly he gives some investigations with respect to 
the problem of discriminating a maximum from a minimum ; these 
are similar to those which we have already noticed in Art. 5. 

44. In the third volume of his work, which was published in 
1819, Lacroix has a note on the point which we have noticed in 
Art. 39. He gives there the correct forms for Sg, ... which had 
been obtained by Poisson after the publication of the second volume 
of the du Calcul Diffirentiel et du Cahul InUgral. 

45. On the whole the Calculus of Variations does not seem to 
have been very successfully expounded by Lacroix, and this is 
perhaps one of the least satisfactory parts of his great work. Mr 
Abbatt, in the preface to his treatise on the subject, speaks thus of 
it: “In Lacroix’s TraitS du Calcul Diff'ercntiel et du Calcul 
InUgral^ Tom. ii., we find materials sufficient to form a complete 
work on Variations; but the subject is treated in a manner so 
prolix and inelegant, that the reader’s taste will scarcely be im- 
proved, how much soever his knowledge may be increased by 
the perusal.” 
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CHAPTER 11. 

DIEKSEN. OHM. 


46. In this Chapter we shall give an account of the works 
of Dirksen and Ohm. The treatise of Dirksen is entitled Analy’- 
tical Exhibition of the Calmlus of Variations with the application 
of it to the determination of Maxima and Minima, by E. H. Dirksen, 
Berlin, 1823, (Analytische Darstellung der Variations-rechnung mit 
Anwendung derselben auf die Bestimmung des Grossten und 
Kleinsten). 

47. Dirksen’s book is a small quarto of 243 pages, with a 
preface of 8 pages; it is very badly and incorrectly printed. 
In the preface the author says that the Calculus of Variations ap- 
pears to have been neglected, for in elementary works no improve- 
ment had been introduced since the time of Euler and Lagrange ; 
he states that he has himself developed the subject from a purely 
analytical origin ; and in conformity with this remark it may be 
observed that there is no figure in the book. 

48. The work is divided into four chapters. The first chap- 
ter extends over 32 pages ; it is called an Exhibition of the prin- 
ciples of the Calculus of Variations. Dirksen takes any function 
such as 0 {x, y, z) and changes x into x + khx, y into y + hZy, and 
z into z + kZz ; he then expands the new value of the function in 
a series proceeding according to ascending powers of k ; the coeffi- 
cient of the first power of k is called the variation of the first order 
of the function, the coefficient of Id is called the variation of the 
second order of the function, and so on. In the first chapter the 
author finds the variations of explicit difierential and integral 
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functions, and of a function which is implicitly determined by 
means of an unsolved differential equation. 

49. The second chapter extends from page 33 to page 73 ; it 
is called Development and Tramaformatton of the variation of the 
first order of undetermined Integral Formulae taken between given 
limits. Here Dirksen confines himself to the term containing 
the first power of k in his general expansion, and he gives the 
ordinary process of integration by parts which separates the 
variation of an integral into an integrated part and a part still 
remaining under the sign of integration. He also gives the trans- 
formation of a double integral fJVdxdy^ supposing the limits of the 
integrations for both x and y to be constants. 

50. The third chapter extends from page 74 to page 200 ; it is 
called Application of the Calculus of Variatwns to the determination 
of Maxima and Minima, The author first considers the maximum 
or minimum of an explicit function, which is an ordinary problem 
of the Differential Gahulus, He then proceeds to the case where 
the function involves differential coefficients, and he discusses the 
example given by Lagrange (see Art. 3). Next, he considers un- 
determined integral formulsB ; and with respect to these he investi- 
gates the second term of his general expansion in powers of k with 
the view of discriminating a maximum from a minimum ; he uses 
the method given by Lagrange in the Thiorie des Fonctions Analy- 
tiques. 

51. The fourth chapter extends from page 201 to the end; it 

is called Examples relating to the determination of the Maximum or 
Minimum of undetermined Integral Formulae. Dirksen states in 
the preface that these examples are for the most part taken from 
Euler’s Methodus Inveniendi , but he intimates that the solu- 

tions of the examples are in some respects superior to those given 
by Euler. The examples given by Dirksen are in fact all in 
Euler; but Dirksen has generally investigated the terms of the 
second order so as to discriminate a maximum from a minimum, 
and this gives his solutions an advantage over Euler’s. Some of 
these examples are also discussed in the work of Strauch ; it will 
be useful to point out those which are in Dirksen and which are 
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not in Strauch ; they are the following. The maximum or mini* 
mum of the following expressions is required, 


Jy {ax -f) dx, 

J (15aVy — 4- 5aV — 3y®) dx, 

/ (3aa; - 3a3® - y®) (ooj - a?* xy+y^) dx, 



(Euler, page 39), 
(Euler, page 40), 
(Euler, page 41), 

(Euler, page 61). 


Also the maximum or minimum of fy^dx subject to the condition 
that Jyxdx is constant is found (Euler, page 191). And Dirksen 
investigates the sliortest line on a spheroid ; Euler gave the general 
problem of the shortest line on a surface (page 138). 


52, On the whole Dirksen’s treatise cannot be estimated very 
highly, and the inaccuracy of the printing renders it repulsive to a 
student. In Ohm’s treatise, which we shall next examine, refer- 
ences are made to some unsatisfactory points in Dirksen’s work ; see 
Ohm’s Theory of Maxima and Minima^ pages 8, 11, 18, 50, 53, 55, 
62, 74, 84, 115, 119, 233, 250, 292, 313. 


53. Ohm’s treatise on this subject is entitled The Theory of 
Maxima and Minima^ by Dr Martin Ohm, Berlin. 1825. (Die 
Lehre vom Grossten und KleinSten). This is an octavo volume of 
330 pages, with a preface of 18 pages. It may be regarded as 
the successor to the work of Dirksen, for Ohm gives frequent refer- 
ences to Dirksen, and corrects some of his errors. Ohm’s book is 
very correctly printed, but from the highly condensed notation 
which he adopts, and from the want of illustrative problems, it is 
rather a difficult work for a student. 


54. The first 84 pages contain an Introduction, in which the 
author collects the propositions in Algebra and the Differential and 
Integral Calculus, which are especially used in the ordinary theory of 
maxima and minima, and in the Calculus of Variations. Thus we 
have theorems on the expansion of functions, on differentiating inte- 
gral expressions with respect to any symbol which they contain. 
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and on the reductions of certain integral forms by means of inte- 
gration by parts. This mode of arrangement seems liable to objec- 
tion, as the various propositions are given apart from their useful 
applications, and thus they are rendered more difficult and less 
interesting than they would be if introduced when they were 
required for immediate service. 

65. The portion of the book extending over pages 87 — 127 is 
called Calculus of Variations. Ohm’s view of a variation is similar 
to that of Euler and Lagrange. (See Art. 22 and Art. 15.) Let V 
denote any function, and a function which reduces to V when 
= 0 ; then is what F becomes by variation, and Ft is supposed 
developed in a series, so that 

7. = r+ SF. « + + S’F. + ... 

The terms 8F, 8^F, 8®F, ... are called variation-coefficients, and 
by Maclaurin’s Theorem they are the values of the successive dif- 
ferential coefficients of V when k is supposed zero after the differ- 
entiations. The only terms of importance are the first and second 
variation-coefficients, namely 8F and 8‘‘*F. In this part of the 
treatise Ohm gives the first and second variation-coefficients of dif- 
ferent expressions, some of which involve integrals and some of 
which do not. 

56. The portion of the work extending over pages 131 — 314 is 
called the Theory of Maxima and Minima, The pages 131 — 208 
contain the theory of maxima and minima, which is given in ordi- 
nary treatises on the Differential Calculus. Ohm endeavours to 
present this part of the subject under a novel aspect, but it does not 
appear that there is any real extension or improvement of the com- 
mon methods. The pages 209 — 244 contain investigations of the 
maxima and minima of expressions in which differential coefficients 
enter, that is, expressions of the kind exemplified by Lagrange (see 
Art. 3). This part of Ohm’s treatise contains more than had been 
previously given on this point; the extension however was ex- 
tremely natural and obvious after the example discussed by La- 
grange. 
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67. We now arrive at the part of Ohm’s treatise which is 
devoted to the maxima and minima of integi*al expressions. On 
pages 244 — 304 Ohm considers expressions which involve single 
integrals. He takes an integral /FScc, and at first he supposes 
that V involves only x and y ; next he supposes that V involves 

ad next he supposes that V involves a;, y, ^ and 
^ ; lastly, on page 272 he supposes that F involves x, y, ^ , 


X. 


dx^ 


upto^. 


dx^ 

He then takes the case in which F con- 


tains besides y another function of a?, as together with the dif- 
ferential coefiicients of y and 


58. For discriminating between maxima and minima Ohm 
gives the method which was originally proposed by Legendre, 
which we have already exemplified in Art. 5. He seems however 
to consider the results as more certain than they really are, for he 
omits all reference to the qualifications indicated by Lagrange (see 
the latter part of Art. 5). Ohm extends this method to the case 
in which the function under the integral sign involves more than 
one dependent variable; on page 279 he takes for example jVdx 

where F is a function of a?, y, z, ^ ^ and ^ . 

^ dx' dx^ dx 


59. In pages 304 — 310 we find some investigations with 
respect to the maxima and minima of multiple integrals. Here 
for the first time the case is considered in which the limits of the 
first integration are functions of the other variable. The following 
is Ohm’s process with some change of notation, 

dz 


Let 






dx^ dy, 


;)■ 


J XoJyo 

the integration in U is supposed to be effected with respect to y 
first, and the limits y, and y, may be functions of x. It is required 
to express hU. With the notation used in Art. 17 we have 
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therefore ^ J ~ izdxdy 

+ /*‘/J^' ^ {Mhz) dxdy + ll'miz\ - {^mz\} dx, 

where {Nhz)^ denotes the value of Nhz when for y we put y^, and 
{Nhz)^ the value of Niz when for y we put y^. Now 

rafi ryi ^ 

thus the term | / ^ {Mhz) dxdy gives 

J xoJyQ CLX 

( P MBzdy^ — ( f'^^MSzdy\ 

\Jyo vjyo /*-Xo 

We have thus the value of SJ7 reduced as much as possible. 

60. Pages 311 — ^314 shew how to obtain the variations of func- 
tions which are implicitly given by differential equations. The 
book finishes with an appendix of fourteen pages, in which are 
given some algebraical expansions which are in fact cases of 
Taylor’s Theorem. 

61. There are three other works in which Ohm has touched 
upon the subject of the Calculus of Variations ; these are 

System der Maihematik^ Band v. Berlin, 1831. 

System der Mathematiky Band vii. Berlin, 1833. 

LeJirhuch der hohern Mathematik, Band II. Berlin, 1839. 

We shall make some observations on these three works. 

62. In the fifth volume of Ohm’s System of Mathematics the 
portion of the work devoted to our subject is the eleventh chapter, 
extending over pages 51 — 87. The chapter is divided into two 
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parts; the first is called the Expansion of polynomial fanctions in 
series and extends over pages 50 — 81, the second is called Calculus 
of Variations and extends over pages 82 — 87. The main point of 
the chapter may he said to be the expansion of a function of 
a?, y, 5, c, ... in powers of k when 

a? = + ... 

a = -f + . . . 

and similar expressions hold for c, ... There is only a 

very brief account of the Calculus of Variations, strictly so called, 
and this account contains nothing of importance. 

63. In the seventh Volume of Ohm’s System of Mathematics 
there is a chapter on Maxima and Minima, and an Appendix of 
Examples. The chapter on Maxima and Minima gives a brief 
sketch of the ordinary portions of the Calculus of Variations ; for 
fuller details Ohm refers to his separate work on the subject, of 
which we have already given an account in Arts. 53 — 60. The ap- 
pendix of problems contains 41 problems and occupies 113 pages; 
these problems are intended by Ohm to illustrate the separate work 
to which reference has just been made. The first six of the pro- 
blems require maxima or minima values of expressions involving 
a function and its differential coefficients, but not involving inte- 
grals. These problems are all reproduced by Strauch in the second 
volume of his treatise on the subject. The first is given by Strauch 
on pages 14 — 16 ; he ascribes it to Ohm. The second, third, and 
fourth are given by Strauch on pages 23 — 27 ; they consist of the 
example originally given by Lagrange, and two modifications of 
it which Strauch ascribes to Ohm. The fifth and sixth problems 
are ascribed by Strauch to Ohm ; Strauch gives them with some 
extensions on pages 82 — 89. Ohm’s problems from 7 to 17 in- 
clusive consist of different cases of the shortest line that can be 
drawn in one plane or in free space, with various limiting con- 
ditions. The problems from 18 to 20 are respecting the shortest 
lines that can be drawn on assigned surfaces ; Ohm gives the ordi- 
nary investigations. The general problem is not treated by Strauch, 
but he examines in detail the same particular case as Ohm, namely. 
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that of the shortest line on a sphere. Ohm’s remaining problems 
are all common examples, and are all included in Strauch’s second 
volume, except one which shall be given presently. The problems 
21, 22, 31, 32, 33, 34 relate to the brachistochrone and to the curve 
of greatest final velocity; these are in Strauch, pages 400 — 454. 
The problems from 23 to 27 inclusive relate to the curve which is 
of minimum length and includes a constant area, and the curve 
of constant length which includes a maximum area; all these 
problems are in Strauch, pages 476 — 504. Problems 29 and 30 
relate to the surface of minimum area and to the surface of 
maximum volume with a given area; these problems are in 
Strauch, pages 616 — 623. Problem 35 is given by Strauch on 
pages 454—458. Problem 36 relates to the curve which has the 
area between itself and its evolute a maximum; it is given by 
Strauch on pages 289 — 291. Problem 37 is given by Strauch on 
pages 534 — 538. Problem 38 relates to the solid of revolution 
which has a minimum surface ; it is given by Strauch on pages 
506, 507. Problem 39 relates to the solid of least resistance ; it is 
given by Strauch on page 399. Problem 40 is given by Strauch 
on pages 524 — 527, and problem 41 on pages 527, 528, 

64, The solutions of Ohm have not been examined for the 
present work, as the examples he gives are all discussed in other 
books. It may be observed that in his first seven problems Ohm 
investigates the terms of the second order so as to discriminate a 
maximum from a minimum. From the list given in Art. 63, it will 
be seen that no problem is contained in Ohm which is not easily 
accessible in other works except problem 28. 

65, Ohm’s 28th problem is this; Required the maximum or 

minimum value j ^ where jp stands for ^ , and ^ = J 

His solution is substantially the following. 

Here ^ = y ; so that y ^ Hence we may consider that 
wc have to find the maximum or minimum value of F, where 



36 


OHbf. 


\ l)eing a multiplier at present undetermined. Thus 

*“*'+£ 1 $ 

(?)... ■ 

Now assume X such that the coefficient of Sz vanishes ; that is, 
assume 

«• 

Then in order that SF may vanish, we must have the coefficient 
of Sy zero ; that is 

^(^)+\ = 0 ( 2 ). 

By eliminating X between (1) and (2) and substituting for z, we 
obtain ultimately a differential equation of the fourth order for 
determining y ; so that four arbitrary constants occur. These four 
constants will enable us to make the four terms relating to the 
limits at present remaining in 8 F vanish. It does not appear that 
the differential equation for determining y can be integrated in a 
finite form. 

This example is given in Euler’s Methodus tnveniendi 

page 102, without however any express indication of the limits of 
integration. It is also solved by Dirksen, pages 139 — 143. 


66. The work of Ohm published in 1839, is noticed by Strauch 
in the preface to his treatise (page xv). He says that it is only an 
abridgment of that published in 1825; it has not been consulted 
for the present work. 


67. On the whole, with respect to Ohm’s works on the subject 
it may be said that the only one of importance is that published in 
1825; and at the time of publication this surpassed all preceding 
treatises on the subject. It is however at present only of historical 
interest, as it is completely superseded by the extensive treatise of 
Strauch. Strauch in fact may be considered as the successor of 
Ohm ; a good sketch of Ohm’s works will be found in Strauch’s 
preface, pages xiv— xvi. 



CHAPTER III. 


GAUSS. 


68. On September 28tli, 1829, a memoir was communicated by 
C. F. Gauss to the Royal Society of Gottingen, entitled Prtncipia 
Generalia Tkeorice Figurce Fluidorum in Statu JEquilihrtu The 
memoir relates to the theory of Capillary Attraction and demon- 
strates in a new way some results which had been already obtained 
by Laplace. The memoir is published in the Seventh Volume of 
the Commentatlones Societatis Regioe Scientiarum Qottmgensis, 1833 ; 
it occupies pages 39 — 88 of the mathematical portion of the volume. 
Part of this memoir is devoted to the solution of a problem in the 
Calculus of Variations involving the variation of a certain double 
integral, the limits of the integration being also variable; it is the 
earliest example of the solution of such a problem. Gauss himself 
says on page 67, Sed quum calculus variationum integralium 
duplicium pro casu ubi etiam limites tanquam variabiles spectari 
debent, hactenus parum excultus sit, hanc disquisitionem subtilem 
paullo profundius petere oportet.” We shall give the investigation 
of Gauss. 

69. It is not consistent with the scope of the present work to 
touch upon the parts of Gauss’s memoir which are unconnected with 
the Calculus of Variations. We must refer the student to the 
original memoir, and recommend it as important and interesting. 
In Liouville’s Journal des MaMmatiques^ Vol. XIII., 1848, is a 
memoir by M. Bertrand, which is in fact nearly a republication of 
that part of the memoir of Gauss which does not concern the Cal- 
culus of Variations, with some extensions and applications. That 
is to say, M, Bertrand reproduces the physical part of Gauss’s 
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memoir, but substitutes geometrical reasoning instead of the parts 
which involve the Calculus of Variations. Moreover as we shall 
see hereafter simpler investigations of the problem in the Calculus 
of Variations discussed by Gauss have been since given by Pagani 
and Mainardi, but the interest which belongs to Gauss’s method, 
from the eminence of the author and from the fact of its being the 
first solution of such a problem, will justify us in reproducing it 
here. 


70. On the first page of his Memoir Gauss has a short note 
which refers to a problem in the Calculus of Variations. He says, 
“ the greatest attraction which a given homogeneous mass attracting 
according to the ordinary law can exert on a given particle is to the 
attraction which a sphere of the same mass would exert on the 
same particle if placed on its surface as 3 to v^25.” This result may 
be easily verified ; we have to find the form of a solid of given mass 
so that the attraction upon a particle may be the greatest possible. 
It is obvious that the solid must be one of revolution, and it may be 
shewn to be the solid formed by revolving the curve / = & cos 0 
about the prime radius. This result is also obtained by Schellbach 
in Crelle’s Journal far.., Mathematik, Vol. 41, page 345. 

71. In order to facilitate the comprehension of the researches of 
Gauss wo begin with a short account of his notation. Conceive a 
vessel open at the top containing homogeneous fluid ; let ds denote 
an element of volume of this fluid, z the height of this clement 
above a fixed horizontal plane, T the area of the surface of the fluid 
which is contiguous to the vessel, U the area of the free siuface of 
the fluid, a and ^ two constant quantities. Then Gauss arrives at 
the following expression 

fzds + {o?-2^ T+o?U-, 

this expression he denotes by JF, and he has proved that for tlic 
fluid to be in equilibrium W must be a minimum. Gauss then 
proceeds to the investigations which occupy the present chapter. 

72. It remains to determine the nature of the figure of equili- 
brium, for which purpose we must find the variation that W expe- 
riences when the figure of the space occupied by the fluid undergoes 



GAUSS. 


39 


any infinitely small variation. But since the Calculus of the 
Variations of double integrals in the case where the limits are also 
variable has hitherto been little studied, the subject will require 
careful investigation. 

Consider that part of the surface of the fluid which we have 
denoted by Z7, and let x, z be the co-ordinates of any point of it. 
We may consider « as a function of the variables x and and de- 
note the partial differentials of z in the usual manner, omitting 
brackets, by 

dz j dz j 

At the point (x, y, z) suppose a normal to the surface of the fluid 
drawn outwards, and let f f be the cosines of the angles between 
this normal and lines respectively parallel to the axes of x, y, 
and z. Thus 

dx- r dy- r 

The boundary of the surface U will be a closed curve which we 
will denote by P, and which may be supposed described by a point 
moving always in the same direction, so that the element dP will 
always be considered positive; also the element dU will always be 
considered positive. We will denote the cosines of the angles 
which the direction of dP makes with the co-ordinate axes of a?, y, z 
by A^, Y, Z respectively, and in order to remove all ambiguity con- 
cerning this direction we shall take it so that a system similar to 
that of the co-ordinate axes of x^ y, z may be formed by the follow- 
ing three lines, namely, the direction of dP^ the direction of the 
normal to dP which touches the surface U and falls within the 
boundary of it, and the normal to the surfaee U drawn outwards. 
Thus it will follow that the cosines of the angles between the 
second direction and the axes of a?, y, z respectively are 

where 97^, 5,, are the values of 97, ? which belong to the posi- 
tion of the element dP. 

73. Let us now suppose the surface U to undergo an indefi- 
nitely small mutation. If it were sufficient to consider only those 
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mutations for which the boundary P remained unchanged, or 
always remained in the same vertical surface, it is obvious that 
it would only be necessary to ascribe a variation to the vertical 
co-ordinate and thus the problem would become much simpler. 
But we wish to examine the problem in all its generality and 
the separate consideration of the change of the limits will be in- 
convenient, so that it will be better to ascribe variations to all 
three co-ordinates a?, y, z. We will suppose therefore that for a 
point in the surface whose co-ordinates are a:, y, another is sub- 
stituted whose co-ordinates are a? + Sa?, y + « 4* & ; and Sa?, Sy, 

iz may be considered as undetermined functions of x and y and 
indefinitely small. We will now examine the variations of the 
different parts of PT, beginning with the variation of U. 

Let us conceive a triangular element dUoi the surface Z7, and 
suppose the co-ordinates of the angular points to be 

x,y,z; 

x^dx, y-k-dy, « + + 

x->fd'x, y + d'y, * + ^ ^ 

The double of the area of this triangle is known to be 

{d^d'y-dyd'x)l^\ + (g) + (|) 

[This follows from the known expression for the area of a tri- 
angle in terms of the co-ordinates of its angular points, in conjunc- 
tion with the theorem which connects the area of any plane figure 
with the area of its projection.] 

In the surface obtained by the variation of the first surface we 
shall have for the co-ordinates of the points corresponding to the 
angular points of dU^ 

for the first point 

x-\-hxy y + Sy, z + Sz I 


for the second point 


dSx j dSx 
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y^dy + hy-¥^dx + ^dy, 

for the third point 

x+d'x+hi + —d'x + ^ d'y, 

y + d'y+iy + ^d'x + ^d'y, 

The double of the area of tliis new triangle is found to be 
{dx d'y — dy d'x) V 

where N stands for 

J/" 1 _i- ( 1 • <^^0? * 

tv dxJV'^ dyj^l^l^] 

4 . U \ JL 4 - 4 . 

|\ dx) \dy dy) dy \dx dx)] 

■^K %/)' 

[74. There are two methods of arriving at this result ; we may 
take the ordinary expression for the area of a triangle in terms of 
the co-ordinates of its angular points, and substitute the values of 
the co-ordinates just given. Or we may proceed thus — find the 
area of the projection of the new triangle on the plane of (a?, y) and 
multiply the result by the secant of the angle of inclination of the 
triangle to the plane of (a?, y ) : this method is instructive and we 
will give it in detail. 

The area of the projection is best found by imagining for a 
moment that the origin of co-ordinates has been transferred to the 
point a; + Saj, y 4- Sy, « + &. Thus we obtain for the double of the 
area of the projection, 
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+ (d'x+^d'x + ^d's). 


The first line gives 




d^J dy 


j j, VtdVUy 

+ dydx -j- 


„ dhx dSy 


dy dx 


The second line may be obtained from the first by interchanging 
dx with d'x and dy with d*y. Thus we have for the double area 
the expression 


[dxd-y — dyd'x) ] ( 1 + 


c?Sy\ dhx c/S?/| 

dy ) dy dx j ' 


We have then to multiply this by the secant of the inclination of 
the triangle to the plane of (a?, y). Now we know that if a?j, 
be the co-ordinates of a point on a surface the corresponding secant 
is equal to 

where (^) partial differential coefficients. The 

chief point of the present investigation consists in forming these 
partial differential coefficients correctly. To this we proceed; in 
dz 

forming ^ we must regard dy^ as zero. Hence since x^, z^ 

stand for a? -H Sa?, y + Sy, « + hz respectively, and dy^ is to be zero, 
we have 

7 7 d^x 7 d^x 7 

7 dz j dz y dBz j , dBz , 
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fdz 

\dx 

+— ) 
^ dx) 


1 

dx 

1 

(. dhx\ 

(‘-f) 

, dhx dhy 
dy dx 


therefore 


/ dz \ 

An analogous expression will be found for \^j • Thus the 

required secant is known, and we finally obtain for the double of 
the required area the result already given 

75. If we develop the value of N and reject terms of the 
second order, we have 


where L stands for 


1 + 






/dSx ^ dz dz ^ dSz dz ^ dSz dz 
\ dy dx / dx dy dx dx ^ dy dy* 

Thus the ratio of the first triangle to the second is that of 
unity to 


1 + 




and is therefore independent of the form of the triangle dU. 
Therefore 

LdU 

f^zV . fdz\^^ 


SdU=- 


1 + 


this may be written 

/„2 , , 




dSy 


(dhx , dhy\ 
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76. We shall obtain the variation of the whole surface Uhy 
integrating the expression for the variation of the element dU, 
For this purpose we shall consider separately the two parts of the 
integral 



Conceive a plane perpendicular to the axis of y such that tlie 
value of y belonging to it is comprised within the limit of the 
extreme values which y has throughout the surface U. This plane 
will cut the periphery Pin two, or four, or six, ... points of which 
the co-ordinates parallel to the axis of x may be denoted by a?®, a?', 
... Similarly the other co-ordinates of these points may be 
denoted. Also let the surface be cut by a second plane parallel 
to the former and indefinitely near it, so that its co-ordinate may 
be denoted by y^^dy) between these two planes will be found 
elements of the periphery rfP®, dP\ dP'\ ... and it will be easily 
seen that 


% = - Y^dP^ = + Y^dP' - - r"JP" = + r "rfP"' 

If, further, we conceive an infinite number of planes perpen- 
dicular to the axis of a?, then to every element dx situated between 
05° and X or between x" and x"', and so on, will correspond an 


element dTJ such that dTJ^ 


Hence it follows that the part 


of the integral A which corresponds to the part of the superficies 
situated between the planes determined by y and y + dy will be 
found from the integral 

^ . f (»;* + r ^ % k 

the integral being taken from x = x° to x = x', then from x = x'' to 
x = x'", and so on. The above integral, by integration by parts, 
gives 


-dsj\ 
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Thus we have in the present case 

jro^po 

4. | «)! . + . (rr Bx'-^ sy - f Sa j Y'dP' 

+ Bx " - ^ hy" - r'Sz’ j Y"dP" 


./r^cr{54 


d y+r* 




This we may denote by 

t 

where the summation extends to all the elements dP which are 
situated between the planes y and y + rfy, and the integration to 
all the elements dU which are situated between the same planes. 
Hence the complete integral A is equal to 

/ hx-^By- YdP 

where tlie first integral is to extend over the whole periphery P, 
and the second integral over the whole surface Z7. 

77. In a similar way we may shew that B is equal to 

ji^^Bx + vSz- XdP 

Let us assume that for any point of the periphery P 

\X^ + r (y + 8® - {^ (f + n + Y^] By 
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and also that for any point of the surface U 




and we obtain 


hU=iQdP-\^jYdU, 

where the first integral is to extend over the whole periphery 
P and the second integral over the whole surface U, 

78. The expressions given for Q and V admit of remarkable 
simplification. By using the equation 

the expression for Q may be put in a symmetrical form ; thus 
Q^[Yt;^Zri)ix^ (Zf - X5) Sy + - Y^) Sz. 

In order to simplify F, we observe that since 

t = and ^ = -5. 


dx' 




it follows that 


Hence 


And since 


d ^ _ d 7] 
rfy f dx 

I 

d>/ r + 

r+^*+r=i, 
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Substitute these values in the coefficient of Sx in F, and that 
coefficient becomes 



Similarly the coefficient of in V may bo transformed into 



Thus we obtain 

79. Before we proceed further, it may be convenient to illus- 
trate the expressions obtained geometrically. We shall refer 
the various lines of direction which occur to the corresponding 
points on the surface of a sphere with radius unity described 
round an arbitrary centre. The directions of the axes of x, y, z 
will be denoted by the points (1), (2), (3) respectively; the 
direction of the line whicli is a normal to the surface and drawn 
outwards, will be denoted by the point (4); the direction of a 
line drawn from any point of the surface to the corresponding 
new point obtained by variation, will be denoted by the point (5). 
The variation itself which is equal to V (8a;)* + (8y)* -f (8«)*, we 
shall denote by 8e and always take it j^ositive. The arc joining 
two points of the spherical surface, as for example, the points 
(1) and (5) we shall write thus, (I, 5) ; this arc of course measures 
a corresponding angle. 

Thus wc have 

8a; = 8c cos (1,5), 8y = Se cos (2, 5), Bz = Be cos (3, 5). 

All the above notation applies to any point on the surface. 
On its boundary, that is on the periphery P, we have two other 
directions that require symbols ; first, the direction of the element 
dP which we will denote by the point (6) ; next, the direction of 
a line which is normal to dP, and which touches the surface 
and is drawn so as to fall within P, and this we will denote 
by the point (7). By hypothesis, the points (6), (7), (4) lie in 
the same order as the points (1), (2), (3); also (4, 6), (4, 7), (6, 7) 
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subtend right angles, that is, are quadrants. Thus the relations 
given above in Art. 72 may be written 

97 Z— fr==cos (1, 7), = cos ( 2 , 7), fF— ‘i/A'=:cos (3, 7). 

And the equations w'hich determine Q and V may be written 
Q=: — Secos (5, 7) 

K- + 


Thus Q expresses the transference of any point in the periphery 
P, from the plane which touches this periphery and is normal to 
the surface U, and the transference is positive when in a direction 
outwards from P. The factor Se cos (4, 5) of V expresses the 
transference of any point of tlie surface 17 from the plane touching 
this surface, and the transference is 2 )ositive when in a direction 
outwards from the volume of which 7/' is a boundary. 


The other factor of V is also capable of geometrical illustration. 
For we have 


Thus 




dz 
dx ^ 




dy^ 






dx 


dy 


yd'z 

dz d% 


dxdx 

li 


II 

1 


^d'z 

9 t^d z 







d^z 

dxdy 

cPz 

dxdy ’ 




dxdy 

d'z 


dxdy ‘ 
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Thus 


dx ^ dy 


_ ^3 F-— Jl JL 

^ [dx^ I \dy) j dxdy dx dy dy^ 
This expression is known to be equal to 



R" 


where J? and R' arc the J?nnc^}?aZ radii of curvature at the point 
of the surface under consideration. These quantities arc considered 
positive when the convexity of the surface is turned outwards. 


80. A careful examination of the above investigation will 
shew that tliroughout it has been assumed that only one value 
of z corresponds to given values of x and y^ and that f is positive 
for the whole surface U. Nevertheless tlie final theorem, namely 

SU=^fSe cos (5, 7) dP+ fSe cos (4, 5) dU, 

is true generally, and not limited by the above assumption. If 
we had wished from the first to have attained this generality it 
would have been necessary to adopt a different method or to enter 
into some prolixity. But the result may now be established as 
follows. 

The investigation does not assume that the axis of z is vertical ; 
the situation of the axes is arbitrary, and the truth of the theorem 
is established for all surfaces such that the points (4) all lie in one 
hemispherical surface; we may adopt the pole of that hemi- 
sphere for (3). 

If there be a surfaee which does not fulfil this condition it may 
be separated into two or more parts each of which singly does fulfil 
the condition. Now it will be easily seen that if any surface be 
separated into two parts, the truth of the theorem for the whole 
surface follows immediately from its truth for each part. For let 
the surface U consist of the two parts Z7' and U'\ and let P' be the 
periphery of U' and P" the periphery of and further suppose 
P' and P" to have the common part P'”y so that P' consists of 
P'" and P”” and P" consists of P*" and P'""; it is therefore obvious 
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that the periphery of TJ consists of and P'"". Thus, we shall 
have 

/8e cos (5, 7) dP' = /8e cos (5, 7) dP^'' + jhe cos (5, 7) rfP"", 

/Se cos (5, 7) dP” = /Se cos (5, 7) dP'” + /Se cos (5, 7) dP""\ 

It must however be observed that the value of the integral 
/& cos (5, 7) dP”\ when it is considered as a part of the former ex- 
pression, is exactly the opposite of its value when considered as a 
part of the latter expression ; for to every point of the line P'", 
which is to be described in different directions in the two cases, 
will correspond oj[>pos{te situations of the point (7) and thus opposite 
values of the factor cos (5, 7). In addition one of these two parts 
destroys the other ; thus we have 

/Sc cos (5, 7) dP * + /Sc cos (5, 7) dP ” = /Sc cos (5, 7) dP. 

Thus since S 8 Z7' + S C/" we obtain for SZ7 a value exactly cor- 
responding to that already given at the beginning of this article, 
since that formula is supposed to hold for the value of 8 U' and 
oihU\ 

Lastly, we may observe that the truth of the expression for S U 
given at the beginning of this article may be shewn by geometrical 
considerations, and indeed more easily than by the analytical 
method. But we have adopted the method given above in order 
to take an opportunity of throwing light upon a subject which 
has hitherto been little studied, namely, the application of the Cal- 
culus of Variations to a double integral with variable limits. The 
geometrical method we leave to the reader. 

[This geometrical method may be seen in a memoir by M. Ber- 
trand ill Liouville’s Journal des Mailmnaiiqucs^ Vol. ix. page 119.] 

81. It remains to exhibit the variations which the other terms 
in W undergo in consequence of a variation of the form of the 
space s ; and first we will consider the variation of the space s. 

Resume the two triangles considered in Art. 73, and join corre- 
sponding points of the sides so as to form a solid. The base of 
this solid may be considered to be dU^ and its height 

+ r)iy + 5S« = Se cos (4, 5) ; 
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this expression will give the dXiiivAt positive or negative according 
as the transposed triangle lies outside or inside the space s, that is, 
according as the whole solid lies outside or inside the space 9 . 
Thus we have 

is = JdUSe cos (4, 5). 

Hence it follows that the variation of / zd$ will be 
JzdUie cos (4, 5). 

With respect to the variation of the quantity T we observe that 
since P denotes the common boundary of the surfaces T and the 
transpositions of the points in the peripheiy P must satisfy the 
condition that the new points should be on the surface of the vessel. 
It is therefore obvious that by the transposition of the element 
dP the surface T experiences a variation ± dPhe sin (5, 6), and 
speaking generally the sign of this quantity will depend on the 
sign of the quantity cos (4, 5). But this variation may be more 
neatly expressed by introducing a new direction, namely, that of 
the line which lies in the plane touching the surface of the vessel, 
which is normal to P, and drawn outwards from the space s. We 
will denote the point corresponding to this direction by (8), and the 
variation of the surface P' which arises from the transposition 
of the element dP will be 

dPhe cos (5, 8). 

Thus 5 P = jdPhe cos (5, 8) , 

where the sign of the factor cos (5, 8) will at once decide whether 
the variation is an increment or a decrement. 

As the point (6) is the pole of the great circle which passes 
through the points (7) and (8), and the point (5) lies in the great 
circle which passes through the points (6) and (8), the points (5), 
(7), (8) form a triangle right-angled at (8) ; thus 

cos (5, 7) = cos (5, 8) cos (7, 8). 

Moreover the arc (7, 8) is the measure of the angle between two 
planes which touch the surface of the space s and the surface of the 
vessel at their intersection P, the angle being formed by those 
portions of the planes which include a vacant space. This angle 
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we will denote by and thus 180® — ^ will be the angle between 
those portions of the planes which include the surface s ; thus the 
above equation becomes 

cos (5, 7) = cos (5, 8) cos i. 

88. From all the above results we have the following equation 
for the variation of W, 

B W= JdUBe cos (4, 5) J« + 

— JdPBe cos (5, 8) (a® cos f — a“ + 2^8*) ; 

the first integral is to extend over all the elements dU of the free 
part of the surface of the space 5 , or of the free parts if there are 
more than one ; the latter integral is to extend over all the elements 
dP of the line or lines which separate that free part or those free 
parts from the other part or parts contiguous to the surface of the 
vessel. 


Now in the position of equilibrium the value of W ought to be 
a minimum, and so ought to be incapable of diminution for any 
indefinitely small change in the figure of tlie fluid which leaves the 
volume s unchanged, that is, which makes Ss zero. Hence it 
follows that in the position of equilibrium the figure of the super- 
ficies U ought to be such that the variation 

dUBe cos (4, 5) ‘ 

should be proportional to the variation &, that is, to 
dUBe cos (4, 5), 

Thus we must have 





= constant. 


For it is manifest that if this proportion did not hold, the value 
of W would be capable of diminution by a suitable mutation of the 
figure of the superficies Z7, the limit P remaining unchanged. 

Gauss then proceeds with the examination of the question of 
fluid equilibrium. 
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83. The 12th volume of the MSmotres de V Acad^mieRoyale.., 
contains a memoir on the Calculus of Variations by M. Poisson. 
The date of publication of the volume is 1833, but the memoir was 
presented to the Academy in November 1831. The memoir ex- 
tends over pages 223 — 331 of the volume. 

Poisson begins with a sketch of the history of the subject ; at 
the end of this sketch he indicates the object of his own memoir as 
follows : “ It will appear singular if we reflect on the attention 
which has been bestowed on the Calculus of Variations that an 
essential part of this Calculus is still in a state of imperfection, 
which renders the solutions of many important problems incomplete. 
In fact, if the question be to determine the maximum or minimum 
of a simple integral, the methods which Lagrange has given in the 
4th volume of the old series of Turin Memoirs^ and also in the 
Lectures on the Calculus of Functions, leave nothing to be desired 
either as to the indefinite equation which is to determine the un- 
known function or as to the particular equations which must subsist 
at the limits of the integral. The general method of the Calculus 
of Variations may be applied also without difficulty to the case of a 
double or multiple integral in which the limits are fixed and given, 
so that we have only to obtain the partial differential equation from 
which the unknown function must be determined. But the case is 
different when the limits of the double integi-al are variable and 
unknown. In the present state of the science we know neither the 
nature nor even the number of the equations relative to each of the 
limits, by which these limits are to be determined, so that they 
may render the integral a maximum or a minimum. Lagrange has 
considered the question of the variation of a double integral in three 
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places ; namely, in the Miscellanea Taurinensia^ Vol. ii. p. 188, in 
the Legonssur le Calcul dea FonctionSf p. 471, of the edition of 1806, 
and in the MScanique Analytique^ second edition, Vol. i. pp. 97 
and 148. He has however never investigated in a complete man- 
ner the terms of the variation which correspond to the two limits, 
and he has not formed any of the equations which relate to the 
limits. This defect in the science deserves the attention of mathe- 
maticians. It has been already pointed out by M. Lacroix, in the 
articles on the Calculus of Variations contained in his treatise on the 
Differential and Integral Calculus. My object has been to remove 
this defect, and I believe that I have succeeded in doing so in the 
memoir which I now submit to the Academy. This memoir con- 
tains also some new remarks on the conditions of integrability of 
differential expressions of any order, and also an expression for the 
integral under a finite form, by the method of quadratures when 
these conditions are satisfied.” 

84. Tliree remarks may be made on Poisson’s statement. 

(1) He says that in a double or multiple integral when the limits 
are fixed and given, there is no difficulty in applying the Calculus 
of Variations. If by the limits being fixed is meant that the limiting 
values of the differential coefficients which occur are given as well as 
the limiting values of the variables the remark is obviously true ; if 
however it is meant that only the limiting values of the variables 
are given the remark seems scarcely correct, for very little appears 
to have been effected when Poisson wrote. We have seen in Art. 
60, that Ohrn gives an expression for the variation of a double inte- 
gral in a particular case, but even there the equations are not given 
which must hold at the limits. 

(2) It is not obvious in the above statement to what part of 
the treatise of Lacroix Poisson alludes. But from an article by 
Poisson in the Bulletin de la SociSti Philomatique for 1816, it 
appears that the allusion is to the part of which we have given an 
account in Articles 39 and 40. 

(3) It is curious that Poisson makes no reference to the me- 
moir of Gauss, which was the subject of the preceding chapter of 
the present work ; it is the more curious because Poisson published 
a work on Capillary Attraction in 1831, and in the preface he refers 
to the memoir of Gauss. 
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85. The memoir of Poisson is divided into two parts; the 
first is entitled. Variations of integrals relative to a single inde- 
pendent variable, and determination of their maxima and minima. 
The second part is entitled Variations of integrals relative to two 
independent variables, and determination of their maxima and 
minima. The first part extends from page 230 to page 286, and 
the second part from page 286 to the end of the memoir. 

In the first part Poisson begins by establishing the ordinary 
formula for the variation of a single integral ; nothing new is ob- 
tained but the method is different from the ordinary method. As 
it may enable the reader more easily to understand Poisson’s mode 
of finding the variation of a double integral, to which we shall 
hereafter proceed, we will give at full his treatment of the single 
integral. 


86. If jfiT is a function of the variable x and other quantities 
dependent upon x, we shall represent by K'y IT'", ... the 
differential coefficients of K taken with respect to x and to every- 
thing which depends upon it ; so that we shall have 

dx^^ ^ dx ’ dx ^ 


Let the two limits of an integral with respect to x be denoted 
by x^ and x^, then the values of any quantity H with respect to 
these limits will be denoted by for the limit x^^ and by for 
the limit x^. 


Let ^ be a function of the variable a?, and according to the 
notation above adopted we shall have 

dx~y' dx~y ’ dx y ' 


Suppose V to denote a given function of a?, y\ y'\ ... up to 
the differential coefficient of some determinate order ; and let 
and a?j be two constant quantities. Consider the definite integral 


U 



If we regard x and therefore also y as implicit functions of 
another variable u we can suppose that y\ y\ y"\ ... have been 
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expressed in terms of the differential coefficients of x and y with 
respect to w, by means of the ordinary rules for changing the inde- 
pendent variable. Thus V will become a function of x and y and 
of their differential coefficients with respect to u. Denote by 
and Wj the values of u which correspond to x^x^ and x = x^} thus 
we shall have 



V^du. 

au 


Next suppose that Bx and Sy are indefinitely small and arbi- 
trary functions of u; without changing and put x-\-Sx and 
y ‘\-Sy in the place of x and y under the symbol /. Thus we 
deduce 


8 U= f'S du + f'V — du 

J Uq du J uq du 


(i). 


The new value of ^ as a function of x will result from the eli- 
mination of u between the values of a? + and y + By. [That is, 
we may put x-\-Bx== X and y + Sy = F; then X and F are func- 
tions of and by eliminating u we obtain F as a function of X] 
At the same time the new limits with respect to x of the integral 
U will be ^0 + ^^0 + Sajj ; and tlius although we have not 

changed tlie limits and the preceding formula will give the 
complete variation of U both with respect to the form of the func- 
tion y and also with respect to the limits of the integration. 


Now for shortness put 


dx 


AT 


dy 


<^y~ ’ dy"-^^ 


we shall have 


And suppose 


Sr= MSx + NSy + PSy' + QBy” + ... 
By=y'Bx + a-, 


then it will be shewn presently that we shall obtain 


V = 

By"==y"'Bx + a,", 
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and generally 

gy«> = y»+»Sa; + a)<”> (2). 

Hence 

S 7= (ilf + Ny' + P/ + Qy'" + ...)Bx 

+ No) + Pm + Qq}” + , . . 

The coefficient of Sx is the differential coefficient of V with 
respect to x considering y\ y\ ... as functions of a?; we denote 
this by V\ And we have 

y,dx 

du du ' 

thus SF^ = ^Sa! + (iVa) + Pa>' + <2®" + ...)?- 
du du ^ * du 


Thus equation (1) becomes 




Sa, + 7^') au 

du du ) 


+ +Pa>' + a«''+ ...) J du. 


Now 

and 


^ _ c?. F5a; 

du ^ ^ du du ’ 


J Uq 


^id.VBXj jjrr. 

^<?M= Fj8a:,-F,Sa?„. 


If then we transform to the variable x the second integral con- 
tained in BU, we shall have 

8 Cr= V,Bx, - V,Bx, + [ ""'{Nto + Pm’ + + . . .) dx. 

J Xq 

By the process of integration by parts we can remove the dif- 
ferential coefficients m’, m”, ... from under the integral sign. For 
we have 

r^PM’dx = P,M, - P,M, - ("'P’Mdx, 

J Xq j ^0 

f Qa>"dx = <2,®/ - (?,< - <2>. + Q,\ + r Q"< 0 dx, 

J Xo d ^0 

and so on. 
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Thus we conclude finally that 


where 


su=r + r'jia)dx 

J^O 




( 3 ), 


r = F,8x.-F;Sa,. 

+ (P. - <2/ + P/' - ...) o,.- (P, - <?; + p;' 

+ (<2,-p; + (<?„-Po'+ ...) < 

+ (P.-...)<-(P.-...)<' 


87. It only remains to demonstrate equation (2). 
We have 


dy 

, dy du 
^ dx 1^* 
du 


Put a; + 8a; and y + 8y in place of x and y in this fraction, 
subtract the original value y and neglect indefinitely small quan- 
tities of the second order ; thus 

dhy dy dhx 
^ , du du du 

du \du) 

But, by hypothesis, 

= y8a; + w; 

differentiate with respect to w, thus 

dhy __ dy' ^ , » ^^a? 

du du ^ du ^ du* 


Hence we have 
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and 


du dy* „ 
dx dx ^ * 
du 

da) 



du 


y du du’ 

thus the value of Sy reduces to 

8y' = y^'Bx + x\ 

Starting from this result and from the equation 

d^ 

„ du 

y 

du 

we shall obtain in like manner 

continuing thus we shall establish equation (2) for any index n. 

In equation (3) we may replace a> which is under the integral 
sign by its value 

© = Sy — y'Bxy 

and in the terms outside the integral sign we may replace 
©Q, ©j, ©^', ©\, ... by their values 

®o = ^0 - ®o = -y."K ) - 

= ^ift - ®i' = hi - . — 

Thus the variation of the integral U will be expressed ex- 
plicitly in terms of the variations of x and y, and of the variations 
of the extreme values of ©, y, y', y", ... up to the differential coeffi- 
cient of the order next below the highest which is contained in F. 


88. We have thus given Poisson’s method of establishing the 
fundamental formula of the Calculus of Variations in the case of 
a simple integral. 
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Poisson next shews how this fundamental formula may also be 
obtained by decomposing the integral U into its indefinitely small 
elements. This is in fact the old method which was used be- 
fore the invention of the Calculus of Variations, and it is ex- 
pounded in Euler’s Methodm invemendu... Poisson however extends 
the old investigation so as to include the terms relative to the 
limits of the integral; this according fb Poisson had not been 
done before. 

89. We thus arrive at the end of the fourth section of the 
memoir. In his fifth section Poisson shews how his results are 
applied to find the maximum or minimum value of the integral U, 
He says he will not consider in this memoir the question of the 
distinction of a maximum from a minimum value. He then makes 
some remarks on the number of constants which will appear in the 
solution of the differential equation furnished by the condition of 
maximum or minimum, and the manner of determining these 
constants. He draws attention to the obvious fact that the differ- 
ential equation may be immediately integrated, once if 0, twice 
if 0 and P= 0, and so on. He states that a first integral of the 
equation can also be obtained when the independent variable docs 
not occur explicitly in F; because then if we consider a? as a 
function of y, this case is analogous to that in which ^=0. He 
shews however that this integral may be found without changing 
the independent variable in the following manner. 

We have 

d F= Mdx + Ndy + Pdy’ + Qdy'^ + Prfy'" + . . . ; 

here the first term Mdx by hypothesis vanishes ; eliminate Ndy by 
means of the equation 

thus 

JF= Pdy' ^Fdy^ Qdy'^ - Q ''dy + Rdif + R '"dy + . . . 

But the following are identically true ; 

Pdy^^P'dy^d.Py\ 

Qdf--Q^’dy^d{Qf^Q^y\ 

Rdif^ + = d {Ry'" --Ry + R Y) 
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Thus 

dV^d.Py'->rdW^ Q\J) + d (%'" - R Y + R y) + . . . 

and therefore 

F= (7+ py + QY - QV H- py" - P Y + P Y + ... 

where C is an arbitrary constant. 

90. In his sixth section Poisson says that the problem of 
the maximum or minimum of an integral may be decomposed into 
two parts which may be considered separately. First we may con- 
sider that Xq, yl ^ ... and y/, ... are given, and proceed to 

find the value of y in terms of x and the given quantities which 
makes TJ a maximum or minimum. The value of y is then to be 
found from the differential equation 

and the arbitrary constants must be determined by means of the 
given values of y^, y^' , ... y^, y/, ... Substitute this value of 
y and the consequent values of y\ y", ... in V\ then integrate Vdx 
from x^x^ to a? = ; thus we shall obtain the maximum or mini- 

mum value of P’j’with respect to the form of the function y, in 
terms of aj^, y^, y^^ ... cCj, y^, y/, .... We may tlien seek for the 
values of these latter quantities which make U a maximum or 
minimum. 

If we are able to integrate the differential equation and also to 

obtain the value of j * Fcfo, then this second part of the problem 
J 

can be treated by the ordinary rules of the Differential Calculus. 
Poisson then shews that by the application of these rules we obtain 
the same conditions as are found by the Calculus of Variations 
when the limits of integration are varied, and consequently those 
terms are introduced which have been denoted by the symbol P in 
Article 86. 

[91. It is necessary to make some remarks on this suggestion 
of Poisson’s about dividing a problem in the Calculus of Variations 
into two parts. Suppose we have a problem in the Calculus of 
Variations, and that for example the differential equation 
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is the differential equation to a circle. We then according to 
Poisson’s method take the equation to a circle which involves three 
arbitrary constants, and substituting the value of y in terms of x 

rofi 

in V we integrate I Vdx ; then by ordinary Differential Calculus 

J Xq 

we investigate the values which must be given to the three arbi- 
trary constants in order to make the last integral a maximum or 
minimum. If suitable values cannot be determined we conclude 
that a curve having the proposed maximum or minimum property 
cannot be found. But even if suitable values can be found we 
have no right to conclude that a circle does possess the proposed 
maximum or minimum property; because we do not compare a 
circle with any adjacent curve in the latter part of this method, 
but only one circle with another circle. To determine whether a 
circle does possess the proposed maximum or minimum property 
we must proceed as in Article 5, or in some similar way. In fact 
Poisson’s method will be unobjectionable if we know a priori that 
a curve having the required maximum or minimum property must 
exist ; but it will not be valid to prove that we have found such 
a curve when we do not know a priori that the curve must exist.] 

92. In his seventh section Poisson gives the usual extension 
of his preceding results to the case in which V contains two de- 
pendent variables y and z and their differential coefficients with 
respect to the independent variable x. 

We will give Poisson’s result, because it explains the notation 
which he continues to use in the next section. Let V denote a 
function of a?, z and the differential coefficients of y and z with 
respect to x ; also let 

Vdx, 

then 8 Z7 = r + J * (Sy — y'Sx) + iT (S« — z'Sx)j dx, 

where P denotes that part of the variation of U which is free from 
the integral sign. 

93. We now proceed to Poisson’s eighth section. 

In a certain case a relation exists between the quantities H and 
K, which may be obtained in the following manner. 
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The case is that in which the variable x does not occur ex- 
plicitly in F, and when we have moreover 

F= Wz; 

W being a given function of y and z which contains likewise 


dy 


that is, the quantities 


n t tt 




which we will denote by We shall have then 

r'jVzWx^T'Wdz. 

JjPo J Zo 

Now by means of the last expression for Z7, we may exhibit the 
variation of U by the formula (3) of Art. 86, putting z and W in 
place of X and F, and t\ in place of y\ y'\ ... The second term 
of 8U will therefore be of the form 

["'G(Sy^t'Sz)dz, 

J Zq 

or, which is the same thing, 

[^'G{z'Sy-y'Sz)dx; 

J «0 

G being a factor which is independent of 8y and hz. In order that 
this may coincide with the second term of the value of 8 Z7 in the 
preceding article we must have 

H{8y -ySa;) ^-K^hz^ z'hx) = O {z'Sy - y^Sz). 

This equation resolves itself into 
H=:Gz\ K^^Gy\ 

these results we obtain by equating the coefficients of 80?, 8y, 8z. 
The third of these results may also be obtained by eliminating G 
between the other two, and it expresses the relation between H 
and K which was to be obtained. 
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[94. The preceding article is clear ; in what follows there may 
be some difficulty. Poisson proceeds thus. In the general case 
where V is any function of x, y, y, z, z z\ ... let us suppose 
X an implicit function of another independent variable w, and let 
us replace therefore y\ y\ ... by 


y xy' — y'oe' 


z 

■ ? 
X 


X 


and Vdx by Vx'du, Let us denote relatively to a?, x\ x'\ ... by X 
the quantity analogous to II and then we shall find that these 
quantities arc connected by the identity 

Xx^ + Hy-\-Kz=-0. 

Eeciprocally when a given function of a?, x\ x \ . . . y, y\ y\ . . . 
z^ z\ z'\ ... satisfies this equation it will be reducible to the form 
Vx; so that without changing its value we can put x—lfx'=0,..., 
and regard y and z in the given function as functions of x. 

It may be remarked here in the first place, that the last 
sentence, reciprocally when &c. is all that is new. Lagrange had 
given the other part repeatedly ; he appears to have thought it very 
important. See Miscel, Taur, Vol. ii. page 183, and Vol. IV. 
page 177 ; also Legons sur le Galcul des Fonctions, page 412, and 
page 456. Lacroix also gave the theorem Calc. Hiff. et Lit. Vol. ii. 
page 763. In the next place, there is a little difficulty as to 
Poisson’s notation, so that it is necessary to examine the point 
in detail. Let V denote a function of y, z, and the differential 
coefficients of y and z with respect to x. Transform tliese differential 
coefficients into differential coefficients with respect to a new inde- 
pendent variable u, so that V may be transformed into a function of 
a?, y, z and the differential coefficients of these variables with respect 
to w ; we will denote the transformed function by v. Then put 

u= fFdx=[vpdu=[v 

J J au j du 

We have now two modes of expressing SU; wo shall confine our- 
selves to the unintegrated part. This may be written thus 
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or thus 

/{^ (8* - 1 s.) + s ft - 1 &) + 0 (& - * a,)} i.. 

Here Y and Z are obtained in the ordinary way from V\ and 

• • • doc 

Ay By G are obtained in a similar way from v ^ . 


By comparing the two results, remembering that the integration 
in the first is with respect to a?, and in the second with respect to w, 
we obtain 


^ du 





( 



dz\ 

d^J 



A 


dx 

du 


du du 


= 0 . 


The last result will also folloAv from the first three by eliminat- 
ing Y and Z. 

The last result must be what Poisson denotes by 

his notation is objectionable however, because he had previously 
used H and K for what we denote by Y and Z, 

Next let us consider the reciprocal theorem which Poisson 
enunciates. Let ^ denote any function of ooy x'y x \ ... y, y”y ... 
Zy Zy z'y ... which satisfies the condition 

Avd + By -}- Cz = 0. 

Transform the independent variable from uio x and let ^ 

what becomes ; the assertion then is that will be free from Uy 

that is, ylr will not contain ^ , ... To prove this we observe 

that if y[r did contain such terms we should have, considering only 
the unintegrated part of the variation, a result of this form 

S jyjrdx = ^ 8*) + r (8y - ^ Bx) + Z{Bz-^ &b)J dx. 
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But again taking the unintegrated part of the variation 

sJ<f,du = jjA(Sx-^Su} +B (Sy -^Bu) + C{Sz-^ 8m)| du. 

Now by supposition j-tlrdx — j yfr ^du = j<f>du, and therefore 

the variations of the two expressions must coincide. But Su dis- 
appears from Bf<f>du, because by supposition 

A^ + sf+C^^O. 

du du du 


Hence Su must disappear from SJyjrdx; and thus the terms 

du d\ , . , 

d^ > ^ > ••• cannot occur in y. 


This proves Poisson’s statement, but there appears an exception 
to it which he has not noticed. The terms ^ ,... might occur 


in ^ provided they occurred in such a manner that / = 0 ; for then 
would disappear from S J'^dx.] 


95. In his ninth section Poisson alludes to the case where V Is 
a function of x, y, z and the differential coefficients of y and z with 
respect to x ; these functions and differential coefficients being con- 
nected by an equation i = 0. He gives the ordinary method of 
treatment by means of an arbitrary multiplier. He has here a slight 
mistake, for he says, “having regard to the equation <ZF=0, &c.” 
Now there is no such relation as cfF=0; thus the expressions for 

dV 

SF which follow are incorrect because the term Sx is omitted. 


dV 


where means the complete differential coefficient of F with re- 


spect toaj; (see Poisson’s second section). The final expression 
for S?7is however correct. 


96. Poisson’s next three sections are devoted to the subject of 
the conditions of integrability of functions; it will be sufficient 
here to state what Poisson proves. Let F be a function of 
a?, y, y', y'\ ... which satisfies identically the relation 
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then V is integrable per ae. This Poisson proves by exhibiting 
the integral under the form 

Jvdcc= ^9 ^9 ^9 •••) dx+j xM du ; 

here jP(a?, 0, 0, 0, ...) denotes what V becomes when in it we 
put y, y, y", ... all zero, and % (t/) is a complicated function of 

u, Xy y, y'\ ... The integration in f made 

Jo 

on the supposition that every thing is constant except u. Next 
Poisson supposes V a function of x, y, y', y ", ... z, z', z'\ ... Let the 
equation 

p'+g"-i2'" + ... = o 

be denoted by -£r= 0, and let a similar equation with respect to z 
be denoted by /ir=0; then Poisson proves that if JET =0 be iden- 
tically true, and jfiT = 0 be true when y = 0 whatever z may be, then 
^Vdx can be expressed in a form analogous to that just given. 
Two forms can be given to the result according to the order in which 
we consider y and z. By comparing these two forms Poisson 
obtains an equation which must hold ; also he infers that if one 
of the two equations //= 0, ir= 0, be identically true and the other 
true when one of the variables is zero for all values of the other 
variable, then both equations are identically true. These two re- 
sults are verified in an example. 

97. Poisson’s next three sections contain some remarks on 
the questions in which one expression is to have a maximum or 
minimum value while another is to have a constant value, those 
questions in fact from which the name of isoparimetrical problems 
was obtained and applied to the problems of the Calculus of Vari- 
ations ; Poisson compares the different considerations which have 
been used in the solution of such problems. 

98. In his sixteenth and seventeenth sections Poisson adverts 
to the problem in which a closed curve is to be found which 
possesses some maximum or minimum property. If we suppose 
that the function V does not contain the limiting values of a?, y or 
the differential coefficients of y, then the term T of the fundamental 
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formula (Art. 86) will be of the form where and ^ are 

the values which a certain function assumes at the two limits. 
Now when the problem refers to a plane curve we can use the 
polar co-ordinates r and and if the curve is closed we can put 
the origin within the figure ; then the limiting values of 0 may be 
denoted by 0 and 27r. Thus if the angle 0 is only involved through 
the trigonometrical Junctions, as these functions have the same value 
for the values 0 and 27r of the angle we obtain Therefore F 

vanishes. And the same result follows for a curve of double cur- 
vature. 

Thus in questions relating to closed curves the equations which 
depend on the limits of the integral disappear and the arbitrary 
constants introduced by the integration remain indeterminate. 

99. For example ; required to determine a plane closed curve 
of given perimeter which shall include a maximum area. 

Let I denote the given perimeter ; then with the usual notation 

The integral which is to be a relative maximum, is 



Let a denote an undetermined constant ; put 

+ u.jydi, 

then U is the integial which is to be an absolute maximum. 

The quantities x, y, y of the fundamental formulas are now 
replaced by 0, r, r respectively; thus 
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The other quantities jB, ... (Art. 86) are zero, and the funda- 
mental equation becomes 

XT ^ 


Thus 


elV=Ndr + Pdr' 

= ^dr+Fdr'. 


Integrate and denote the arbitrary constant by c ; thus 
F=P/ + c. 

Substitute in this equation the values of V and P, and solve it 
with respect to ^ ; thus 

d0 __ y’ — 2c 

^ ~ r - (r* - 2c)* ’ 

This may be integrated as follows 


e 


■f. 




dr 






dz 


2c\a iV4a* + 8c — ^ 


where « = r -f — . 

r 


Therefore 6 A— sin”* , 

V4a*4'8c 

where ^ is a constant. Hence 

r + ~ = V 4a* -f 8c sin {0-^A). 

We may write the equation 

y* — 2r Va® 4- 2c sin (0 + A) + 2c = 0. 

This is the equation to a circle of which the radius is a ; thus 
a is determined since the perimeter of the curve is given. The con- 
stants A and c are indeterminate ; it is obvious that they depend 
on the positton of the circle and have no influence on its area or 
perimeter. 

If the curve instead of being closed were required to pass 
through two fixed points and the arc between those points were 
of a given length, then the three constants would all be determined. 
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For we should have two equations arising from the fact of the circle 
passing through the two given points and one arising from the 
given length. 

[The mode of integration in the above solution is more simple 
than that used by Poisson.] 

100. We now arrive at the second part of Poisson’s memoir 
which is entitled Variations of integrals relative to two independent 
variables, and determination of their maxima and minima. This 
forms by far the most important portion of the memoir ; it extends 
from page 286 to the end. 

101. In the eighteenth section Poisson explains the notation to 
be used. The variables are denoted by x and y. Suppose K any 
function of x and y and of other quantities which depend on them ; 
then K* denotes the differential coefficient of K with respect to x 
and to every thing which depends on x ; and denotes the differ- 
ential coefficient of K with respect to y and to every thing which 
depends on y. And so generally accents above indicate differen- 
tiation with respect to x, and accents below indicate differentiation 
with respect to y. Thus 

dx ^ dy ' ’ dx^ ’ dxdy ' ’ dy^ * 
and so on. 

The limits known or unknown of a double integral, 

JfKdxdy, 

will not be indicated. If this double integral extends over a zone 
of a surface comprised between two closed curves which will gene- 
rally be curves of double curvature, then a;, y, z may denote the 
co-ordinates of any point of the surface, and the limits of the inte- 
gration will depend upon the projections on the plane of (cc, y) of 
these curves. In order to indicate what a quantity becomes at the 
first limit we shall enclose it in parentheses, and to indicate what it 
becomes at the second we shall enclose it in square brackets. Thus 
of the following simple integrals, 

, (jKdy), [/ififo], 
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the first two belong to the interior curve and are to be taken 
throughout its entire length, and the last two belong to the exterior 
curve and are to be taken throughout its entire length. The 
equations to these curves we will denote for the present by -4 = 0, 
and = 0. 

[Poisson however does not keep to the meaning of the symbols 
which he gives here ; hereafter he really uses the square brackets 
for points on the upper portion of a curve and the parentheses for 
points on the lower portion of that curve.] 

If we replace x and y by functions of two other independent 
variables u and then z will also become a function of u and u. 
Substitute these values of x and y in the equations to the limiting 
curves -4 = 0 and = 0 ; we thus obtain two equations (7=0 and 
D = 0, which determine the limits of the integration relative to u 
and V, Conversely the equation to the surface will be obtained by 
eliminating u and v between the values of a?, y, z; and the 
equations ^ = 0, i? = 0, of the limiting curves in terms of x and y 
will be found by eliminating u and v between the values of x 
and y, and the equations (7=0 and = 0. 

Now let us denote by Bx, Bz arbitrary indefinitely small 
functions of u and v ; and suppose that x, y, z become respectively 
a; + Sa?, y + z Bz. Then the equation to the new surface will 
be found by eliminating u and v between the values of x + Bx, 
y-^By, z + Bz; so that its form wull differ in an infinitesimal but 
perfectly arbitrary manner from the form of the original surface. 
At the same time if the equations (7=0 and D = 0 have not been 
changed, the equations to the new limiting curves will result from 
the elimination of u and v between the values of a? + 8a? and y + Sy, 
and these equations (7=0 and D = 0. Hence these cuives will 
differ in an infinitesimal but perfectly arbitrary manner from the 
primitive limiting curves which were given by -4 = 0 and jB = 0. 
Thus by varying x, y, z without varying the limits relative to u 
and V, the zone of surface over which the double integral extends 
undergoes an arbitrary variation both in its form and its boundaries. 

102. In his nineteenth section Poisson gives some important 
formulae in variations. Suppose z a function of x and y, and let 
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F be a given function of £c, y, z\ 2 ?^^, ... Denote the 

complete differential of F thus 

c?F = ic?a? + Mdy + Ndz + Pdz + Qdz^ 

4 - Pdz' + Bdz] 4 - Tdz^^ 4 - 

So that M, N, are the partial differential coefficients of F 
with respect to The complete variation SFof F may 

be obtained from c? F by changing d into S ; and if we regard 
hxy Sy, hz as functions of x and y which are arbitrary and indepen- 
dent of each other, we shall have to form the corresponding ex- 
pressions for Zz ^ Sz^, Sz", ... 

Consider x and y and consequently z as implicit functions of 
two other independent variables u and v. Differentiate z with re- 
spect to u and v ; thus 

dz ^ ,dx dy 
du ^ du ^ du ^ 

^ ^ 4 _ 

dv ^ dv dv * 


From these we obtain 

, _ 1 fdz dy dz dy\ 
f Vc?w dv dv du) ’ 
__ 1 fdz dx dz dx\ 
f du du dv) ’ 


where 




dx dy dx dy 
dv dv du ’ 


Now if we represent by hx, hz three arbitrary and indefinitely 
small functions of u and v, we may suppose without varying u and v 
that cr, y, i become simultaneously x-\-hx^ y + Sy, 4- hz. If we 
differentiate relatively to the characteristic S the preceding value 
of z* and make use of the value of z^ we obtain 


^ 1 fdy diz ^ dy dhz\ 

f du du dv ) 


- ^ ^y 

? du du dv ) 


^ dhy dy d.hy\ 

f du du dv ) 
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But we may also consider u and v and consequently Sx, Sy, Sz 
as functions of x and y ; then we have 

dSx _ dSx dx ^ dSx dy 
du dx du^ dy du' 

dix _ dZx dx ^ dhx dy 
dv ^'dxdv dy dv * 

dhy __ dhy dx dhy ^ 
du dx du^ dy du^ 

dBy __ dBy dx ^ dBy ^ 
dv dx dv dy dv ^ 

dBz __ dBz dx dSz dy 
du dx du dy du^ 

dBz dhz dx dBz dy 
dv dx dv ^ dy dv' 

From these we obtain 


dy dBx dy dBx _ ydBx 
dv du du dv ^ ^ 


dx 


dy dBy dy dBy ^ ^dBy 
dv du du dv'~^ dx^ 

dy dBz dy dBz _ ^ dBz 
dv du du dv''^ dx' 

By means of these values that of Bz' becomes 
^ , dBz ,dBx dBy 

For shortness put 

Bz — z'Bx — zfy = o), 

thus 

Sz' = z"Bx + z/By + (o'. 

In the same manner it may be shewn that 
Sz^-z/Sx + zJy + (o^. 

These simple expressions for Bz' and Sz^ are, as we see, inde- 
pendent of any particular relation which may be established between 
X and y and the auxiliary variables u and v. 
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We can easily deduce expressions for Bz”^ ... 

For since ^ ^ ~ putting its value 

for a> 


&■ - .-Sa: - .,% . 1 


Sz,-z;Bx-z,fy=> 


dx 

^d{Sz — zBx — 




( 1 ) 


These equations hold for any function z of x and y, so that we 
may substitute successively z\ z^ , z\ ... in place of z. Put z' in 
place of z in the first of equations (1), thus 

M - z"'Bx - z;'By = . 

But by differentiating the same equation with respect to Xy we 
obtain 

d{Bz’^z^*Bx--z;By) ^d^co^ 
dx da ^ ' 

thus 

Sz''^z"'Sx^z;y=^co'\ 

Similarly if we put z^ in place of z in the second of equations 
(1), we shall obtain 

8z,,-z,;Sx-zJy=<o„. 

Again, put z' in place of z in the second of equations (1) ; thus 

Bzl - z;'Sx - z,;Sy = ^ 

ay 

By differentiating the first of equations (1) with respect to y, 
we obtain 

d{Bz*-z''Bx^zlBy) ^ d^x . 
dy dxdy ’ 

therefore 

Bz! — z”Bx — z^^By = o/. 

It is easy to see that by continuing this process we shall obtain 
for all values of the indices m and n 
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This result Poisson says he had anived at on a former occasion 
and had used in explaining a difficulty in the Micanique Analytiqm. 
See Bulletin de la SocUtS Philomatique annfe 1816, page 82. 

[These formulae supply the corrections of the errors indicated in 
Arts. 39—41.] 

By means of the general formula proved above the variation 
of V takes the form 

s r= (z + Nz' + Pz" + Qz; + Rz^'^ + Sz*; + Tz,; + . . .) Sa? 

+ (Jlf + Nz, + Pz; + Qz,, + Rz'' + 8z,: + Tz,„ + . . .) Sy 
+ N(o + P(o + Q(e, + Roi* 4- 8(0 ! + T(o„ + . . . 
or, which is the same thing, 

SV^V'Sx-hV,Sy + M} + P(o' + Q<o, 

+ Rod" -i- 8o}' 4 " 4 * ( 2 ). 

103. The twentieth section contains some reductions of the 
variation of a double integral. Consider the definite integral 

U^ffVdxdy. 

By the known rules for the transformation of double integrals, 
if we consider x and y as functions of two other variables u and u, 
we must put 

, , fdx dy dx dy\ , , 

cto a V = -7 — ^ — “T- -^]dudv\ 

^ \du dv dv cmj 

so that we have 

JJ \du dv dv duj 

Now put a; + Sa?, y 4- Sy, « 4- & in place of a?, y, z under the in- 
tegral sign. From what was said above it will be sufficient that 
Sx, 8y, should be arbitrary functions of u and v, and it will not 
be necessary to vary the limits relative to u and v in order that the 
integral U may vary in the most general maimer both with re- 
spect to the limits relative to x and y, and with respect to the form 
of the function z. The complete variation of U will then be 

zir^ svdudv 

JJ \du dv dv duJ 

JJ\du dv dv du dv du du dv J 
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But by the formulse of the preceding article we have 

dx dhy dx diy __ diy 

du dv dv du "" dv dv duj dy ’ 

dy dhx dy dhx _ (dx dy ^ dx dSx 

dv du du dv dv dv du) dx 

Hence 

that is, by restoring the variables x and y 

str.//(8r+r^+r|!)&ij. 


In this formula the limits are the same as those of U. Now 
substitute the value of S F given by equation (2), and observe that 


V'Sx^ V 


dSx 

dx 


d. VSx 
dx 


} 


' ^ dy dy ' 

thus SU=^jvBx <?yj - VBx dy'j 

+ [^jFSydicj - (J VSydx'^ 

+ jj(N<ii> + Pa)' + Q(Oi + Mo)" + Sw' + + ,.,)dxdy (3). 


By the method of integration by parts we may remove the 
differential coefficients of o) from under the double integral sign. 
For 


fh ' dxdy^ dy^ — dx dy, 

jj Qtv^dxdy^ Qcodx^ — jjQ^codxdy. 
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By two successive integrations we have 
Jllla>"dxcly - i?a)Wy) 

— + ^Ji'cody^ 4- jJjB"a)c?ajrfy, 

J I Tco^^ dxdy ~ “ (J 

— 4- T^eodx^ 4- jj T^^dudx dy. 

By integrating first with jrespect to y and then with respect to x 
we obtain 

JJSeo/dxdy=^ 1^1 - (J Sat'dxJ 

— ^ s,o) ^y)+fj % ; 

by performing the integrations in the reverse order, we obtain 

jJSa)/dx rfy = j^J ^ Sx^ dy"^ 

— ly^S'oDc^ajJ 4- ^js'xdx^ 4- jjsjxdxdy. 

For the sake of symmetry we may use the half sum of these 
equivalent expressions, that is 

jj8<o;dxdi, = l^j8w'dx^ -l{jSto'dx)-l(j8,o,d^) 

- i - i + 1 (J S,a,dy) + 1 (/ m) 

4“ JJ 8’xdx dy. 

The subsequent terms in the last part of the formula (3) may 
be transformed in a similar manner. Thus the expression for hU 
will become finally 

SU^r +jjBiudxdy ( 4 ), 
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where for shortness, 

H^N-P'-Q, + R"-k-8;+T,-... 


r= - (J VSxdy") + [^| VSych^ - (J VBydx^ 

+ |Pft) Jy + J Qtodx ~ *(ddy-~‘ i J Sfiody — - J S'eodx—J T^codx-i" . . . J 

— ^JPcody + jQa)dx--Jll'a)dy-‘^Js^Q)dy~~ ^ Js'a)dx--J T^a)dx+»,>J 

4- |yi?a)'c?y+~ JSa)'dx+ J Tco^dx-h^ JSx^dy— ...J 

— ^Pco'dy + ^ JSa}'dx + jTa)^dx + ^ JSa>^ dy-- 

+ 

The two expressions which have been found for JJSx/dxdy 
must be identically equal ; hence we have 


jy^o)' e£z?J - Sco'dx^ — ly 4- S^co dy^ 

= jy/ScD.rfyJ — ^JSa)^dyJ — 4- ^Js'codx^ . 

This may be written 

+ 5'®) dx^ - ^ (^S(d + dx^j 

= [/(^e,, + ^,0,) dy'^ - (J[8w, + -S,a,) dy) (5). 


This will be verified presently (see Art. 106). We may ob- 
serve here that So) + 8' a) is the partial differential coefficient of 8a) 
with respect to x "before substituting the value of y obtained from 
one of the limiting equations. But the value of {8a) •\‘8'a))dx 
after we substitute for y its value is no longer a complete differential 
with respect to x and thus cannot be integrated immediately. 
Similar remarks apply to the term {8a)^ + 8^a)) dy. 

[This remark guards against the error indicated in Art. 27.] 
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104. The twenty-first section. For CT to be a maximum or 
minimum we must have SZ7=0. The double integral included in 
equation (4) cannot be reduced to simple integrals because o) is an 
arbitrary function of x and y ; it will therefore be necessary that 
the two parts of this formula should separately vanish. Thus we 
obtain 

r = o, jff=0, 


for the equations which must be satisfied in order that the double 
integral which we are considering should have a maximum or 
minimum value. The second equation will serve to find z in terms 
of X and y ; this equation will be in general a partial differential 
equation of the order 2n if V be of the order n. The first equation 
will decompose into others the number and nature of which in the 
different cases which may occur we will investigate in the sub- 
sequent articles. This is the most delicate part of the question. 

The preceding analysis may be extended without difficulty to 
triple and quadruple integrals, &c. In the case of a triple integral, 
for example, we shall obtain for the variation an expression 
analogous to that in equation (4) ; this expression will consist of a 
triple integral, and of another part containing only double integrals 
which relate to the limits of the triple integral we are considering. 
We might also suppose that the quantity under the triple integral 
sign involves unknown functions of the independent variables, and 
that these functions are independent, or that they are connected by 
given partial differential equations. We shall not stop to consider 
these questions, since they present no new difficulties and no useful 
applications. 


The determination of the relative maxima or minima of mul- 
tiple integrals can be reduced to the determination of absolute 
maxima or minima by the method of the thirteenth section, which 
is obviously applicable whatever may be the number of the inde- 
pendent variables. Thus, for example, if the first of the double 
integrals 


JJ Vdxdy, jj Tdxdy, jj Wdxdy, 


is to be a maximum or minimum, and at the same time the others 
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are to have given values, the problem amounts to investigating the 
absolute maximum or minimum value of 

JJ(V+ aT-hbJV+&c.) dxdy\ 

where a, &, ...are unknown constants which must be determined 
by means of the given values of the integrals. We suppose here 
that these integrals and the first integral are all taken between 
the same limits. 

105. The twenty-second section. [The results from this 
point to the end of the memoir were not known before the 
publication of the memoir.] Let us now examine the equations 
relative to the limits of U which are necessary for the maximum or 
minimum of this double integral, and which must be deduced from 
the condition F = 0. 

In order to render the reasoning easier to follow, we will sup- 
pose that a?, y, z arc the rectangular co-ordinates of any point of the 
surface determined by 0, and that the integral U corresponds 
to a zone of this surface comprised between two closed curves 
which will be given or which will have to be determined. Let 
ABC be the projection of the exterior curve* upon the plane of 
(a:, y), and DEF that of the interior curve upon the same plane 
(see fig. 2). The integral relative to x and y which 8 U represents will 
extend to all the elements dx dy of the plane area intercepted be- 
tween these two curves. It may however also be considered to 
represent the excess of a double integral extended to all the ele- 
ments of area enclosed by the curve ABC over the same double 
integral extended to all the elements of area enclosed by the curve 
DEF. Now hU reduces to F since by supposition and 

F = F‘*^— F‘®’ where F‘‘’ denotes that part of 8(7 which arises 
from the area bounded by ABC and F^®^ that which arises from 
the area bounded by DEF. Since these two limits ABC and 
DEF are in general independent of each other, the equation F = 0 
will decompose into two others, namely, 

F‘‘» = 0, F'®’ = 0. 

It will be sufficient to consider one of these ; the other will be 
of the same form and susceptible of the same transformations. 
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We had in the twentieth section the equation 

If ^ dxdy = VSydxj . 

[It has been already intimated in a remark on Art. 101, that 
Poisson does not use his symbols in the sense which he assigned to 
them ; the terms in square brackets refer to the upper portions of 
a curve, and those in parentheses refer to the lower portions of the 
same curve.] 

If this double integral relates to the area ABC, the integration 
relative to y which has been effected, is to be extended from one to 
the other of the two ordinates PM and PM\ which correspond to 
the same abscissa x. We will suppose that it is extended from 
the smaller ordinate PM' to the greater PM\ that is, we consider 
the variable y to increase and so dy to be positive. As the element 
of area dxdy is essentially positive, it follows that dx must be 
regarded as positive in the two simple integrals which are indicated. 
The first will correspond to the part AMB of the curve ABC and 
the second to the part AM' B supposing that A and B are the two 
points of the curve where the tangents are parallel to the axis of y. 
Let s denote the length of an arc of the curve ABC measured from 
any fixed point of the curve up to the point Jf, and let I be the com- 
plete perimeter of the curve. Then we shall consider s to increase 
from 5=0 to 5 = Z, and thus the differential ds to be positive. 
Let /8 be the angle comprised between the exterior normal MN scnA. 
the produced part of the ordinate PM, Since dx is the projection 
of ds on the axis of x^ we shall have 

cZa? = ± cos ^ cZs ; 


the upper or lower sign must be taken according as cos ^ is positive 
or negative. But the angle /S is acute in all the part AMB of the 
curve ABC and obtuse in all the part AM'B\ hence we shall have 


ix=^(tOB^ds throughout the extent of the integral , and 

rfoj = — cos^Scfo throughout the extent of the integral ^VSydx^ . 


Hence we conclude that their difference will reduce to a single 
integral relative to s which will extend throughout the whole 
curve ; that is, we shall have 
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j ^ VSy dxj = J ^ 


Similarly we shall have 


J VZxdy — ^ VSxdy^ ^ ® 


where a denotes the angle which the exterior normal JIN’ makes 
with the produced part of the abscissa of the point M. By similar 
reasoning we may reduce to a single integral each of the differences 
of two homologous integrals of which the expression T is composed. 
Thus the equation F = 0 will be transformed into the following : 



cos aBx+ cos 



ds 


+ i + ...) cos a + r, - i «' + 

+ J cosa+ cos/S- ...J m'dt 

+ j ^Tcos /3 + ^ S coaa — ...J a>,d,t 
+ ...=0 



Q)ds 


( 6 ). 


The figure supposes that each line parallel to the axis of y 
meets the closed curve ABG in only two points ; but this trans- 
formation of the equation = 0 would still hold if the number 
of intersections, which must be even, were greater than two ; we 
sliould then take successively for the two ordinates PM and PM* 
which correspond to the same abscissa, those of the first and second 
intersection, tliose of the third and fourth, and so on. 


106. In his twenty-third section Poisson verifies equation (5) 
of the twentieth section. 

In fact, as we have just seen, the part of this equation which 
belongs to the exterior curve is the same thing as 
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where the parentheses denote that each partial differential coefficient 
is taken with respect to one of the variables x ox y before we sub- 
stitute in S(o the value of the other variable deduced from the 
equation to the curve ABC. If we differentiate with respect to x 
after substituting the value of y, we have 

d. 8(0 _ fd , 8ai \ f d . 8(ii \ dy 

dx \ dx J \ dy ) dx' 


and since 


d . 8(0 d , 8(0 dx d . Sod ^ 


it follows that 


C(d.8(o\ (^d.8(Oj (^(d,8(o\dy 

i. - J.-s-*- J. (-5-) i 


Now 


/ d^ — 8(0 constant ; 


and since 8(o has the same value at the two limits 5 — 0 and s^l 
which belong to the same point of the closed curve ABCy it follows 
that 

r^d.8(o 


/: 


! 0 ds 

Hence the equation reduces to 




By help of this result we see that the equation which we are 
to verify may be written thus, 


But if a and b denote the angles which the tangent at any 
point M of the curve ABC makes with the axes of x and y, we can 
take in this equation where the differentials dx and dy may be 
positive or negative, 

dx ^ cos a ds, dy » cos b ds. 
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Thus the equation is transformed into the following : 

£(^) 

this result is obviously true since the factor cos a cos a + cos ^ cos b 
is the cosine of the angle comprised between the tangent and the 
normal at the same point M of the curve ABC, and is therefore 
equal to zero. It is evident this verification applies in tlie same 
way to the part of equation (5) which belongs to the interior 
curve. 


107. In his twenty-fourth section Poisson effects some trans- 
formations of the equation (6) of Art. 105. The applications of the 
preceding formulas to geometry and mechanics relate to problems 
where the function V depends on the inclination of tangent planes 
and on the magnitude of radii of curvature. In order then to avoid 
useless complication, we will suppose that the highest differential 
coefficient contained in V is of the second order. In this case the 
equation = 0 involves partial differential coefficients of the fourth 
order, and the first member of equation (6) is reduced to its first 
four terms. But in order to be able to deduce from this equation 
(6) the conditions relative to the second limit of U, it is necessary 
to transform its third and fourth terms, and to reduce the three 
variations o), and to two only. 

All the terms of equation (6) arc integrals relative to the arc s 
of the curve ABC, where s is the independent variable and ds is 
constant and positive. Under the integral sign z is regarded as a 
function of x and y, which is obtained from the equation to the re- 
quired surface, that is, from the complete integral of the equation 
jEr= 0. The variables x and y are implicitly supposed to be functions 
of 8 determined by the equation, known or unknown, of the curve 
ABC. Thus by differentiating o) with respect to s, we have 


dx 

ds 


, dx 


ds^ 


hence since rfa? + rfy* = efe®, we may write 

, dx dan ^dy dy dan ^dx 

where 0 is an indeterminate variation. 
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The dijBferentials and dy are as in the preceding article 
capable of changing sign in the course of the integration, that is, 
as we proceed from point to point of the curve ABO. Since the 
angles a and ^ relate to the exterior part of the normal MN it is 
easy to see that we shall have at any point 

dx 

Substitute these values and those of ta and in equation (6), 
and it becomes 


cos a 


" ds^ 


cos)8 = 




^i/> [©’-(1)1 

[By some accident Poisson himself omits the last line; the 
error is noticed by Bjorling. In consequence of this omission two 
of Poisson’s subsequent foiTnulaa in this section are incorrect ; the 
necessary alterations have accordingly been made.] 

By integration by parts we have 



ds ds^^ ' cfo* 


wds; 


for the terms outside the integral sign vanish since they are the 
difference of two values of the same quantity, one relating to the 
limit 5 = 0, and the other to the limit 5 = Z, that is to the same point 
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of the closed curve ABC. [Similar treatment may be applied to 
the term which Poisson omits.] Moreover 

d8_^,dx ^dy 


Let us suppose for shortness that 

P-is,-J!'(l+^ + rg + (2’-i!)g 

1 e?a! ^ 1 Q ‘V _ _ r 

ds 2 rfs* ^ 

_ 1 Q' ^ _ 1 Q ^ _ Q — V 

2^ ds^ 2^‘d^ds ^ ds^'^ ^ 


^dy^ ^dx dy rndx^ 


= Z 


[The value of Z agrees with Poisson’s ; those of X and Y differ 
since Poisson omits the last three terms of each.] 

Thus equation (6) finally becomes 




Z0ds = O 


(7); 


and this is the simplest form it can take. 


108. The twenty-fifth section relates to the case in which 
some condition is given. In the problems to which this equation 
can be applied, it will sometimes happen that the length of the 
exterior curve to which it relates is to have a given value ; or more 
generally that one or more integrals taken throughout this length 
are to have given values. It will be sufficient to consider one of 
these integrals; for similar remarks would apply to the others. For 
greater simplicity we will suppose that the differential function 
which occurs under the sign of integration is only of the first order. 


At any point of the exterior curve then, let 
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let TV denote a given function of a?, y, z, x\ y\ and suppose that 


fWdz^(r; 


<r being a given constant, and the integral extending throughout 

. dz 

this curve, so that it is the same thing j order to 


introduce this condition it will be sufficient according to the remark 
in the thirteenth section to add to Z7the integral JWdz multiplied 
by an undetermined constant which we will denote by c. Thus 
the first member of equation (7) is augmented by the term chJWdz. 

Now if we put 


dW dW dW dW 
this term has for its value 




considering x and y as functions of z in the formula of the seventh 
section (Art. 92) and observing that the part outside the integral 
sign vanishes because the curve which wc are considering is a 
closed curve. 

Suppose that this curve is to lie on a surface which we will 
denote by the differential equation 

dz = pdx + qdy, 

where ^'id q are given functions of £c, y and z. We shall see 
presently (Art. 114) how the case of a curve unrestricted is com- 
prised in the present. The co-ordinates x, y, z of any point in 
this curve, and also the varied co-ordinates x + Saj, y + Sy, Z'\-hz 
must satisfy the equation to the given surface ; we may therefore 
differentiate that equation relatively to the characteristic 8; thus 
we shall have 


as well as 


hz = ])hx + qhy 
dz —jpdx + qdy. 







/ dx 



Hence 
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If then, fop abbreviation, we put 

dm j dn j 

the term which is to be added to equation (7) becomes 
cj\kp-hq)(^Bt,-^^Bx)ds. 

Thus it has the same form as the first term of this equation ; 
consequently in order to introduce the condition that the integral 
/ Wdz is to have a constant value, we have only to change in 
equation (7) Finto c {kp — hq). The constant c will have to 
be determined in every case from the value a- of the integral 
fWdz. 

109. The twenty-sixth section. Let us now observe the re- 
sults which may be deduced from equation (7) thus modified if 
necessary. Let us put 

^ ~ ^ So? cosaSa? + cos^Sy = e, 


6) = — z'Sx — zfy = ^ V 1 -f ^ 5 '* 4“ z'^. 

The point M of the curve ABC whose co-ordinates are x and y 
being transferred to the position indicated by the co-ordinates a? + Sa? 
and y + 8y, we see by the value of e that this variation denotes the 
displacement of M projected on the normal MN, The cosines of 
the angles which the normal to the required surface at the 
point {Xf y, z) makes with the co-ordinate axes are respectively 

z* z, 1 

+ '^l+z^+zy 

Thus the variation </> is the projection on this normal of the 
displacement of this point {x, y, z) when its co-ordinates become 
a5 + 8ic, y + Sy and z + Bz; and in equation (7) this displacement 
belongs to any point of the exterior curve. As to the third arbi- 
trary variation contained in equation (7), namely 6, this depends 
on the change of inclination experienced by the tangent plane to 
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the required* surface at any point of the exterior curve. [In fact 
we have from the equations in which 6 first occurred 



and if we insert the values of (o, and to from Art. 102 we have 
e = (8a, - a, '8a! - J - (8a' - a"8a: - a, '8^) ^ . 

Thus 0 involves Sz^ and Sz and is thus connected with the 
change of inclination of the tangent plane.] 

Now if the second limit of U is not restrained by any given 
condition, the three variations e, 0 will be completely arbitrary 
and independent; hence in order that equation ( 7 ) may subsist it 
will be necessary tliat the coefficients of these variations under the 
integral sign should be separately zero. Thus we shall obtain 
three equations, 

(»)• 

When the second limit of U has to satisfy some given con- 
ditions the three variations e, 0 are no longer independent ; then 
the equations (8) or at least one or two of them will not hold and 
must be replaced by others. The following are the principal cases 
which may arise. [Five cases are considered which will occupy the 
following five articles, extending to the end of Poisson’s twenty- 
sixth section.] 

110. Suppose that the exterior curve is fixed and given, and 
let us represent its two equations by 

Vy «) = 0, y, z) = 0 (9). 

From the signification of € and ^ it follows that these quantities 
now vanish; thus the first two terms of equation ( 7 ) disappear. 
The first two equations of (8) will now no longer be necessary and 
they will be replaced by the equations ( 9 ). 

Let us further suppose that the required surface is to touch 
throughout the perimeter of the exterior curve a fixed and given 
surface, as for example the surface which has for its equation 
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F{x, y, «) =0, and the diflferential equation of which we will repre- 
sent hy 

dz = 'pdx + qdy. 

It will be necessary on account of this contact that 

for every point of the exterior curve. These however are not 
two new independent equations ; for since the curve is already the 
intersection of the required surface and the given surface, the dif- 
ferential dz taken along its direction has the same value whether 
it be obtained from the equation to the first surface or from the 
equation to the second surface; thus we have already the rela^ 
tion 

'pdx 4- qdy = zdx + z^dy ; 


and by means of this relation one of the equations and g = 
is a consequence of the other. 

On the other hand the variation ^ and consequently « will 
be zero, not only for all the points of the exterior curve, but also 
for all those of an indefinitely narrow zone of which this curve forms 
part ; wo may therefore differentiate the equation <» = 0 along the 
direction of this curve and along any other direction ; thus we shall 
have throughout the whole perimeter of the curve 



© = 0 , 




thus the quantity 0 which occurs in the twenty-fourth section 
vanishes, and the third term of equation (7) vanishes. 

Thus in this first case the three variations e, 0, d being zero, 
the equation (7) vanishes ; the equations (8) which were deduced 
from (7) do not hold, and they must be replaced by the equations 
(9) which will be given in each particular problem, and by one of 
the equations y = q — 


111. Suppose that the exterior curve is fixed and given, so that 
6 = 0 and 0 ) = 0, and suppose that the second limit of TJ is not 
restrained by any other condition. The equation « = 0 can now be 
differentiated only along the direction of the given curve; we 
liave then 



POISSON. 


91 


dea ^ » /\dy 

_.o, 



the factor 0 remains indeterminate, and we must have 0 in order 
to satisfy equation (7) which now consists of only its third term. 

In this second case the third of the equations (8) holds, and the 
other two are replaced, as in the first case, by the two given equa- 
tions of the exterior curve. 


112. If this curve is not fixed but only constrained to lie on a 
given surface which is determined by the equation 

F{x,y,z)=^0 (10), 

then the co-ordinates a?, y, z and also a? -h Sa?, y 4- must 

satisfy this equation. We may therefore differentiate with respect 
to the characteristic S ; thus if we represent the ordinary differential 
equation by 

dz ^ jpdx^rqdy^ 

we shall also have simultaneously 

Bz ^pBx 4" gBy. 

Hence the variation o) will be given by the equation 
o) = 8a; 4- (<7 — z) By, 

Suppose moreover that the required surface is to touch the given 
surface throughout the perimeter of the exterior curve. We shall 
have the two relations p — z' and q = z^^ one of which is a conse- 
quence of the other, as we have shewn in the first case. These 
relations will make to vanish for all points in an indefinitely nar- 
row zone comprising the exterior curve ; hence as in the first case 
we conclude that 0 = 0. Since the variations to and 0 are zero the 
equation (7) is reduced to its first term ; and in order that it may 
hold whatever may be the value of the indeterminate variation 6 we 
must have F= 0 ; or rather 

F+ c (%? — Ag) =0 (11), 

if we suppose, as before, that the value of a certain integral JWdz 
is given. 

Thus in this third case the equations (8) are replaced by the equa- 
tions (10) and (11) together with one of the two relations p^z' 
and q^z^. 
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113. Suppose that the exterior curve is still constrained to lie 
on the surface determined by equation (10), but that the tangent 
plane to the required surface is mt subject to any restriction 
throughout the perimeter of the exterior curve ; the expression for 
a> given in the preceding case will still hold, but there will be no 
resulting limitation for the quantity 0, which will remain altogether 
arbitrary and independent of Sx and the coefficient of 0 in 
equation ( 7 ), that is Z, must therefore be zero. Substitute the 
expression for to in this equation and it will become 



But as the two variations Sx and Sy are arbitrary and inde- 
pendent their coefficients must be separately zero ; if we add then 
to V the part which arises from supposing the integral JWdz to 
have a given value we shall obtain 

But one of these equations is a consequence of the other ; for if 
we multiply them crosswise and suppress the factor common to the 
two products we obtain 

{p-z’)dx^{z^-'q)dy; 

and this equation, as we have seen in the first case, follows from 
the fact that the required surface and the given surface intersect in 
the exterior curve which we are considering. These equations may 
be written in the following manner 

F (p — «') cfo = [JST (p F+ c {kp — qJi)] dy, 

JT (j - « J rfy = [ F (2 - «,) + F + c {hp - qh)] dx ; 
multiply these equations and reduce, thus we obtain 

V+c{kp-^qh) + X(p-^z^)-^Y(q->z;)^0 ( 12 ). 
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Thus in this fourth case the third of equations (8) holds, and 
the two others will be replaced by equation (12) together with that 
of the given surface of which the differential equation is represented 
by dz =^pdx + qdy. 

114. Lastly, suppose that the tangent plane to the required 
surface may vary arbitrarily tliroughout the perimeter of the ex- 
terior curve, and that this curve is not constrained to remain upon 
a given surface. The equation 0 will still hold. We may write 
equation (12) in the form 

F+ c {kz' - hz) + {X+ ch) ip -«')+( Y- oh) (i? - J = 0 ; 

multiply by dx^ and put [z, — ^ dy for [p — «') da? ; thus we 
have 

[F+c {Jcz — hz^'] dx + [Ydx — Xdy — c [hdx ■\-kdy)'] (j — =0. 

But the quantity q is altogether arbitrary, since now the sm*face 
which had for its differential equation dz = pdx + qdy is not given ; 
the preceding equation must therefore separate into two, and con- 
necting them with Z— 0 we shall have for the three equations be- 
longing to this fifth and last case 

F+ c ijcz' — hz) = 0, 'I 

Ydx — Xdy — c (Jhdx + kdy) = 0 , I (13). 

Z=0. J 

These equations coincide, as they should do, with the equations 
(8), when we put o = 0; this amounts to suppressing the condition 
relative to a given value of the integral jWdz ; so that now there is 
no longer any given condition by which the second limit of U is 
restricted. 

115. The twenty-seventh section. The reasoning already 
given applies equally to the first limit of U ; and by the details 
which have just been given we see that the conditions of a maxi- 
mum or minimum of this double integral consist in this, that for 
each limit the required surface must satisfy simultaneously three 
known equations which will either be directly given, or which may 
be formed for the different cases which can occur in the manner we 
have explained. These two systems of three equations will serve 
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for the determination of the four arbitrary functions involved in the 
complete integral of the equation lf= 0. 

When the differential function F is only of the first order we 
shall also have 

B = T=0; 

the partial differential equation 21=0 will not be of a higher order 
than the second ; we shall have 

Z=0; 

and the equations of the preceding article will simplify and will 
reduce to two for each limit of U. 

If we wish to apply the formulae of the preceding article to the 
case of a single integral, we must suppose that the quantity F is a 
function only of aj, z\ z '* ; hence we shall have 

Q=0, 8=0, T=0. 

It will be necessary at the same time that the zone of the 
required surface to which the integi-al U will belong, should be 
comprised between two planes parallel to that of (y, z). The 
curve ABC will then reduce to two straight lines parallel to the 
axis of y, the limits of two oval curves of which one dimension is 
indefinitely increased ; and as in the equations with which we are 
concerned the differentials of x and y relate to this curve and the 
differential da is supposed constant, wc must put 

dx = 0, d^x = 0, dy = ds, d^y = 0. 

The condition relative to the length will no longer hold, so 
that we also must suppress the terms which thence arise, that is, 
put c = 0. Under these circumstances the equations of the twenty- 
sixth section will coincide in all cases with those which would 
be derived from the fifth case (Art. 114 ), observing that the quan- 
tities which were represented by y and Q in that section are now 
represented by z and R, and that the function F being supposed of 
the second order, the quantities R, 8, &c. of that section are zero. 
This coincidence would supply, if that were needful, a confirmation 
of our analysis with respect to double integrals. 

116. In his twenty-eighth section Poisson makes some remarks 
on the mode in which the arbitrary functions are to be determined 



POISSON. 


95 


in some problems. There are particular problems in which the 
curve which forms the inner boundary of the required surface accord- 
ing to the hypothesis of the twenty-second section (Art. 105) does 
not exist, and in which consequently tlie conditions relative to this 
curve must be replaced by others, in order that the arbitrary func- 
tions which arc involved in the general integral of the equation 
H—0 may not remain undetermined, and that these problems may 
be completely solved. 

This circumstance might occur, for example, in the question 
where we have to find a surface of which the area should be a 
minimum between certain limits. The equation 11=0 is then a 
partial differential equation of the second order, and its integral 
involving two arbitrary functions is known in a finite form. Now 
if the minimum area is to be a zone included between two given 
curves, we sec that these two curves through which the required 
surface is to pass will theoretically serve to determine the two 
arbitrary functions which occur in the equation to the surface, that 
is, in the integral of the equation ^=0, the only difficulty being 
that which arises from the complicated form of this integral. We 
see too that these two curves might be exchanged for other pairs 
of conditions. But if we require that the minimum area should be 
all that portion of the surface which is bounded by the exterior 
curve, it seems then that the integral of the equation 11=0 will 
have a greater degree of generality than the problem, and that the 
given curve will not be sufficient for the determination of the two 
arbitrary functions. 

117. In order to remove this apparent indeterminateness, sup- 
pose we exchange the rectangular co-ordinates x and y for polar co- 
ordinates T and 0, where r is the radius vector and 6 the angle which 
T makes with a fixed line drawn through the origin in the plane of 
(oj, y). Put the origin within the boundary formed by the projec- 
tion DEF of the interior curve (Art. 105) when such curve exists. 

Let »-=/W, = 

be the two equations of this curve ; and 

r = F{e), z = ^{0), 

those of the exterior curve of which ABC is the projection. 
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For the zone of minimum area the values of r will extend from 
r—f{0) to r = F{0)^ and those of 0 from 0 = 0 to 0 = 27r, and the 
arbitrary functions which occur in the integral of 7f=0 must be 
determined so that z should become (f>{0) and <I>(0) for r=f{0) 
and r = F{0) respectively. Outside the zone, that is, for values 
off less than /(^) or greater than F{0) whatever 0 may be, the 
ordinate z will be subject to no limitation and can become infinite. 
But if the minimum area is to be all that portion of the surface 
the projection of which is bounded by the curve AEG, the values 
of r will extend from r = 0 to r = F{0) for every value of 0^ and 
throughout this extent the ordinate z must be finite. We shall 
therefore suppress in this case that portion of the integral oi 
which would become infinite when r = 0; and the integral thus 
modified will be reduced to the degree of generality which the 
problem has ; so that the single condition that z should be equal 
to 4>(0) when r is equal to F{0) will sufiice for completing the 
solution of the problem. 

Thus the solution of the question of the minimum area and of 
similar questions, separates into two problems which are quite dis- 
tinct so far as relates to the determination of the arbitrary functions. 
I only here indicate this distinction which I will take up on 
another occasion. 

If the required surface is closed on all sides, so that for example 
we have to find the surface of greatest area which incloses a given 
volume, the conditions for this relative maximum will not furnish 
any equation suitable for determining the two arbitrary functions 
which the complete integral of the equation H=0 when applied 
to this problem will involve. It is by means of other considerations 
that this integral must be reduced so as to contain only three 
arbitrary constants, namely the three co-ordinates of the centre of 
the sphere which solves the problem ; the radius of the sphere will 
be determined by means of the given volume. I propose to con- 
sider this particular question in another memoir. 

[It does not appear that Poisson ever returned to the two 
problems which he proposed in the above section to consider at a 
future period.] 
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118. In the remaining three sections of the memoir Poisson 
discusses an example. In an addition to the work entitled 
Meihodus invemendi lineas.... Euler determines the figure of the 
elastic lamina, properly so called, by means of a principle commu- 


nicated to him by Daniel Bemouilli, namely, that the 


integral J- 


ds 

7 


taken throughout the length of the curve should be less than for 
any other curve of the same length ; da being the differential 
element of the sought curve and p its radius of curvature. In order 
to give an example of the employment of the preceding formulse, 
we will extend this principle by induction to the figure of equi- 
librium of an elastic lamina which is curved in every direction and 
the points of which are not acted on by any given force. Thus 
denoting by p and f the two principal radii of curvature at any 
point of this surface, or more generally the radii of curvature of 
two normal sections at right angles, and by da the differential 
element of the surface, we shall suppose that among all surfaces of 
the same area the elastic surface is that which gives a minimum 


value to the integral [This is what Poisson says, 

but he really takes the integral + however 

coincide to the order of approximation which he finally preserves.] 


By the theory of the curvature of surfaces we know that the 

sum ~ ^ same value for every pair of normal sections 

at right angles passing through the same point. With the notation 
already adopted, we have 


1 ^ 1 „ (1 + z' - g/ -f (1 + 

9 + 

or, which is the same thing, 


1 1 

-+| = u+»„ 


Vi +/’+«,*’ Vi +«'•+*,•■ 


where 
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We have also 

rfo’ = Vl + z'* + z* dxdy. 


Let c denote an undetermined constant, and pnt 

r= («' + + 2c vi+2"+«;; 


then the question amounts to making the integral ffVdxdy an 
absolute minimum. (See Art. 104.) 

The quantity N of the nineteenth section (Art. 102) will be zero, 
and P, Q, B, 8, T, will have for values 


P= 2 (m' + v ) (^ + ^) + 2cm, 

2’=2K + «,)(^ +^). 


It will be sufficient to substitute these values and their first 
and second differential coefficients with respect to x and y in the 
equation jQr= 0 of the twenty-first section (Art. 104), in order to 
obtain the indefinite equation to the clastic surface ; this equation 
will be a partial differential equation of the fourth order. We must 
also substitute these same quantities in the equations of the twenty- 
sixth section, in order to obtain the equations relative to the peri- 
meter of the elastic surface in all the cases which can occur. 

We will confine ourselves to writing these equations for the 
case where the elastic surface differs but little from a plane figure 
parallel to the plane of x and y ; and we shall neglect consequently 
the terms in V of the fourth degree with respect to partial differ- 
ential coefficients of z. Thus the values of P, ... and therefore 
the equations in question will be exact as far as quantities of the 
third order. 
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Thus we have, simply 
from which we obtain 

jN'-. 0, p= 2c«', Q = 2cz^y JR = T- 2 0 ; 

thus the equation = 0 will become 

If we denote by ? a new variable, we may replace this equation 
by the following system of two equations of the second order : 

r+?. = c? (a). 

In consequence of these values of B, 8, T, the quantity Z o{ the 
twenty-fourth section (Art. 107) will be equal to 2f. In order to 
fix our ideas, I will suppose that the limits of the elastic surface 
in equilibrium are curves fixed and given, but that the tangent 
plane to this surface is not restricted by any condition throughout 
the perimeters of these curves; hence it will follow from the 
second case of the twenty-sixth section (Art, 111), that we must 
combine with the two equations of each limiting curve the equation 
Z=0 or ?=0, in order to form the two systems of simultaneous 
equations, which witli the given area of the elastic lamina will 
serve to determine the constant c and the arbitrary functions con- 
tained in the integrals of equations (a). The area of the lamina 
cannot differ much from that of its projection on the plane of 
X and y ; denote the area of the projection by and that of the 
lamina by \ (1 + y) so that y is a very small positive fraction ; we 
shall have 

^ (1 +5^) = jj "/l + a'* + » ’ dx dy, 
or to that order of approximation which we have adopted 



119. We may give another form to the equations (a) and (i) 
by changing the rectangular co-ordinates into polar co-ordinates. 
Let r be the radius vector of the projection of any point of the 
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surface upon the plane of x and y, and 0 the angle which this 
radius makes with the axis of x, so that 

05 = r cos 0, y = r sin 0, 


The ordinate z will become a function of r and 6, and we shall 
have 

dz , ^ • /I 

^ « COZ0 + z^ sin 0^ 


hence 


^ cos 0 — «V sin 0 ; 
, dz n dz sin^ 


dz . A ^ dz COS0 
« = ^ 8ina + - 
' dr 


d0 r ’ 


and as the element dx dy will be replaced by rdr d0^ the equation 
(i) will become 


^=i//{(iy +? 


If we put a' in the place of z in the value of a', we shall have 


z' = ^ cos ^ — 
dr 


dz' Ati0 
10 ^'^ 


by differentiating the value of z in succession with respect to r and d, 
we obtain 

dz' _ ^z ^ d^z sin 0 dz sin 0 
dr ^dr^ ^'^d0~^ 


dz' d^z ^ d^z sin^ dz , ^ dz cos0 

hence 


ff d z « ^ 

* =^C 08 *<J- 


d^z sin d cos 9 , d*z sin*d 


dz Av?0 , A ^ sin 0 cos 0 
^ dr r d0 r* 
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We shall find in the same way that 

• ta « sin ^ cos ^ , d}z cos* 5 
= ^ 8m*0+ 2^ — P ^W — 


dz cos®fl 
r 


^ dr 


2 


dz sin d cos 0 
dd 7^ ’ 


The same transformations will apply to the differential coeffi- 
cients f " and ; thus the equations (a) will be changed into the 
following : 


d^z 

d? 


+ 



^ d'^z 1 dz ^ y 
r* d0^ r dr ^ 


1 ^ . 1 ^ 
P dff^ r dr 


= c? 




From the hypothesis of the preceding article and the supposition 
that the exterior and interior curves which bound the required sur- 
face are determined by the same equations as those in the twenty- 
eighth section (Art. 117), it follows that the value of z which 
we shall obtain by the integration of equations {d) must satisfy 


simultaneously the three equations 

r^F{6)y s =!4>(0), ^=0 ( e ) 

relative to the exterior limit of the surface, and must satisfy simul- 
taneously the three equations 

* = ^( 0 ), ?=0 (/) 


relative to the interior limit. In the most usual case this second 
limit will not exist ; according to what has been explained above 
we shall then replace the equations {f) by the condition that the 
value of s, which corresponds to r = 0, shall not become infinite ; 
and the same must hold with respect to since we have supposed 
in the preceding article that the partial differential coefficients of z^ 
and therefore f, are very small quantities through the whole extent 
of surface which we are considering. In order that there may not 
remain any doubt on this last case I will complete the investigation 
on the simplest hypothesis, namely, supposing that the elastic 
lamina is circular and that its figure of equilibrium is that of a 
surface of revolution. 
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120. If we take the axis of the surface for that of the 
quantities f and z will be independent of 0^ and the equations {d) 
will reduce to 




iff)- 


Let a denote the given radius of the projection of the lamina 
on the plane of the co-ordinates r and 0 ; we shall have X = 7ra*. 
[It does not appear why a is said to be f/iven.] The double in- 
tegral contained in equation (c) will extend from ^ = 0 and r = 0 
to ^ = 27r and r = a, and this equation will become 


dz 

where denotes the value of ^ when r = a, or in other words the 

inclination of the tangent plane of the lamina to the plane of pro- 
jection at any point of the perimeter. When this inclination is 
given we can immediately deduce the value of 1+^, which is the 
ratio of the area of the lamina to the area of its projection ; and 
reciprocally. [It is difficult to comprehend this equation g = ; 

the equation (c) is 



Poisson seems to put this == tt 


rdrd0 




rdr. 


J rdvy which is not justifiable. 


However he only refers to this equation once again, see page 104. 
Moreover if he takes P as given he has no right to the equation 
f = 0 at the limit ; see the first case of the twenty-sixth section, 
Art. 110.] We may suppose that the plane of the co-ordinates 
r and 0 is that of the boundary of the lamina ; the equations {e) 
will then be 


r = a, « = 0, S'=0 


[h). 


According to what I have found in another memoir {Journal 
de VEcole Polytechnique 19* cahiery page 475) the complete integral 
of the second equation (^) is 

? = a dfo + h log (r sin* ©) rfo) ; 

0 Jo 
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where a and b are two arbitrary constants, and e the base of the 
Napierian logarithms. It is indeed easy to verify that this value 
of f satisfies the second equation (gi) ; for we deduce immediately 

COS* ^ cos a>de» 

-h be f cos* fi> log (r sin* co) dea 


^ ^ ^ f ^-rVcco8« 


f 

^ J a 


cos a> log {r sin* o)) d<o 


^bs/c 


f C0S6t>e?a>. 

0 


By integration by parts we have 

— f cosg)Jg) =s — c f e ' 

^ A Jo 


rVc'co8« gij^a 




2Vc I 


-r 

0 


g-rV7cosc# gjj^a ^ J^g gjj^a 


Thus the preceding equation is reduced to 

41 f + 1 ^ = ac f <?» + 5c [ " log (r sin* ©) <?» ; 

rfr* rrfr Jo 

and this coincides with the second equation (c) by reason of the 

value of ?. 

I put J = 0 and suppress the second term of the value of f ; 
otherwise ? would become very large near the centre of the lamina 
and infinite at the centre itself. We have then simply 

f = a do), 

Jo 

or, which is the same thing, 

» n 

f = a do> + a 
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By reason of the third equation (A) we shall have 


IT ir 

/■‘g-aVTo* - ^ /■%•>/?««« Jo>=0; 

J 0 •' 0 

and if we replace ca* by another constant — 7®, we shall have for 
determining 7 the equation 


T 

/' 

J 0 


cos (7 cos ft)) C?ft) = 0 
The value of f will become 


(t). 


/** 7^003 0 ) , 

f = a I cos ao), 

•/ 0 ® 

where ~ is put instead of a. I substitute this value in the first 
equation (g) ; then integrating we have 

ir ir 

dz _ aoL yr cos co dan aa? f * yr cos a)\ d<a , G ^ 

dr y i ^ a cosco Yr J ^ \ a / cos co r 

dz 

0 being the arbitrary constant. In order that ^ should not be- 
come very large for very small values of r, and infinite for r = 0, 
we must have (7 = 0. For r = a we shall therefore have 


/8 = 


aa r» 


r* . , .do} aa r*f, , cfco 

I sin (7 cos (o) 2 I {1 — cos (7 cos (o)| — j- 

' cos CD y Jo * cos a 


this equation will serve to determine the constant a, from the known 
value of or V^. Integrate again, and denote the arbitrary con- 
stant by /; thus we shall have for the equation to the required 
surface 


z 



cos 


yr cos cd\ 
a / 



cos* CD 


aa* 

V 


ir 



COS 


yr COS a)\ ^ 
i ) r 


dcD 

cos* CD ' 


If we suppose that the integral with respect to r which is in- 
dicated in the last term of this formula begins with r, the constant 
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/will be the sagitta of this surface, that is to say, the value of the 
ordinate z corresponding to its centre, that is, to r = 0. From the 
second equation (A) the value of/will be 


/= 77 :[/:(>— ^")?] 

ir 

/ XT rfo) 

5“ [1 — cos (7 COS ft))] =— . 

rf Jo ’■ COS® ft) 


d (0 

COS® ft) 


We can replace by convergent series the definite integrals which 
occur in these different formula?. In this manner the equation (t) 
will become 




( 1 . 2 )® ( 1 . 2 . 3 )® 


= 0 


(Jc), 


where 27 has been put for 7. The values of 7* which can be de- 
duced from this equation are known to be infinite in number, and 
all real and positive ; the least of them is, very nearly, 

7 ®= 1-46796491. 


This number, which occurs in several problems, has been cal- 
culated by M. Largeteau, secretary of the Bureau des longitudes^ 
[Poisson gives no reference with respect to the roots of the equation 
just considered; the statements are proved in the memoir by 
Fourier entitled Theorie du Mouveinent de la Chaleur, Mim. de 
VAcad. Tome IV. 1819, 1820, page 432.] 

We shall have at the same time 


dz 

dr 


^ Traf Vr’ 7*/ T^r* 1 

T r " (ITiiV ~ (1 . 2 . 3)» a* ^ 

_ irar f y*/* y*r* •fr* 1 

“4 1^ 2a* ■^3(1 .2)* a* 4 (1 .2.3)*a*'^ ■"j ’ 



7V* 

9 (1.2)* a* 


16 (1.2. 3 )* a* 
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The equations on which the values of a and / depend will be 


- _ 9raa f _y 7* , \ 

1^- 2 ■^3(1.2)> 4(1.2.3)’'^‘”J ’ 

0= /+ Zip’ll + + 

8 4^9(1. 2)» 16(1.2.3)*^ 



[that is./+^ = 0 by (A)] ; 

this shews that cceteris paribus the sagitta f will be proportional 
to the radius of the lamina a ; if we take the smallest value of 7* 
we shall have 

/=-ay3 (1-60197). 


For this value of 7^ the ordinate z will have the same sign as f 
throughout the lamina; and there will be no sinuosity in the 
lamina; hence, disregarding the sign, z will decrease continually 
from the centre to the perimeter ; and thus it is that / has the 
contrary sign to /8. 

dz 

[We have to shew here that cannot be zero for the smallest 

value of / except when r^O. Let F{y) denote the left-hand 
member of equation (k), so that 


F(y)=‘l-'/ + 


y* 

(1.2)» 


(1.2.3) 




fl.e» 

dz 

Hence if ^ could vanish for a value of r between 0 and a, we 

should have F'{y) = 0 for a value of 7* less than 1*46796491. But 
this is impossible for 

It 

2 

JP (7) = - I cos (27 cos Q)) C&k), 

^ Jo 

IT 

4 f* 

F'{y)^ I sin (27 cos ») cos a}da ) ; 

and ^'(7) is certainly negative so long as 27 cos® is less than tt, 
and is therefore negative if 7* lies between 0 and 1*4679649. 
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We may add that the equation F'{y) =* 0 will have real roots, 
namely, a root between each consecutive pair of roots of F{y ) « 0 ; 
this will be useful to remember in reading Poisson’s next 
paragraph.] 


If we substitute successively in the expression for z different 
values of 7® derived from equation {k) we shall obtain as many 
different figures of equilibrium of the circular lamina. Their 
number will be infinite like that of the figures of the ordinary 
lamina which is curved in only one direction ; and the number of 
their sinuosities will augment more and more with the value of 7* 
which is used. This number will be zero, as just stated, and there 
will be no inflexion of the lamina, for the smallest value of y\ In 
all cases the inclination of the tangent plane will be zero at the 

dz 

centre of the lamina; for from the value of z we have -y- =0 

dr 


when r = 0. 


121. Here Poisson’s memoir closes. The last eleven pages of 
the memoir have been spent on a problem which is only a case of 
a single integral. It may be useful then to give a solution of the 
problem in a simpler form than Poisson’s, 

Let Oz^ Or be two axes at right angles and suppose a surface 
formed by the revolution of a curve round the axis of z, (See 
figure 3.) The principal radii of curvature at any point of a sur- 
face of revolution are the radius of curvature of the generating 
curve and the length of the normal at the point between the point 
and the axis of revolution. Denote these by pj and ; then 


d^z ^ 

1 1 c?r 



The expression which we have to make a minimum is 
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If we adopt the approximation of Poisson, that is, if we reject 
terms of the fourth degree, we get 


27r 




+ 2C + C 



rdr. 


Thus we may put 


+2c + cpj»-. 

dz f 

where ^^nd we have to make J Vdr a minimum. By ordi- 

nary rules then we have 


thus 


therefore 

=- a constant = C\ 
dr r ’ 

or 

d^z \ dz 
dr r dr 

Now put 

« — — = V ; thus 
c ' 


d^v , 1 dv 
dr^ r dr 


Hence assuming Poisson’s integral of this differential equation 
we get the value of v ; and thus finally 

z=^A I deo +JS f ** log (r sin* ©) dof + 0, 

Jo J 0 

where A, B, C are arbitrary constants. 
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The integrated part of S j Vdr is 

We have now to determine the constants 5, C and c. 

We may obviously give G any value we like, for this amounts 
to pushing the surface along the axis of z without making any 
change in the value of any element of jVdr. Suppose then 


Now by hypothesis the area is given, that is, to our order 
of approximation the value of the integral 




extended over all admissible values of r is given. Let us 
suppose with Poisson, that the boundary of the surface is a circle 
of radius a; then 

27 rJ ^ j ~ ^ given finite quantity. 

Now unless JB = 0 this integral will be infinite and therefore 
cannot be equal to a given finite quantity. We must therefore 
have J5=0, and then the fact of the area being given supplies 
a condition for determining A in terms of c. We must examine 
the integrated part of the variation. Since the limits of r are 
fixed, namely 0 and a, the variation Sr is zero at both limits. 

Also = ^ when r=0; thus to make the integrated part 


vanish all that is necessary is that r should vanish when 

r = a. This, by reduction as in Poisson, leads to 


/: 


oof w . 


r = 0, 


and shews that c must really be a negative quantity ; from this 
equation c must be found in terms of a. 
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The results of this solution are thus the same as those of 

dz 

Poisson’s if we omit that statement of his that ^ is given at 
dz 

the limit. If ^ weie given at the limit the integrated part of 
BJVdr would all vanish; and instead of the equation 

J 0 

for determining c we should have 


dz 

where is the given value of ^ when r = a. The constant a 

in Poisson’s solution ought to he found from the circumstance 
of the area being given. 


It should be observed that some of Poisson’s expressions might 
be put in a simpler form than he has adopted. For from the values 
of f and z at the bottom of page 105 we see that 


This might also be obtained from equations (g); 
give 


d^{i—cz) 1 (f— cz) 

dr^ r dr 


0 , 


for they will 


and by integrating and determining the constants we shall obtain 
the above value of z. And with that value of z we can give simpler 
dz 

forms for ^ in terms of a definite integral, than those 

on pages 104 and 105. 
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CHAPTER V. 

OSTEOGEADSKY. 


122. On the 24th of January 1834, a memoir was communi- 
cated by M. Ostrogradsky to the Academy of Sciences of St Peters- 
burg, entitled Mimoire sur le Calcul des Variations des IntegraUa 
multiples. This memoir is published in the sixth series of the 
memoirs of the Academy of St Petersburg ; the volume is dated 
1838, and is called the third volume of the section comprising the 
mathematical, physical, and natural sciences ; it is also called the 
first volume of a section including only the mathematical and 
physical sciences. The memoir occupies twenty-four pages. The 
memoir is also published in Crellds Journal^ Vol. xv. 

We shall give here the whole of Ostrogradsky’s memoir; its 
object will be seen from the introductory paragraphs. Ostrogradsky 
confirms some of the results obtained by Poisson which have 
been given in the preceding chapter of the present work ; and he 
points out the error of Euler and Lacroix which has been alluded 
to in Articles 39 and 40. We now proceed to the memoir. 

123. The application of the method of variations to functions 
which comprise integrals with respect to only one variable may 
be considered perfect with respect both to simplicity and to gene- 
rality. But this is far from being the case when we have to obtain 
the variation of a multiple integral which involves different vari- 
ables. Certain questions relating to this case seem to require more 
generality than is possessed by the Calculus of Variations as La- 
grange has exhibited it. This might lead us to believe that the 
principles of that great mathematician have not been Suitably 
applied, or that the principles themselves are not always sufficient. 
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It is doubtless for this reason that M. Poisson, in a memoir 
which he read to the Academy of Sciences at Paris, on November 
10th, 1831, thought it necessary to add to the principles of the 
Calculus of Variations which were established by Lagrange, a sort of 
new principle, which consists in regarding the independent variables 
of the question as functions of other auxiliary variables. The latter 
disappear of themselves in the course of the investigation ; but by 
making use of them in the case of two independent variables x and 
y, M. Poisson has not been compelled to consider the variation Sx 
as a function of x only, and the variation 3y as a function of y only; 
a limitation which all mathematicians who have investigated the 
variation of the partial differential coefficients of a function of two 
variables have been in some way forced to make by the nature of 
their process. 

Nevertheless the supposition that hx is independent of y, and that 
Sy is independent of oj, seems to follow from the most simple and 
elementary principles of the differential calculus ; and so long as it 
remains improved that these principles are insufficient or that an in- 
accurate application has been made of them, it would be a question 
whether the formulae given by M. Poisson for the variation of the 
partial differential coefficients of a function of two variables ought 
to be preferred to those of Euler and other mathematicians which 
have the same object. It is true that the latter are a particular case 
of the former ; but perhaps this particular case is that which must 
always exist. 

We now decide this question in favour of the formulae of M. 
Poisson. We shall shew that the mathematicians who have 
treated of the variation of double integrals, including Euler himself, 
have not differentiated the partial differential coefficients of the prin- 
cipal variable with regard to the symbol 8 correctly. But at the 
same time it will be seen that the introduction of auxiliary variables 
into this kind of question is not necessary. The memoir of M. 
Poisson on the Calculus of Variations will always be cited in the 
history of differential analysis. There for the first time was given 
the complete variation of a double integral ; it is deduced from the 
consideration of auxiliary variables. But it is quite possible to 
restrict ourselves to the principles of the immortal author of the 
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MScamque Analytique ; for those principles combine extreme sim- 
plicity with all the necessary generality. 

We will first point out the inaccuracy which has escaped the 
notice of mathematicians who have investigated the variation of the 
partial differential coefficients of a function of two variables; and 
we will then indicate a method for finding the variation of any mul- 
tiple integral. 


124. Let us denote by z any function of the two independent 

d^z _ „ d^z 


variables x and y ; and put ^ ^ ^ 


d^z 


-> > dxdy~’‘" 


^ = z ^^ , and so on. Then let us give to the quantities a?, y, 

respectively, the simultaneous increments Sx, Sy, which we will 
regard as indefinitely small arbitrary functions of x and y ; in con- 
sequence of these increments the quantities zl\ ... will become 
respectively s' H + + ...; we propose then to de- 

termine the variations 8s', 8s^, Ss", ... 


Consider first 8s'. 


dz 


Since ^ supposed that in order 


to obtain 8s' it was necessary to differentiate in the common way 
dz 

the quantity -y- with respect to 8 ; and this gave the inaccurate re- 

(ZOD 

suit Bz = — — s' . [See Art. 39.] In order to discover the 
dx dx 


source of this error we have only to ascend to the origin of the 
quantity Bz ' ; let us denote for an instant x + Bx,y + By, z + Bz, 
respectively by X, Y, Z', we shall then have obviously 




and 



The partial differential coefficient z is taken on the supposition 

dZ 

that y is invariable ; and the partial differential coefficient on 
the supposition that Y is invariable, that is, on the supposition 
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that y + Sy is invariable. But it was supposed that the diiferential 
dZ 

coefficients z* and were both obtained on the same supposition, 

namely, that dy^0\ and this is the inaccuracy to which we have 
referred. 

Restore for X, F, ^ their values ic + So?, y + Sy, ^ + 82?. We 
shall obtain 

^ , _ d{z -^iz) ,^d{z'\-hz)—z'd[x-{-ix)^ 

^ d \x-\- ix) ^ d{X’\'ix) ’ 

the differentials (5? + &) and d{x-\- Sa?) are to be taken on the sup- 
position that (y + Sy) = 0. 

But d (a + aa) = (a' + dx + (z, + ^'^ dy, 

<Z(a! + ax) = (l+^)^ + ^rfy, 

substitute these values of d{z + Sz) and d (x+ Sx) in the last value 
of Sz' ; we shall obtain 



and at the same time 



Eliminating dx and rfy, we have 
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And from this by including only small terms of the first 
order we have 

5. , dhz ,dix dhy 

If we compare this value iz’ with the former, namely, 

j, , dhz fdSx 
^ dx ^ dx ^ 

we see that by assuming dy — 0 instead of d[y-Y Sy) = 0, we 

suppress in Sz the term z^ which is of the same order of 

magnitude as Sz', and which by the principles of the Differential 
Calculus ought to be retained. 

Suppose that the quantity Sy is independent of a;; we shall 

have ^ = 0, and Sz' = ~ — z' , which is the result obtained 
dx dxdx 

dz 

by differentiating in the ordinary way the quantity ^ with 
respect to S. And it is easy to see that on the hypothesis 
~^ = 0 the common differentiation is allowable; for since then 

^ (y + Sy) = ^1 + dy, if we put (y + Sy) = 0, we have ob- 
viously dy = 0; then in the expression — g', the 

partial differential coefficients z and are both formed 

on the same supposition, namely, that rfy = 0. 

It is evident that 

^ , dSz , dSx dSy i r i ^ "" 


We shall obtain in the same manner 


hz, = z'hx + + 


djhz-z'hx-zjby) 

dy 
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For the differential coefficients of the second order we have 

rf (a? + Sx) ’ 

_ ,_ d{z, + Sz) , 

* d(jf + Sy) ' rf (a; + Sa?) ' ’ 

, d {z, + Sz) ^ 

Then we shall obtain the variations Sz'\ Sz'y 8z^^ by changing 
z into z' or z^ in the values of Sz* and Sz^. Thus we shall have 

&' . .-■!» + ./'Sj, + , 

&; - 2 ," 8 « + •'„% + , 


Therefore 


8*" = z"'Sx + zl'iy + , 

And similarly we can find the variations of the differential 
coefficients of the higher orders. 

[These results agree with Poisson’s; see Art. 102.] 


125. The preceding method shews sufficiently how by direct 
application of the characteristic 8 to the partial differential coeffi- 
cients z\ z^y z'\ ... we can find the variations of these differential 
coefficients. But it is better to seek the variations 8z\ S«", ... 

by the use of total differentials. 
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In order to consider the subject with due generality, let us 
designate by a function of as many quantities as we 

please, and suppose that the variable u and the independent 
quantities x^y^z^ ... receive simultaneously the increments Su, 
SXf Sy, Sz, ... which we shall consider as arbitrary functions of 
all the independent variables.. 

In order to find the variations 





due to the increments Su, Sx, Sy, Sz, ... let us take the funda- 
mental equation 

d^u ^ 


put for dZu its value 


diu j , 
dx dy 


, . dZu 


4 " ... 


and for du its value 


du ^ du j du j , 


develop hdu^ that is, 






in the following manner; 
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Now equate the coefficients of the arbitrary quantities db, rfy, 
dz^ ... and we have 

g ^ 

dx'“ dx dx dx dy dx dz da; 

g dw dhu ^ ^ dSx ^ du dSy du dSz 
dx dy dy dy dz dy 

g ^ diu ^ du dZx du dSy du dSz 
dz dz dx dz dy dz dz dz ***’ 


It is 
jj du 


easy to give to these expressions the following form ; 


d^u « 


d\ ^ , d^u ^ ^ 



^du _ d^u ^ d\ 
dy^ dxdy 




dV 

dydz 


Sz + ... 


j ( ^ du ^ du ^ di^ M \ 

a lou — f-ox — f-ou — ^ oz — ... I 
\ dx dy ^ dz J 


^du dV f> , t . d\ o , 

0 — = T--r.ea; + :5rT^ 


d^; da; dis 


dydz 




For abbreviation put 


thus 


dw 5S , 5 ^ , 

‘“35**+®**+-** + 


dz 


Du \ 


du d^u d^u m. d^u ^ 


dDu 

~d^’ 
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^du _ d^u ^ 
^dy^dxdy^"^^ dy^ 


Sy + 


d^u 

dydz 


hz + 


, dPu 


g^-_ C?*M 
dz dxdz 


Sa? + 


d% 

dydz 


%+ 


dz^ 


Sz + 


, dBu 


We may remark that the terms which do not involve Du in the 
preceding formulas are the ordinary differentials of the quantities 

w, ^ ^ ^ considered as functions of a?, y, a?, ... and sup- 
posing that the differentials of a?, y, ... are Sx, Sy, Sz, ... If then 
we denote by tlic symbol A the differential of a function of x,y,z,.,. 
due to the increments Sx, Sy, Sz, ... we shall have 

Su = Au + Du, 

_ A du dDu 

dx dx^ dx ^ 

s^du _ du , dDu 

^du * du dDu 

dz dz dz ’ 


It is not difficult to find the variations of the higher differential 
coefficients^^ , •••> l)e easily seen that we shall 

have generally, 
c d^u 


= A 


du 


d'Du 


^ ddidy^dz"^... doi dy"^ dz'"... doi dy''" dz'"... ’ 

[The method of this Article appears less clear than that in 
Art. 124 ; there is a want of definition of what is meant by such 

a symbol ^ ^ method definition is given and 

consequences deduced from it; the formulse given in the present 
Article may be obtained by the first method. An additional 
advantage in the first method is, that we can see more easily to 
what order of approximation the results are true.] 
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126. What has now been given will suflSce for finding the 
variation of a function TJ which involves w, a?, y, is, ... and the 
differential coefficients of u with respect to the variables. We have 
only to take the differential of U supposing that all the quantities 

a?, y, «, ... receive their variations denoted by the 

symbol 8. But since the variations of each of the quantities 
du 


dx^ 


is composed of two indefinitely small quantities, we may 
by the principles of the Differential Calculus augment a?, y, 
by hxy Sy, &, ... and give to first only the former 

parts of their variations, namely Aw, A ^ , ... Thus we shall ob- 
tain an increment for U which will form the first part of the 
variation SK Then without changing a;, y, «, ... we can augment 
u and its differential coefficients by the second part of their 

. dDu 

variations JDUy , 

in consequence receive will form the second part of the variation 
of K 


the increment which the function U will 


The first part of the variation S U will evidently be 


dU^ dU^ dU^ ^ 
^Sx + -^Sy + -^Bz+..., 


dx 


dU 


where ^ means the complete differential coefficient of U with re- 
spect to a?, and the complete differential coefiicient with respect 

to y, and so on. Let us denote \>y DU the second part of the 
variation hU\ this part is due to the increment Du of the quantity w, 
this increment being ascribed to u wherever it occurs in Z7. We 
shall then have 

+ ... + 

We abstain from writing the development of the differential 
DV. 
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127. Let us now proceed to find the variation of the definite 
integral 

Udxdydz ... 

taken for all the values of a;, y, « ... which satisfy the inequality 

i <0, 

L being a function of cc, 

The variation of the integral jUdxdy dz ... is obviously equal 
to the sum of the variations of all its differential elements ; thus in 
order to obtain SF we have only to take the integral of the variation 
S ( Udx dydz...)\ this will give 

87= jS(Udxdydz...). 

But by the principle of the Differential Calculus 

B{Udxdydz .,.) =BUdxdydz ... UB{dxdy dz ...)\ 
thus by the preceding article 

S (Udxdydz ...) = ^ ***^ dxdydz ... 


+ Uh (dxdydz ...) ^rJ^U dxdydz ... 

Therefore 

+ joUdxdydz ... 

We shall presently prove that 

^dxdydz...) = i^^■^ + ^■V...)dxdydz...^, 

henee it will follow that 

•4 ' ^ JO U dx dy dz ... 

The differential coefficient ^ is total with respect to a?, 


and is total with respect to y, and 


so on. 
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128. Wc will now investigate the variation h[dxdydz..,). 
Suppose a: + = X, y-{-hy= F, z Zj ,,,] we shall have 

S {dxdydz ...) = dXdYdZ —dxdydz ... 


The quantities X, Z are functions oix^y^ Zy,..\ to obtain 
dX wc have only to differentiate X in the ordinary way and sup- 
pose Y^Z^ ... constant. Thus 


dX. dX. dX J ^ 


. dY, dY, dY, ^ 


dx 


dZ , dZ , dZ , 


From these we shall derive 

(dX dY dZ 




dX=^ 


\dx * dy * dz ** / 
\dy dz 1 


dx 


We have followed the notation of M. Cauchy, and denoted by 


8 (a, c ... ) 

the result of eliminating the quantities p, q^r, ... which satisfy the 
equations 

0 = + •.*, 

0 = Jp4-Si2 + J/ + 

0= 0/7+ c^r + 


Wc suppose that the term in the result is taken with 

the positive sign. 

To obtain dY wo must differentiate F and suppose 

rfX=0, e?X=0, ...; 
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that is, dx = 0, dZ=(i,...', thus 


whence 


dY, , dY, 
^ dZ y dZ j 


ki-) ■ 


We shall obtain in the same manner 

^(g-> 


and so on. The denominator of the last differential will be unity ; 
for if, for example, ^were the last variable, we should have had 

dZ^~dz. 

dz 

Now form the product dX.dY.dZ ... ; we have 

dX. dY. dZ... = 8 ~..)jdxdydz...’, 

therefore 

B{^dxdydz...) = ^8{^^.^.^..)-l^dxdydz... 

The principles of Differential Analysis require that in calcu- 
lating the coefficient 


^(dX dY dZ \ 
^\dx'~dy' dz'") 


we should take account only of infinitely small quantities of the 
first order, because ^ ^ indefinitely small quantity of 

dX dY dZ 

the first order. But except the term ^ terms 
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in second order at least; thus the 

following is true as far as quantities of the first order : 

\dx ' dy ' dz ** / dx* dy * dz 

Hence h(,dxdydz ...) = - l) dxdydz ... 

Eestore for X, Y,Z,... their values x + Bx, y + By, z + Bz,...; 
we shall then have 

8(«y*...)={(l +$) (l +^) (l ) ... - ij&ij,* ... 

Therefore retaining only small quantities of the first order 
Bidxdydz...) = (^^ + ^ + ^+...)dxdydz... 

[This result may be simply found as follows; suppose for 
example three variables, and take the equations 

dX. dX, dX, 

dX=-^dx-^-^dy^-^dz, 

^ dY. dY. dY, 

^ dX j dZ j dZ j 

The second and third equations shew that dy and dz arc of 

dY dZ 

the second order compared with dx\ for and ^ are indefinitely 
dY dZ 

small while and are finite. Hence if we reject terms of 
the third order 

dX=^dx. 

ax 

Similar equations hold for dY and dZ', therefore 
dXdYdZ^^.^.Sdxdydz 

(XX ay az 
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where terms of the second order are rejected. Thus 

8 {ixdydz) = |(l + ^) (l + + $) - y\^dydz. 

With respect to some of the points suggested by this article 
the student is referred to Chapter xi. of the Treatise on the Integral 
Calculus.] 


129. Before proceeding further we will determine the limits 
of the variables aj, y, « ... in the integral 



when extended to all the values of y, «... which satisfy the 
inequality i < 0 so that at the limits of the integral we have i = 0. 
We propose to integrate first with respect to a?, then with respect 
to y, then with respect to «, and so on. 

Assume that the equation i = 0 when solved with respect to x 
gives only two values for this variable and x^. These values 
are the limits of the variable a?, and supposing that the function L 
continues negative for values of x comprised between x^ and ajj, 
we must integrate the expression 



from x'=x^ to aj = a;j, supposing x^ less than x^. As to the quan- 
tities y we must ascribe to them all values which allow x^ 
and a?j to be real, and wc must exclude all values which make 
and ajj imaginary ; but in passing from real to imaginary values 
the roots x^ and x^ become equal, as we know from the theory of 
equations; therefore at the limits of y, z^... we shall have simul- 
taneously 

i-«, g.o. 


If we eliminate x between these two equations we shall obtain 
an equation in y, «, ... ; this equation we will suppose gives two 
values of y, say y^ and y^, which will be the limits between which 
we must integrate JUdxdydz... with respect to y; we take the 
integral from the less of the two values y,, and y^ to the greater. 
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We shall arrive at the same result in the following manner ; 
after having integrated with respect to x we ought to integrate 
with respect to y obviously from the least to the greatest value of 
this variable, supposing x and y connected by the equation L = 0, 
and considering as constant; differentiating on this hypo- 

thesis we have 

dL dy 

^ dx^ dy dx^ 


in order that y may be a maximum we must have ^ this 

gives to determine the limit of y the equation ^ = 0 ; this coin- 
cides with the result already found. 


To obtain the limits with respect to z we must treat the equa- 

dL 

tion which results by eliminating x between Zr = 0 and ^ = 0 

precisely as we have already treated the equation Z = 0. But we 
may suppose that this result of the elimination of the variable x 

between Z = 0 and ^ ~ ^ equation Z = 0, in which we put 


for X its value found from ^ = 0. In order then to find the 

ax 

limits of z we must differentiate the equation Z = 0 with respect 
to y, considering a; as a function of y ; this will give 


dL dL dx_^ 
dy^ dx dy'^ * 


By eliminating y between 


and therefore ^ = 0 since ^ = 0. 

dy dx 

Z = 0 and ^ = 0 we shall obtain an equation which will furnish 

the limits for z. By proceeding in this way we shall find the 
limits for all the variables which occur in the integral 


judxdydz,.. 


Thus we have the following conclusion; the limits of x are 
given immediately by the solution of the equation Z = 0 with 
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respect to x; the limits of y are determined by solving with 
respect to y the equation which results from the elimination of 

X between Z = 0 and ^ = 0 ; the limits of z are determined by 

solving with respect to z the equation which results from the 
elimination of x and y between 


and so on. 


x = 0, ~ = 0, 4^ = 0; 

dx dy 


We have supposed that the equations relative to the limits 
of the integral 

/ Udxdydz ... 

give only two values for each of the quantities a;, «, ... but it 

would be easy, from what has been given, to treat the case 
where the equations have more than two roots. The number 
of limiting values for each variable a?, y, «, ... including if ne- 
cessary infinite values, must be an even number. 


130. We now return to the variation 

+ JjDUdxdy dz . . . ; 

for shortness put ?78a; = P, USy= Q, USz = Il, ... ; we shall have 
then 

Consider first the part 

of the preceding variation; suppose that x^ is the greater of the 
two values x^ and x^ which are obtained by solving the equation 
P = 0 with respect to x. We have 

j^dxdydz... = j{P^~ P„) dydz ... 
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By we denote the value of P when is put in it for x, 
and by P^ the value of P when x^ is put in it for x. 

Since the function L has a positive value before it vanishes 
when a? = cCq, and a negative value before it vanishes when 

dL 

it follows that the differential coeffieient ^ is negative 
for x = Xq, and is positive for x=x^; therefore if we take the 
radical positively we shall have 


-^0 = 


when X = x^, 



Substitute these values in the equation 

and we shall have 



the integral on the right-hand side includes only those values 
of Xjy, z, ... which satisfy the equation L — 0, 

In the same way we shall obtain 
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Thus, 



The integrals on the right-hand side must be taken for 
those values of x, which satisfy the equation 2/ = 0. 

Consider two of these integrals, for example, 



from tlie preceding article we may easily see that their limits 
with respect to z,.., are the same; further we have 


dx 




for all the elements of these integrals in which the variables 


remain the same ; so that the differentials ^ dx and 

equal, neglecting the sign. Thus if we take the increments dx 
and dy positively and also the radicals, we have 





and therefore multiplying by , 


dydz... dxdz... 
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It is easy to deduce that in general we shall have 
dydz».. dxdz ... dxdy ... 


Hence, if for shortness we put 

ds = *J{dy^dz^ ... •{•do^dz^ ... 
dydz... dxdz... dxdy... 


- + -•)> 


'7c 


ds 

<m 

dx^ df dz* 


...)• 


By means of these equalities, equation (A) will become 


ndh du dj} \ 
\J \dix? dy’^ dz^ ** / 


^ dz^^' 

We may, in order to facilitate the integration of the differ- 
ential 

fdD djj di* 


7e 


dx^ df dz* 


•) ' 


instead of the variables x, y, z, ... connected by the equation 
2y = 0 introduce other variables a, h, c, ... which arc independent. 

We must transform by the usual method all the elements 
dy dz ...y dxdz..,y dxdy...y into elements proportional to the 
product da db ... ] we shall have such results as dy dz ... 
= A da db ...y dxdz ... =Bdadb ...y dxdy ... = Cdadb ...y where 
AyByCy...y are finite functions of a, J, thus 


ds^dadl) ... + C^+...). 
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If for example we wish to integrate with respect to the 
variables we must observe with respect to the elements 

dxdz that we must take the differential of the 

variable x in the first considering y alone as variable, in the 
second considering z alone as variable, and so on ; hence 




SO that 


ds 


slK.d^'^dxf 


i dydz ... • 


7W 

<dx^, 


....) 


0 




-/ 


A. A. 


7m 


dydz 


thus 


In the formula (B) restore for P, Q, R , their values Uhx^ 
Uhy^ Uhz ^ ; we shall then have 






dL 


dL, 


Zy + '^Jz + ...) 


that is, 


/(dL^ y}^^dL\ v 

V \da? ■‘■"‘7 


ds 




USLds 

dL^ dU dir 


v 
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and therefore 


SF= 


dz* 


131. We now proceed to indicate the reductions to be made 
in the term jDUdxdydz of the variation hV\ these reductions 
consist in making as many as possible of the partial differential 
coefficients of the quantity Du disappear under the integral sign. 

By means of the formula (B) of the preceding article it will be 
easy to replace the integral jDUdxdydz ... by the sum of the two 
integrals JWDudxdy dz ... and /@cfo, the first of which like 
JDUdxdydz ... relates to all the values of x, y, z^ ... which satisfy 
the inequality Z < 0, and the second of which comprises only those 
values of the variables which satisfy the equation Z = 0. The 
function W does not include the variation Du ; on the other hand, 
the function 0 does include it as well as its partial differential 
coefficients with respect to x, y, z,...) the differential ds is the 
same as in the preceding section ; that is, 

d8^\/{dy^dz^ ... ... + dx^dy^ ... + ...). 

Thus we shall have 


J DUdxdydz ... =J WDu dxdydz... + Jsds ; 


and therefore 


hV=^WDudxdydz... 



mids 




The integrals j WDu dxdydz ... 

UhLds 


+ jsds. 


and 



dP 

da? dy^ ^ dz^ ^ 


...) 


are not susceptible of any reduction, but the integral / @ds may be 
still reduced. 
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To effect the reduction of J@ds, we must first of all replace the 
variables a?, which are connected by the equation 2/ = 0 

by other quantities a, 6, ... which are independent. The number 
of these quantities a, &, ... must be one less than the number of the 
original variables ... 

Now considering a?, ... as functions of a, J, ... let us trans- 

form the element da into an element proportional to the product 
dadb ...) we shall thus obtain 

da^Kdadh ... 


where JT is a finite function of ... Let us also transform the 

dDu dDu d*Du d^Du 

dDu d*Du d^Du 


differential coefficients 
. . dDu 


db 


da* 


dot? * dxdy^ **** 
we shall have for this 


end 


dDu _ dDu dx ^ dDu dy ^ dDu dz ^ 
da dx da dy da dz da 

dDu __ dDu dx , dDu dy , dDu dz 


(PDu _ d^Du ^? d^Du dx dy 
d(? ~ dx^ dc? dxdydada 

d*Du _ d^Du dx dx ^ d^Du fdx dy ^ dx ^ 

da dh do? da db dxdy \da db db da) 


But since the preceding equations are not enough to obtain the 

- i. 11 x-x- d^Du d?Du 

value ot all the quantities '^ dy ^ dz ^ * * * ^ dx * ' ^ d^dy * *** 

some of these differential coefficients will remain indeterminate; 
the others can be expressed in terms of these and of the quantities 
dDu dDu d^Du d^Du 

da ^ db ^ d(? ’ dadb ’ ' 


Instead of considering some 


of the differential coefficients 


dDu 


dDu dDu 
dy ^ dz ^ 


d^Du 
do? ’ 
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d^Du 

dxdy 


, as indeterminate, it is convenient, for the sake of sym- 

dDv, 


metry, to introduce as many linear functions p, r, ... of 

dDu dDu d^Du d^Du 

dy ’ dz ’ dod ’ dxdy^ 


d^Du 

dxdy^ 

d^Du 


.. as 

will be 

necessary 

in order 

dDu 

dDu 

dDu 

^Du 

dx 

’ dy ’ 

dz 



dDu 

dDu 

d^Du 

} 

•' ~d^’ 

dh 

" da* ’ 


da db^ ' 

remain arbitrary. 


, and it will be the quantities p, r, .... which will 


But the introduction of the quantities p, q, r, ... amounts to 
imagining among the variables one variable more o) ; thus 

the number of quantities a, J, ... is equal to that of the variables 
£c, y, «, .... Considering then a;, y, ^?, ... as functions of 
we have the equations 


dDu __ dDu dx 
did dx d<o 


dDu dy 
dy d(o ^ 


dDu dz 
dz d(o 




• f 


dDu _ dDu dx ^ dDu dy ^ dDu dz 


da 


dx da ^ dy da ^ dz da 


d!Du _ dPu ^ ^ dDu dy 
db dx db^ dy db 


+ 


dDu dz 


d^Du _ dj^Du ddd d^Du ^ dy 
d(o^ da? d<o* dxdy d^ dto^ 

d?Du ^ d?Du dx dx ^ d?Du (dx dy ^dxdy\^ 
dad(o da? d(o da dxdy \^a) da da dcoj 


There will be as many of these equations as are necessary in 

orfer to eipiM, ^ m tormo 
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f dDu dDu dDu d^Du d'Du , . ^ , 

S^’-d^’-db- d^’"’> " 

really docs not exist we must look upon the differential coefficients 
dx dy dz . . , . - 

^ ^ ^ , as quantities which we may assume at our 

pleasure so as to simplify the expression of — , --i — , -j—y ... 


d^Du d^Du rru 

-dd’ d^dy 

remain entirely indeterminate. 


The differential coefficients 

d(o dcr ' 


Having expressed the differential coefficients 

dDu dDu dDu d^Du d^Du 

dx ^ dy ^ dz ^ *“ d^ ’ dxdy^ 

in terms of 

dDu dDu dDu d^Du d^Du 

d(o ^ da ’ db ^ *** rfo)® ’ dcoda^ ”* 

wc must put these values in the integral 

J@ds = J&Xdadb.... 

Then by making use of the formula (B) and putting for short- 
ness 

ds' = (db^ • . . 4* da^ • • • + • • •) 
wc can replace the integral j®Kdadh ... by the sum 

/(«>“+« ^ 

The first of these integrals is not susceptible of reduction; 
the second may be reduced in the same way as /@c?5. 


Thus wc shall have 
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We may treat the integral J^ds as we treated J&ds ; we may 
decompose it into two integrals, the first of which is completely 
reduced, and the second is susceptible of reduction; proceeding 
in this way we shall exhaust the reductions which can be effected 
in the integrals, and thus the variation S V will be in the proper 
shape for applications. 


132. Since the integral J®ds of the preceding article relates 
to the values of ... which satisfy the equation i = 0, we 

may consider one of these quantities as a function of all the others, 
and the latter as independent. Suppose, for example, that we 
consider a; to be a function of y, we shall have (by 

Article 130) 

da^ dy^ dz^ 

J{^) 

put for shortness 




@ 




dr dr dr . 

da? ^ <?«* ^ ds* 


J®ds = j^dydz... 


...) 


we shall have 




We shall obtain the equation relative to the limits of ... 


by eliminating x between Z = 0 and 


dZ 

dx 


= 0 . 


The function contains the partial differential coefficients 

dDu dDu dDu d^Du d^Du 
dx * dy ^ dz ^ '** da? ’ dxdy^ *** 

taken relatively to a?, y, «, ... on the hypothesis that these 
variables are all independent; but after the differentiation we 
must put for x its value furnished by the equation ii==0. It 
is advisable to eliminate these partial differential coefficients as far 



OSTROGRADSKY. 


137 


as possible; to this end considering a? as a function of y, ... 
we shall have 

dPu _ fdDu\ fdDu\ ^ 
dy \ / \dx ) dy ’ 

dPu _ f dPu \ /dPu\ ^ 
dz \ dz ) \ dx ) dz ^ 


fdDu\ 



\d^) 

_ /d^Pu\ /d^Pu^ 

L d^ 


\dxdy) * V dx^ j 

'dy' 

/dDu\ 



\d^l 

/d^Pu\ /d'^Pu\ 

dx 

’I'z " 

\dxdz) V dx^ / 

'di' 


d^Pu ^ / d'^PvS fd^Pu\ dx fd^Pv\ da? ( dPu\ d^x 

dy^ “ \ rfy* / \dxdyj dy^\ da? ) dy^ \ dx ) d ^ ' 

d'^Pu _ f d^Du \ f d^Du \ dx /d^Pu\ dx 
dy dz \dydz) ^ \dxdy) dz ^ \dxdz) dy 

/ d^Pu \ ^dx fdDvi\ d'x 
^ \ da? ) dy dz^ \ dx ) dydz ’ 

d^Du _ /d^Pu\ ^ fd^Du\ dx do? fdPu\ d^x 

~w “ \d^ ) \Wz ) di V W" ; d^ \d^ ) d? ' 


the brackets indicate partial differential coefficients of Pu taken 
on the supposition that a?, y, «, ... are independent. 


From the preceding equations we deduce the following, putting 


for abbreviation v (or (■ 


( dPu \ 
\ dx 




'dDv\ dPu dx 
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/d^DuX 

_ dv /d 

^vX dx 

\dxdy) 

'^dy Vd 

b/ dy * 

/d^Du\ 

dv fd 

-v\ dx 

\dxdz) 

dz Vd 

by dz * 


^d^Du\ _ d’^Du ^dvdx /rfuN dx^ d^x 

' dWu \ __ d^Du dv dx ^dv ^ ^ /^\ dxdx ^ d'^x 
^dy dzj dy dz dy dz dz dy \dx} dy dz dz dy ’ 

'd^DuX _ d^Du ^dv dx (dv\ dx^ d^x 

. dz^ 


Put for 


dx dx d'^x d^x d^x 

dy^ dz ^ dy^ * dydz * dz^ ' *** 

their values found from the equation Z = 0 ; thus 


dL f dDu \ _ ^ dBu dL 
dx\dy )'“ dx dy ^ dy ^ 

dL fdDv\ ^ dL dDu ^ ^ dL 
dx\dz) dx dz dz ’ 


dL fd^DuX __ d^ ^ ^ d^ /dvX 
dx \dxdy) ^ dx dy^ dy \dx) ^ 

dL fd^DuX _ dL dv dL 
dx \dx dz) ^ dx dz^ dz \dx) ’ 


^ (d^DuX_dL (dV d^Du . „ 

dx^ V dy^ / dx dy dy dy^ \dx)) 

(^d^L ^^dLd^^ . 

\daf dy^ dx dy dxdy ^ dy^ da?) ^ 

dL^ /d'^DuX _ dL (dL^ d^Du dLdL dv ^ dL dL dv ^ dL dL /dv \ ) 
dx^ \dy dz) ^ dx \dx^ dydz dx dz dy d^ dy dz^ dy dz \dx)) 
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dU ( d^Du \ _ ^ [dj^ d^u dLdLdv dU (dv\\ 
dx^ V \^a?/j 

{dU^ _ dLdl^ d^L . dU d^L \ 

^ \da? dz^ dx dz dxdz dz^ dx^) ’ 


Substitute these values in 

J Sds = J ^di/ dz 

and use the formula (C) of Art. 130 ; thus we replace the integral 
f^d^dz ... by the sum of two integrals, namely, 

' /{^-Ow + Q (^) + -B (^) + ...\dffdz...+j^dz...; 

the first of these integrals is completely reduced, the second is still 
susceptible of reduction. The second integral is with respect to the 
variables its limits depend on the equation which will be 

obtained by eliminating x and y between 


jCr ss: 0, 



d^ 


= 0 . 


In fact this integral resembles the integral dy dz ... and may 
be treated in the same way. 


We have merely indicated the transformations which must 
be applied to the portion jDTJdxdydz ... of the variation 3F; 
because since these transformations reduce to integration by parts 
they belong to the Integral Calculus rather than to the method 
of variations. It is true that one of the fundamental principles of 
this method consists in removing as much as possible the dif- 
ferential coefficients of the variations which occur under the in- 
tegral sign; but the calculus of variations only indicates this 
operation and refers the execution of it to the Integral Calculus. 
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133. The Academy of Sciences at Paris proposed the follow- 
ing as the subject of competition for their great mathematical prize 
in 1842 ; To find the limiting equations which must be combined 
with the indefinite equations in order to determine completely the 
maxima and minima of multiple integrals, the formulae to be applied 
to triple integrals. 

Four memoirs were sent in which were examined by MM. 
Liouville, Sturm, Poinsot, Duhamel, and Cauchy. The prize was 
awarded to M. Sarrus, and honourable mention was made of M. 
Delaunay. 

With respect to M. Sarrus the judges said that, by the aid of a 
new symbol, which he calls a sign of substitution, he has esta- 
blished elegant and general formulsB which fiimish, under a conve- 
nient form, the variations of multiple integrals and enable us to 
apply in all cases the process of integration by parts ; he has thus 
contributed in a remarkable manner to the improvement of analysis, 
and deserves the great prize for mathematics. 

With respect to M. Delaunay the judges said that, although he 
has not given to his processes all the generality which could be 
desired, yet he deserves honourable mention on account of the 
elegance of his formulae, especially by reason of the applications 
which he has made of them, and his researches upon the distinction 
of maxima and minima. 

{Comptea Rendus^ Vol. xviii. page 315.) 

We shall give an account of the memoir of Delaunay in the 
present chapter, and of the memoir of Sarrus in the next chapter. 
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134. The memoir on the Calculus of Variations, by M. Charles 
Delaunay, was published in the 29th Cahier of the Journal de 
VEcole Polytechniquey which is dated 1843. The memoir extends 
over pages 37 — 120. Some introductory observations are given in 
the first seven pages. Delaunay refers to the method which was 
used in the solution of problems in the Calculus of Variations by 
those who first studied the subject ; these writers considered any 
proposed integral as the sum of an indefinitely large number of 
terms depending on the values of the ordinates of the different 
points of a curve, and they investigated the change produced in the 
sum by varying one or more of the ordinates. By this method they 
obtained the dificrential equation of the required curve, but they did 
not obtain the equations which must hold at the limits. It 
was first shewn by Poisson in hiS memoir, which was presented 
to the Academy of Sciences in 1831, that the old method could be 
made to furnish the equations which must hold at the limits as well 
as the general differential equation. 

The method of Lagrange gives the terms which exist at the 
limits in the case of a double or multiple integral, but not in a con- 
venient form ; they require transforming so as to shew how many 
arbitrary variations they involve, and to put them in a convenient 
shape for application. Poisson led the way in these researches, by 
giving in the memoir already cited the terms at the limits in the 
case of a double integral. Delaunay concludes his introductory 
observations with the following sentences. The Academy having 
proposed for competition the question of determining the terms at 
the limits for multiple integrals, I have investigated the subject, and 
I present this memoir as the result of my researches, which I hope 
leaves nothing to be desired. After my task was completely 
finished, I became acquainted with a memoir by M. Ostrogiadsky, 
in which he overcomes the principal difficulties of the question pro- 
posed by the Academy; and his method is nearly the same as 
mine. But he stops there, and does not deduce from his method 
the formulae which may be used in applications. M. Ostrogradsky 
and myself have taken for a guide in our researches the memoir of 
M. Poisson;* the coincidence of our results proves then only one 
thing, and that is that the course had been so well traced out by the 
illustrious French mathematician, that it was impossible to wander 
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from it, and thus to him must belong the merit of the subsequent 
discoveries. [The memoir by M. Ostrogradsky, to which allusion 
is made, is that which we have given in Chapter V.] 

135. The first paii; of the memoir is called variation of a defi- 
nite integral; it extends over pages 43 — 79 , Delaunay’s investiga- 
tions apply to multiple integrals; his method will be sufiiciently 
illustrated by the case of a triple integral, to which we shall confine 
ourselves, and we shall not use exactly the same notation as 
Delaunay. 

Let there be a definite triple integral 
JJJdxdydzK^ 

in which K is su 
dx^ ’ dxdy^ 

The integration is supposed to extend over all the values of a?, y, 
and z which render a certain function f[x, y, z) negative. We 
shall denote the triple integral by U. 

If we put a given function of a?, y, z in the place of w, and if 
/(a;, y, z) be a known function, then U can be calculated. It will be 
necessary to effect successive integrations, and to take each integral 
between appropriate limits, and these can be determined in the fol- 
lowing manner. 

The order of the successive integi’ations being arbitrary, we can 
suppose that we integrate first with respect to «, then with respect 
to y, and then with respect to x. In the first integration y and x 
are regarded as constants, and the integration with respect to z 
extends over all the values of z which render /(a?, y, z) negative ; 
so that we must take for limits the values of z which satisfy 

/(aj, y, «)=0 (1). 

The result of the first integration will be a known function of x 
and y and will form the element of a new integral with respect to 
these variables, and this integral must extend over all the values of 
X and y which make the values of z found from (1) real. These 


T j* •• o du du du 

pposed a function of y^ z^ Uy 
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limiting values of x and y then are such that if we give one of 
them a suitable indefinitely small change the roots of (1) pass from 
real values to imaginary values. The limiting values of x and y 
must therefore be such as to introduce equal roots into (1), so that 
(1) must have some roots in common with the derived equation 
relative to z. 

The limiting values of x and y must therefore satisfy the 
equation 

/. («. y) = ^ ( 2 ), 

which is obtained by eliminating z between 

If the sign of the left-hand member of (2) has been properly 
chosen we may say that the new definite integral must extend over 
all the values of x and y which render^ (a?, y) negative. 

There is no difficulty in determining the limits of the integra- 
tions which remain to be effected. For by proceeding as before 
we find that we must integrate with respect to y considering x 
constant, and then the limits of y are given by (2). Lastly the 
limits of X are given by the equation 

/aW = 0 (3), 

which is obtained by eliminating y between 

Suppose that the equation (1) gives only two values of and 
denote them by z^ and z^\ suppose that equation (2) gives only 
two values of y^ and denote them by y^ and y ^ ; suppose that equa- 
tion (3) gives only two values of and denote them by x^ and x^. 
Then the definite triple integral may be thus written with the 
limits expressed, 

Z7= \^'dx P’rfy {’‘'dzK. 

j ^0 Po d Zq 

Here z^ and z^ are functions of x and y ; y^ and y^ are functions 
of X ; x^ and are constants. 
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If any of the equations (1), (2), (3) give more than two values 
of the unknown quantity with respect to which it is to be solved, 
then in order to express the limits of the integrations it will be 
necessary to decompose U into several definite integrals, and the 
limits for these integrals will be determined by the equations (1), 
(2), (3). This decomposition of U presents no difficulty, and we 
will not delay upon it ; we shall reason hereafter on the supposition 
that each equation (1), (2), (3) has two roots, and it will be easy if 
necessary to modify this supposition. 


136. Suppose that after having given to a particular value 
in terms of ar, y, we augment the value of u corresponding to 
each system of values of a?, z by an indefinitely small quantity ; 
or, which comes to the same thing, suppose that we augment the 
general expression for u in terms of x, z by an arbitrary inde- 
finitely small function Zu of the quantities a?, y, z. Suppose more- 
over that we give an indefinitely small variation to the function 
By changes the triple integral Z7will assume a 
new value which differs by an indefinitely small quantity from its 
original value; this indefinitely small difference we shall now 
calculate. 


The part depending upon the variation of K is easily expressed 
by well-known methods, lip denote any of the quantities w, 


du 


then the corresponding term in the variation of K is 


dK 

dp 


hp. 


137. The only part of SCT to which we need give special 
attention is that which arises from the variation of the limits of 
the integrations. The part of which arises from the variation 
of the limits of z is obviously 

J JpQ J Vo J *0 

where and represent what K becomes when we put z^ and z^ 
respectively for z. 
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To obtain the terms arising from the variation of the limits 
and we must in the integral f ^dzK replace y by y^ and y^ 

J Zq 

respectively, then multiply the first result by hy^ and the second 
by hy^ and subtract the second product from the first, and finally 
integrate with respect to x between the limits and 

But when y=y^ and also when y — y^ the limits and z^ 

become equal, so that the integral j ^dzK vanishes; thus the 

terms in SZ7 which arise from the variation of y^ and y, are zero. 
Similarly hXJ will not contain any term arising from the variation 
of x^ and x^. Thus 

Bu= r'dxf^'dy r'dzt^sp 

j ^0 Jyo j xq dp 

+ f ^ dxf^'dyK^hz^-^ f ^dx f^^dyK^Sz^, 

J Zq Jyo J Xq J yo 

138. A remark may be made with respect to the result just 
obtained, namely, that it is only the variation of the limits of the 
Jirst integration which gives rise to a term in S U. The student 
may easily provide himself with a geometrical illustration; sup- 
x^ V® 

pose that fix^y^z) is -a + p+“ 5 "~l> so that the triple integral 

Qt 0 0 

extends throughout the interior of a certain ellipsoid. Let the 
value of /(oj, y, z) be changed by variation into 




(1 + 


where fi may be supposed indefinitely small, so that the varied triple 
integral extends throughout the interior of a new ellipsoid which 
is similar to the former and similarly situated and concentric with 
it. Then the part of which arises from the variation of y^ and 
yj will be easily seen to be, not absolutely zero, but, an indefinitely 
small quantity, which may be called of the second order if that 
part which arises from the variation of z^ and z^ be called of the 
first order. Also that part oi hU which arises from the variation 



146 


DELAUNAY. 


of Xq and a?^ will be an indefinitely small quantity which may be 
called of the third order. 

Thus it will be observed that by supposing the triple integral U 
to be extended over all the values of y, z which render f{x, y, z) 
negative, the variation S £/* is free from any terms arising from the 
variation of the limits of the integrals except those which arise 
from the variation of the limits of the first integration. This sim- 
plicity however is obtained by a corresponding loss of generality 
in the results. The most general supposition would be that the 
limits Zq and z^ are any arbitrary functions of x and y, that and 
are any arbitrary functions of a?, and that x^ and x^ are any con- 
stants; so that no mention would be made of the function f{x, y, z). 
One of the great merits of the memoir of Sarrus is that it treats the 
problem in this most general sense; it will be remembered that 
Ostrogradsky had adopted the same limitation as Delaunay. (See 
Art. 129.) And in Poisson’s researches on the variation of a double 
integral the same limitation occurs, for the integrations are sup- 
posed to extend over an area bounded by a closed curve. (Sec 
Art. 105.) 


139. We resume the consideration of the value of S?7 given In 
Art. 137. The last two terms in the value of SU are united by 
Delaunay by means of a new notation, which he considers to pos- 
sess some advantage over that hitherto used ; in order to explain 
it he says he must enter into some details. 

Let JJdxdyJi be a double integral which extends over all the 
points in the plane of {x, y) comprised within the interior of the 
closed curve AmBn (see fig. 4). Let y^ and y^ represent the ordi- 
nates of the curve which con-espond to any abscissa x ; let x^ and 
be the extreme abscissm Oa and Oh. Then the double integral 
may be expressed thus, 

f ^dxf^'dyh. 

J^o Jyo 

Now suppose we have found the indefinite integral H of h dy^ and 
let JTj and represent what H becomes when we substitute y^ 
and y^ respectively for y. Then we have 
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Now suppose that a point starts from A and moves round the 
curve AmBn in the direction indicated by the arrows and finally 
returns to A, Let dx denote the space traversed by this point in 
the direction of the axis of x in any indefinitely small time, and 
let y be the variable ordinate of the point. Then the integral 
JdxH taken during the time the moving point describes the por- 
tion AmB will form the first part of the integral jjdxdyhy namely, 



and this same integral taken during the time the moving point 
describes the portion BnA will form the second part of the inte- 
gral jjdxdyh^ namely, 

J Xq 

for in this second part of the motion dx is constantly negative. We 
may then express the integral jjdx dy h completely by jdx H ex- 
tended throughout the motion of the moving point, that is, from its 
departure from A until its return to the same point ; this will be 
indicated by the notation 

J(x) 

Besides the advantage of uniting in a single term the two terms 
which were required to represent the value of jjdx dy A, the proposed 
notation has another advantage ; for we can express by a single 
term the integral JJdx dy h in the case in which the limiting curve 
can be intersected in more than two points by a line parallel to the 
axis of y, as may be easily seen. 

140. In the last two terms of the value found for iU (see Art. 
137), we may consider the quantities and as forming 

the two parts of a definite integral taken with respect to z between 
the limits z^ and z^. We may therefore, by Art. 139, put 

j^'df,K,Sz,- 

JSt Js/o Hv) 
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+ [ ^dx f^^^dt/KSz; 
J^O J(y) 


the z which enters into the K of the last line is a function of x and 
y determined from the equation /(a?, y, z) = 0. 


141. Wo must now transform the terms in the first part of S J7 
by means of integration by parts. This part of Delaunay’s memoir 
is treated by him with great generality ; his method will be easily 
understood from a simple example which we will take. 


Let^ stand for 
and M for 




dxdydz ’ 
dK 


dp^ 


then we have in the first part of S?7the term 



dzM 


d^Bu 
dx dy dz 


> 


and we will take this term and reduce it by integration by parts. 


By one integration by parts the term becomes 

r(!f) ,.d^8u fyi , r*i , dM d^Su 

J^o J(y) ^ <^dy ^ dxdy^ 

where in the first term the notation is used which was explained in 
Art. 139. 


If we efiect two more integrations by parts in the second of the 
above two expressions we shall easily see that we shall finally 
obtain in the indefinite part of the variation hU the term 




we shall also have some limiting terms. The limiting terms it is 
not as yet easy to write explicitly, because the limits of the respec- 
tive integrations will not be the same as those we have hitherto 
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used, since the order of the integrations becomes changed. In fact 
to reduce the term 



dz dxdy 


as much as possible by integi*ation by parts, we must begin by in- 
tegrating with respect to aj or y and not with respect to «, as we 
have hitherto supposed. But it will introduce confUsion if we use 
different limits, and thus such a transformation is required of the 
terms at the limits as will allow the integrations to be all performed 
in the same order. This transformation, as Delaunay says, formed 
one of the principal difficulties of the problem, and he considers that 
he has accomplished it with all the simplicity desirable. He adds 
that Ostrogradsky had arrived at the same mode of transformation 
as a particular case of a more general method, this particular case 
being however the simplest that could be derived from it. See 
formula (C) of Art. 130. 


142. Let for example jjNdydz be a term which has arisen 
from an integration by parts with respect to x and in which we 
have not yet taken account of the limits between which the integral 
is to extend, so that A" is a function of a?, y, and z. In order to 
determine the limits we must deduce from the equation /(a?, y, «) = 0 
the values of x in terms of y and z ; suppose we thus obtain two 
values of a?, which we may denote by x” and x\ and let N” and N* 
denote what -AT becomes when x” and x are respectively put for x ; 
then the integral may be denoted by jj{N” — N') dy dz^ and it is 
to extend over all values of y and z which make the values of x 
found from y (a?, y, «) = 0 real. We want now to transform this 
double integral so that it shall extend between the old limits ; and 
we shall now shew that it may be put in the form 

d£ 

J ^dx j^^dyM, where 

dy 

and a?o and x^ are the same quantities as have been throughout 
denoted by these symbols. 
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For any assigned value of y the equation /(a?, y, z) = 0, may be 
regarded as the equation to a plane closed curve AmB of which the 
variable co-ordinates are x and z. (See figure 5.) Thus in the 
double integral we are considering, jjdy dz Ny if we integrate with 
respect to z we must extend the integral to all values of z which 
allow us to deduce from the equation f{x, yyZ)—0 real values of 
Xy that is, the limits of z must be Oa and On. But by Art. 139, 

rOn r(Oa) 

I / Ndz. 

J Oa J (Oa) 


Thus ffN dy dz takes the form 


C riOa) 

h ^ 

J J (Oa) 


Ndz. 


r(Oa) 


The symbol f Ndz indicates an integral taken throughout the 

J (Oa) 

motion of a point which starts from A and returns to A again after 
moving round the curve in the order of the outside arrows. But if 
we suppose a second point to start from B and to move round the 
curve in the order of the inside arrows and return to B the symbol 

(Ob) 

Ndx would indicate an integral taken throughout the second 

( 06 ) 

motion. But dz and dx being the increments of z and x which cor- 
respond to the instants when the moving point is traversing in 
opposite directions the same element of the curve, we have obvi- 
ously 

dz = — 

dx 


I. 


dz 


where ^ is the differential coefficient of z with respect to x de- 
duced from f{xy y, z) = 0. Thus 


f(0a) HOb) 

dzN^^l dx^N. 

J (Oa) J ( 06 ) 


Therefore the double integral we are considering becomes 


f... 
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It must be observed that in N in the last expression z is to be 
considered a function of x and not x of z. This definite integral 
extends over all the values of x and y which allow of real values of 
z being found from f{x, y, z) = 0, as is easy to see ; and as the 
order of integration may be changed at pleasure, we may take 
that wliich has already been adopted in Art. 135. Thus we have 
finally 

ffN dy dz^ that is, - N') dy dz 

€ 

where 

dz 


143. We shall not reproduce the extremely general formulae 
which Delaunay now gives with respect to multiple integrals, which 
extend over pages 59 — 73 of his memoir. His method will be suf- 
ficiently illustrated if we give in detail the investigations of the 
variations of a double integral and of a triple integral, in which we 
shall suppose that no differential coefficient of a higher order than 
the second occurs in the proposed expression. Let us then consider 
first the variation of a double integral. 


Let 

J To J yo 

T j. rr r. r j.- r du du d\ d^U , 

Let F be a function of x, y, ^ 

d^u 

-- - ; and let the variation of [7 be required arising from a varia- 
ctx dy 

tion in u and a variation in the limits of the integrations. 


du 


The partial differential coefficient of F with respect to ^ will 
be denoted by F^., that with respect to ^ that with 




rospect to -^^7 Kx) so on. 
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Then, as in Art. 140, 


8U= J^dxj^"difBV+ J^*^dxVSy. 

N»w. 

+ V S — +V 8 — 

thus there are six terms in SF; and we shall consider how these 
six terms will appear in SU. 

The first term is not susceptible of reduction. 


The second term is jjdxdy 


by Art. 142 this gives 




The third term is > 


dx F„Su 


this gives J dxVySu-- jj dxdy ( 


by one integration by parts this gives 




dV^ dhu ^ 
dx dx * 


and by a second integration by parts we obtain 
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' ^ dandy* 

by integrating by parts with respect to y we get 


nx) 

I ' 




dV^ dSu 


dx > 

by a second integration by parts we obtain 

rdxK,^+ r'dx ^^su+ (fdxdi, su. 

^ dx J(,) dx dy Jj ^ dxdy 
The sixth tenn is j ^dxdy ; 


by one integration by parts this gives 


/: 


dy dy dy ' 


dxV^ 


dVjfj, dSu 


by a second integration by parts we obtain 




f (X) dy 


df 


Su, 


Then by collecting the terms we have 


(dV ^ 
dx 


dK , , d*r„ 

dy dx^ ^ dxdy dy^ , 




/■"&(- |!r.+ n + 

y ^x) \ dx dx d^ dx dy dy ) 


dSu 


f / dt! xr XT vwvw . TW \ 


^(X) 

r(*) 


dx 


dy 

dSu\ 


/•(X) 

I (fo; FSy. 

J{X) 




In this formula ^ is to be found from the equation /(a?, y) =s 0, 
which determines the limits of integrations. 

It will be seen that in the third line of the value of 8Z7we have 
and , both occurring under the integral sign ; we shall now 
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shew that the former symbol may be expressed in terms of the 
latter. 

At the limits of the integration y is a function of x determined 
by /(oj, y) = 0; let denote the complete differential co- 

efficient of Su with respect to x, obtained ajier we have put for y its 
value ; thus at the limit 


DBu ^ diu dhu dy 

dx dx dy dx* 

Therefore 

dhu dBu dy 

dx dx dy dx' 


By substituting this value of ^ the third line of be- 


comes 



dBu 

ly 





DBu 

dx 


The latter part may be integrated with respect to x by parts ; 
the integrated part will vanish because the limits coincide; we 
shall thus have 


and means the differential coefficient with 

respect to z supposing y a function of z found from /(aj,y) = 0; 
so that 


io 


_ ^ 

' dx 



dV^ ^ dV^ dy 
dx dy dx 


daf ** dx dx \dx) dy 
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Thus finally 


+/>{‘'“^(i)'''--''-s}f-^/>'^- 


dx dx dx dy 


144. We shall now give the variation of a triple integral. 

Let Z7= JJjdxdyde V, that is J ^ dx J^^dy J ^dzV. 

V is supposed to contain oj, y, «, w, and the partial differential 
coefficients of u with respect to a?, y, 2 ?, up to the second order 
inclusive. 

Here 8U=ffjdxdy dz SF+ j*'dxj^^dy VSz ; 

.y ^.y ^ . tr — + F -^+ F 

There will thus be ten terms in 8I!7 arising from SK 
The first term is susceptible of no transformation. 

The second term is 

fffy y y rr dSu 


IIJdxdydzK^; 


by integration by parts this gives 
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The third term is 


by integration by parts this gives 

where we have put jjdxdy instead of j ^ dx 9 ^.nd this ab- 
breviation we shall continue to use. 


The fourth term is 


by integration by parts this gives 

jjdxdt/ VJSu — jjjdxdydz^^Su. 
The fifth term is 


jjjdxdydi 




’ da? ’ 


by one integration by parts this gives 

by a second integration by parts we obtain 




The sixth term is 


jjjdxdydz 


d^Su 


by one integration by parts this gives 
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b7 a second integration by parts we obtain 

-//"4 

The seventh term is 

jjjdxdydz ] 

by two integrations by parts this gives 

ffdxdyV^^-ffdxdy^Su+lffdxdydz^ Su. 

The eighth term is 

flJdxdi^dzF^^^; 

by one integration by parts this gives 

f fj j dz d^Vt f f fy j n d d^Vf 

by a second integi’ation by parts we obtain 

The ninth term is 

jfldxdyd.r.^-, 

by one integration by parts this gives 

fh ^ S ' 

by a second integration by parts we obtain 


jjjdxdydz 




The tenth term is 
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by two integrations by parts this gives 

In these formulae ^ and ^ are to be found from the equation 
determining the limits which is supposed to be given, /(a:, y, z) = 0, 
(see Art. 135). We shall put p for ^ and y for ^ . 


Thus tU= 


du dx 



dV. 

dz 


d^V„. 

da? dy^ dz^ ^ dxdy ^ dxdz ^ dydz\ 


Bu 


+ jjdxdy^-pV, - ^Vy + V, 




+lldxdyl-pVy^+V„j^ 

+ jjdxdy 2 Vyy -pV^ + F, j ^ 

+lldxdylKj^ 


+ 



VSz. 


Here are six different terms in 817; the first involves a triple 
integral; the second a double integral in which Su occurs; the 

third, fourth, and fifth double integrals in which , 

respectively occur ; the sixth a double integral in which Sz occurs. 
In all the double integrals z is supposed a function of x and y 
determined hy/(x, y, z) = 0. The third and fourth terms will now 

be modified so as to get rid of and . 
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If as before - 7 — denote the differential coeflScient of Su with 
dx 

respect to x after the value of z has been substituted, we have at 
the limits 

^ dBu dSu 
dx ~ dx ^ ^ dz 


Similarly 


DZu ^dZu dSu 
dy dy ^ ^ dz ' 


Therefore at the limits, as on page 154, 

JfdcodySu^ - V^) + IJdxdy^p’K.-pK,')^: 
lldxdp^-sF^-pK,+ K.j^ = 

jjdxdpSu ^ (qV„+p V^- Vj) + jjdxdp Vy»+pqr^-qV,^~. 


Thus B U finally consists of the following terms : 
the part involving the triple integral ; 

the term jjdxdy VSz ; 

the term - sK>+J’’‘Kx + S^F„+pqF^j~ ; 

and a term jjdx dy Mtu, 

where 


^ ( ^ir Tr \ ^ 


\ 
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dy.. .,dr, dr. _dv, 

dx ^ dz dx ^ dz ^ 


K?!'., +?n, - n.) = .r„ + J J ^ ^ 

t ^IT I I 

■^sV^+p-^+pq-^, 

- d^z d^z ^ d'^z 

wherer = ^, * = ^, < = ^; 

these being all supposed found from /(a:, y, z) = 0. 

Thuslf=F.-;)F*-gF, 


dV^,. ,dV^ dV„ dV„ 


.2 . n^lLlvv 

dz dz 


145. The second section of Delaunay’s memoir is entitled 
conditions that a definite integi'al may he a maximum or a minimum; 
distinction between a maximum and a minimum. This section extends 
over pages 79 — 97. 

Delaunay makes some remarks on problems of relative maxima 
and minima, and he arrives at a result which requires examination. 
Consider the integral JKdx where K is supposed to contain 
different unknown functions y, z , and their differential coeffi- 
cients with respect to x. Suppose that this integral is to be a 
maximum or minimum at the same time that a relation <^ = 0 is 
to hold between the functions and their differential coefficients. 
Delaunay then supposes that as usual we proceed to find the maxi- 
mum or minimum of /(iSr+ m<^) dx, where m is some function of x 
at present undetermined. Delaunay considers that there will be 
different cases in this problem according as the differential coefii- 
cients which occur in are, or are not, of a higher order than those 
which occur in K, If, for example, the highest differential coeffi- 
cient which occurs in </> is one order higher than the highest which 
occurs in Ky Delaunay arrives at the result that at each limit of 
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the integration we must have if the highest differential 

coefficient which occurs in <f> is two orders higher than the highest 
which occurs in Delaunay arrives at the result that at each 

limit of the integration we must have m=^0 and = 0. 

146. Without going into detail on the subject we will indicate 
two objections to Delaimay’s conclusions. 

First. Suppose, for example, that K involves differential co- 
efficients up to the second order inclusive, and that tf) involves 
differential coefficients up to the fourth order inclusive. Let and 
ajj denote the limits of the integration, and suppose that x^ - Xq is 
divided into n equal parts ; and put ajj — = nh. Then Delaunay 

says that the relation ^ = 0 is meant to hold for the following 
values of a?, when n is supposed large enough : 

aJo+3A, a;o + 4A, ..., aJo + (n-4)A, aj^-f (n-3)A; 
that is to say, it is not meant to hold for the values 

For ^ involves differential coefficients of the fourth order, and such 
differential coefficients may be supposed to depend upon four con- 
secutive values of a; ; so that if for example we suppose 0 = 0 to 
hold when a; = a:^ — 2A, a value x^+h would be involved in <f>, which 
lies beyond the limits of our integration. The reply is simple; 
the proposer of a problem may attach his own meaning to his con- 
ditions ; he may say that (f> is to be zero for all values of x within 
the limits x^ and a?^, or he may say that <l> is to be zero for all 
values of x within the limits x^-^-Sh and x^ — 3A. Thus Delaunay’s 
investigations do in effect attach one of two possible meanings to 
a certain condition, but probably not the meaning which would 
generally be attached to such a condition. 

Secondly. Let us now take Delaunay’s own view of the mean- 
ing of the condition and examine if his conclusions hold. We have 

then the following problem: f ^Kdx is to be a maximum or a 

J Xq 

minimum while the condition 0 = 0 is to hold for all values of x 
comprised between and where and lie themselves be- 
tween x^ and x^. In Delaunay’s problem the difference between 
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oJq and is infinitesimal, and so is the difference between f j and 
but we need not restrict ourselves with this limitation. We have 
then to make the variation of the following expression zero : 

+ f ^'(^+ mA) dx + ["‘iTdx. 

J Xq */ ^0 •'Si 

The variation as usual will consist of two parts, an integrated 
part and a part still remaining under the sign of integration. To 
make the latter part vanish we must take a solution which leads 
to discontinuity in the form of our functions; that is, a certain 
equation or certain equations will be obtained which must hold 
between the limits and and also between the limits and x^, 
and a certain other equation or certain other equations will be 
obtained which must hold between the limits and There 
will be no objection to this discontinuity in form provided we can 
also make the integrated part of the variation vanish ; this we must 
now consider. The integrated part which occurs at the lower 

limit of B [^^Kdx and the integrated part which occurs at the upper 
J ^0 

limit of B may be made to vanish in the usual way by a 

proper disposal of the constants which occur in the integral of the 
differential equation obtained by making B ^Kdx = 0. The inte- 
grated part which occurs at the lower limit of B dx will 

partly unite with that which occurs at the upper limit of B Kdx ; 

J Xq 

and the integrated part which occurs at the upper limit of 

8 * (-ST + m<f>) dx will partly unite with that which occurs at the 
Bo 

lower limit of BJ^ Kdx* Theoretically the complete set of terms at 

the limit and the complete set of terms at the limit can be 
made to vanish by a proper disposal of the constants which occur 
in the integral of the differential equation obtained by making 

8 J (^L + m<^) da? = 0. 
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We must now examine some of these terms more particularly. 
We have already supposed y to denote one of the variables which 
occur in K-, put 






5 . 


Then among the terms of the integrated part we shall have 




and hr and hq^ will not occur elsewhere among the integrated terms. 
And as m is supposed a function of x only we have 



Thus Sr and 8^ will disappear from the integrated part if we have, 
at the limits and 


m = 0 and — -T-w- 3 ^ = 0. 
as dr dx as 


•( 1 ) 


The last relations are satisfied if at both the limits we have 

7W = 0 and -^ = 0 

dx 

as Delaunay states ; but they are also satisfied if at both limits 
^ = 0 and ^-^^=0 (2). 


Moreover if r and q are to have given values at the limits and fj, 
then hr and hq are themselves zero at these limits, and then neither 
(1) nor (2) need hold. 

We conclude then that Delaunay’s results are not necessarily 
true even for the special meaning which he attaches to the con- 
dition <^ = 0. 

We shall presently consider a problem which will illustrate the 
preceding remarks; see Art. 158. Mr Jellett has indicated his 
dissent from Delaunay’s conclusions; see his Calculus of Varia^ 
tions, page 362. 
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147. Delaunay makes some remarks on the distinction between 
maxima and minima values of an integral in the following words. 
Legendre was the first who considered this question, but he only 
applied his method to simple integrals. Lagrange modified the 
method, and Jacobi rendered it as complete as possible by reducing 
the investigations which it requires to the general process of inte- 
gration by parts. But neither of them I believe attempted to 
extend the method to multiple integrals. In examining this 
question I have found that the generalisation of Legendre’s method 
presents no difficulty, at least if his steps are followed. But the 
generalisation of the completeness which Jacobi has given to the 
method appears to me to present great difficulties, and I shall not 
enter upon it. 

Delaunay then extends Legendre’s method to a double integral ; 
he confines himself to the case in which no differential coefficients 
of a higher order than the second occur in the integral which is to 
be made a maximum or minimum. The problem which Delaunay 
considers had been previously solved by Bimacci, who had arrived 
at the same results as Delaunay gives. The investigation is repro- 
duced by Mr Jellett in his Calculus of Variations^ pages 269 — 272. 

Jacobi’s additions to Legendre’s method will be explained here- 
after; and we shall see that the investigations of Jacobi have been 
generalised so as to apply to multiple integrals. 

148. The third section of Delaunay’s memoir is entitled qp- 
plication of the preceding theories to some examples; this section 
extends over pages 97 — 120, and contains four examples. 

The first example is to find the curve which has a constant 
curvature and has a maximum or minimum length between two 
points. Delaunay intimates that this example is to bear upon 
the results given in Art. 145. 

Let a;, y, z be the rectangular co-ordinates of any point in the 
sought line ; and the abscissae of the extreme points. Take x 
as the independent variable and use the ordinary notation for 
differential coefficients ; then the length of the curve is 

Jxo 
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vhicli is to be a maximum or minimum; and 

(i+y»+o* 

is the reciprocal of the radius of curvature which is to have a 
constant value ; this constant value we shall denote by - . 


Thus we proceed in the usual way to make f ^Vdx a maximum 

J»0 

or minimum, where 


By the ordinary principles of the subject we have the follow- 
ing equations as necessary for the existence of a maximum or 
minimum : 

d dV_£ 

dx dy' dx^ dy'^ ’ 

^dy_ 


Therefore by integration 
dy' 

dJ7 d dV_ 
dz'~dx dz"~^ 


( 1 ), 

( 2 ), 


where a and yS are two arbitrary constants. 

The solution of the problem then depends on equations (1) and 
(2) together with 

./ly i..„ ,8). 

(i+y+o* <■ 

This is as far as Delaunay carries the general solution ; he adds 
the following remark. Since it is impossible to obtain the general 
solution we may inquire if the circle which is the only plane 
curve of constant curvature satisfies all the conditions; on trial 
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we shall find that the equations (1), (2), (3) are satisfied when we 
establish the following relations between as, y, z and m ; 

z = ay + ix + e (4), 


_{l + J* + 2aJy' + (l + a*)y'*}* 

yv(i +«*+&•) 

«» = p {v ( 1 + y * + «'*) - «y - ■ 


And hence he infers that the circle is a solution of the 
problem. 


149. This problem will lead us into a long discussion ; we 
shall begin by carrying the general solution a little further in 
Delaunay’s notation. We shall obtain two first integrals of the 
equations (1) and (2) ; for this purpose it will be necessary to 
develope these equations (1) and (2). 

Let stand for 

viy"’+*"* + (»'y' -y*'?} and ^ for v(i +y' + o. 


so that 8 is the length of the curve measured from some fixed 
point up to the point (a?,y, z ) ; then we shall find that 


^ "" da ( cZs Y 

dx ^ \dx) \dx) 
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Multiply equation ( 1 ) by y" and equation ( 2 ) by and 
add; thus 

^ T^V ^ dxdy” dxda" 


(— 

dx \dxj 

y'y" + z'z" 3m(yy' + 8V') „ d dV „ d dV 


and 


* 


tfo rfy" cfe dii' 


^ dxdy"^ dxdz" dx\y dy"^ dz")~y dy‘' da" 


and 


dy" 

dm ,„ dV ,„dV 
^Tx-p-y 


,„dV^.„dV m 

y a75+«’ 


thus 


since 



;5iy y 

^ \clx> 

1 ^ 

_ m 

M*. 



?/.y" + 5} V' 

7n JJ 

ds 

dx 

i 

y'y' + z'z' 

e? 7i 

ds 

dx / 

dx 


8(.v'y" 

+«vo 


{y y”+ « v"+ (//' - y V-) (.y ' - y»'')J 


w 


/efoy fi dx 

W 


Therefore by integration 

ay + i9a' + 7 = V(l + y'' + 0-7. 

r 

where 7 is an arbitrary constant. Thus 

>» = p {VU+y" + *’’)” 



168 


DELAUNAY. 


dV 


Again, by ordinary transformations the values obtained for 

dV ^ 

and may be written thus : 


dV d^y ds dV _ m d^z da 

dy" fjb da^ dx^ dz* ~ da* dx * 

Multiply equation (1) by ^ and (2) by ^ and subtract ; thus 



(.yV — dz d m d^ * ^ ^ A ?? ^ ^ 
fda\* da dx ti da* dx da dx a da* dx 

d*a 

^ d^ ^ + ^ ~ • 

f Aa"^ ^ dx ii dx \da da* da * 

^[Tx) 


and 



da*' 


'd^da*)^* 


thus 


dz rAy _ ^ (dy d^z ^ dz d*y\ , ^ (dy d*z dz d*y\ 

^ da ~ fx da? da* ds ds*) dx ix dx Ws ds* da cfcV 

d^m (ds^ (dy d*z ^ ^ d*y \ 
da dx y, \dx) \da ds* ds ds*) * 


dx 


Divide by ^ and then integrate ; thus 

^ dy d?z ( 

As da* da d^} 


n . w /c?5\® fdy d?z dz 

«-^y+C = -y 


( 8 ). 


where 0 is an arbitrary constant. 




d'z dz d*y\ _ m y'g" — z'y" 
da <&*/ ft, da 
dx 


_pm{y’z"-z'y") 
~ (l+y-' + g-*)* > 
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we may write equation (8) thus : 




pm{t/z”-zY) 


( 9 ). 


Equations (7) and (9) are the integrals it was proposed to 
obtain ; the problem is thus reduced to depend upon the solution 
of equations (3), (7) and (9). The value of m from (7) may be sub- 
stituted in (9) and the result will, with equation (3), constitute two 
simultaneous differential equations of the second order for determin- 
ing the required curve. 


150, We have not yet verified Delaunay’s statement that 
equations (4), (5) and (6) give a solution of the problem; we shall 
arrive at this result most easily by arranging the whole solution of 
the problem as far as it can be completed in a symmetrical manner. 
Take the arc a for the independent variable ; then we have 


/dxy , /dvV , fdz\^ fd^xs} , 1 ^ 

and subject to these conditions we have to make ( a maximum 

J90 ^ 

or a minimum. We may then in the usual way consider that we 
have to make f ' Vds a maximum or a minimum, where 

7 So 

\ V 

Here - and — denote functions of a at present undetermined. 


Hence in the usual way we obtain as the necessary equations 
for a maximum or a minimum, 


d* 

^,d’‘x 


^ dx 

ds‘ 


da 

^d^ 



d 


ds* 

^ dd^ 

'da 

da 

d* 


£ 

^ dz 

ds^ 

^-dP- 

da 



= 0 
= 0 
= 0 


( 10 ). 
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Therefore by integration 

d d (JO ^ doo 

da ds^ da 

da da da 

d , d^z dz 

da^ 


( 11 ). 


dy 


Multiply the first of equations (11) by and the second 
7 da 

doo 

by ^ and subtract ; thus 


/% d^ ^ ^ , (^y ^ _ dy dx 

V* 1? ~d( 'd^J 'ck'^\^aW~didd‘)^~^d^~^'dk’ 


By integration we deduce the first of the following three equations, 
and the other two may be obtained in a similar manner, 


dy cPx dx 


da d^ 4 
dz d^x\ 


^ {da d^ 

, idx d*z ^ d'x \ 
\d8W~da da*) 


^ay-lX’^f 
^cx-^-az ’\’f 


.( 12 ). 


In these equations//', and/" are arbitrary constants. This 
method of solution is given by Mr Jellett; see his Calculua of 
Variationa, page 195. 

151. We have not yet considered the integrated part of the 
variation. We suppose that the extreme points of the curve are 
fixed. Then with the notation of Art. 149 the integrated part of 
the variation will consist of 


dV. adV., 

^.Sy +^Sz. 

If we suppose that there is no restriction on the tangents at the 
limiting points, then since Sf and Bz' are independent, we must 
dV dV 

have 1-77 = 0 and -tit = 0 at both the limits in order that the in- 
dy dz 
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tegrated part of the variation may vanish. Hence from the known 

expressions for and we must either have m = 0 at both 

limits, or else we must have simultaneously 

/ + z\zY - y V') = 0, and - y\zY - y V') = 0, 

at one limit or at both limits. But the latter equations are not 
admissible, for they lead by squaring and adding to 

+ (y^«+ 2 («y' -yvr = 0, 

and this would make that expression vanish which is always equal 
to the constant - by hypothesis. 


152. Let us now examine the form of the integrated part when 
we adopt the method of solution given in Art. 150. 


The integrated part consists of the following terms ; 
first, VSs, 

secondly, ^ ^ ^ together with two 


similar terms in y and z, 
thirdly, V ^ ^ 


similar 


terms in y and z. 

Since the extreme points are supposed fixed Sx, Sy, and Sz 
vanish; hence by using equations (11) we obtain for the inte- 
grated part 




where it is to be observed that V=l. 


It will now be convenient to determine for this purpose 
multiply equations (11) by ^ respectively, and add; 
thus 
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therefore constant ; 


and in order that the coefficient of 8a in the integrated part of the 
variation may vanish this constant must equal unity, so that 


V , . dx 1 dy ^ dz 


In order that the rest of the integrated part of the variation 
may vanish it may be shewn as in Art. 151 that must vanish at 
both limits of the integration; this is proved by Mr Jellett on 
page 197 of his work. 

The value of X may also be found ; for this purpose multiply 
equations (^0 ^7 ^ ^ ^ > respectively, and add ; thus 

_ ^ , (dx d^x . dy d^y . dz d^z\ dx .dy dz 


X dx ,dy dz ^ 2X 

= — = 1 r- 

p as as eta p 


153. Now return to equations (12) of Art. 150 and remember 
the result just mentioned that X' vanishes at both limits of the 
integration. Take the origin of co-ordinates at one of the fixed 
points ; then since we have simultaneously a? = 0, y = 0, « =0, V= 0, 
it follows that /=0, /' = 0, /"=0; multiply equations (12) by 

^ ^ ^ , respectively, and add ; thus we obtain 

(ay -bx}^ + {cx- az) ^ “ cy) § = 0. 


or 


/ dz dy\ dz\ . / dy dx\ ^ 


This equation may be integrated by assuming 


it leads to 


y^ux^ z — vx; 
ay-^hx^n {az — cx), 
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where n is a constant; this is the equation to a plane passing 
through the origin. Thus the required curve is a plane curve, and 
as a circle is the only plane curve of constant curvature, we obtain 
a circle as the required solution. 

154. The preceding article is due to Mr Jellett; it will be 
seen that it adds something to the result enunciated by Delaunay; 
for Delaunay stated that a circle is a solirtion of the problem, while 
Mr Jellett shews that if there is no restriction on the tangents at 
the extreme points the required curve must be a plane curve and 
therefore a circle. 

Some further remarks however are necessary here. The pro- 
posed problem may be understood in two senses ; for we may be 
required to find a curve of maximum or minimum length while the 
curvature has some constant value, or we may be required to find 
a curve of maximum or minimum length while the curvature has 
an assigned constant value. 

In the first case, when the curvature is merely required to be 
constant, we may take p as large as we please, and thus the solution 
will degenerate into the straight line joining the two given points. 
Let us next consider the second case, in which the curve must have 
an assigned constant curvature; it might then be impossible to 
draw an arc of a circle so as to have a given curvature and to pass 
through two given points, and in fact this could not be done if 
the given points are at a greater distance than the diameter of 
a circle which has the assigned curvature. It becomes a question 
then, what the solution of the problem is in such a case where the 
distance of the given points is too great to allow of their being 
connected by an arc of a circle. We shall shew that the problem 
is solved by a set of arcs of the required curvature. 

Let A and B be the two fixed points (see figure 6). 

Let ACD^ DEFj FOB be three equal arcs of the assigned 
curvature, and let them be placed so as to have a common tangent 
at the points of junction D and F\ then we shall shew that the 
cmYt ACDEFGB constitutes a solution of the problem under con- 
sideration. 
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For let us suppose the quantity divided into three parts 
^ 0 ^0 5 then 

f ** Fds = r° Vda + f Vds + f Vds, 

J So J So j Vo j Vi 

and the variation of the left-hand member will be zero if the 
variation of the right-hand member be so. 

Now consider 8 / Vds, The part of this which remains under 
J So 

the sign of integration vanishes when equations (12) are satisfied. 
And by proceeding as in Art. 1 52 it appears that if V vanishes at 
both limits the integrated part at the lower limit will entirely 
vanish and the integrated part at the upper limit will reduce to 

— {aBx + bBp + cSz ) ; 

this term remains because the upper limit is now not a fixed point. 
The term just exhibited is destroyed by a similar term which occurs 

at the lower limit of S j Vds, if a, b, c retain the same values. 

J Vo 

In this way we see that we shall have 

8 f "" + 8 f F& + 8 Vds = 0 

J Sq j Vq j <r I 

for the system of arcs in figure 6, provided that a, 5, c retam the 
same values for all the arcs. 

It will be remembered that by Art. 152, 

+ 0 % 

moreover the common tangent at makes the same angle with AB 
as the tangent at By and the common tangent at F makes the same 
angle with AB as the tangent at A ; thus if a, b, c retain the same 
values throughout the arcs, V vanishes at F and B if it vanishes 
at A and B, 

Thus all that we have to do is to shew that equations (12) are 
true for all the arcs in figure 6 while a, b, c retain the same 
values throughout, and V has the value given in (13). That is, in 
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effect we have to shew that equations (12) and (13) are true for a 
circle of radius p without imposing any restriction on the co-ordi- 
nates of its centre which it may he impossible to fulfil. 

Since the direction of the axes is in our power, let us suppose 
that A -is the origin, AB the direction of the axis of x, and the 
plane of the arcs the plane of (a;, y). Then z = 0; thus we must 
have /= 0, /' = 0, = 0, c = 0 in (12), so that these equations 
reduce to 

<»)■ 

wicre ^ ^ ^ 

Now let {x — hy + (y — ky = p® be the equation to the circle of 
which the first arc A CD is a portion ; and suppose that the axis 
of y is taken so that h is positive. Wc shall have 

from these we deduce 

dx . y — ^ dy ^x — h 

s-*V’ I-*-r 


and supposing that s increases with x so that is positive we 

must take the lower signs ; 

d^x \ dy x — k 
then ~ jj 2 — ~j~~ — — " "■ 2 , 

ds^ p ds p* ' 

d^y _ \ dx ^ y 

d^ ~ p ds ^ p* ’ 

Thus that (14) and (15) may be true, we require that 
Q y-Je , 1 . , 


-P^{l-a^+b^)^ = ay-bx, 


SO that 


i+st:3 = o. 

p 


is the only relation between the constants. 
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Now we have already supposed that V vanishes both at A and 
D; at these points ^ has the same value while ^ has values 
numerically equal but of opposite sigO. 


We must therefore have 5 = 0, so that (17) reduces to 



= 0 . 


Now suppose A' and Td the co-ordinates of the centre of the 
circle of which the second arc DEF is a portion. Proceeding 
as before we shall find that we must now use the upper signs 
in the equations which replace (16), and we shall finally arrive at 


1 - 


oA' 

P 


0 . 


Thus k and k* are equal in magnitude and of opposite sign, 
and this is the only condition necessary to ensure tliat equations 
(14) and (15) shall hold for both arcs with the same values of 
the constants a and i ; and this condition ts satisfied by the 
figure. 


• ctk (xlc 

The relation expressed by 1 + — = 0, or 1 — = 0, is in fact 


the same as that which must hold in order that may vanish 
at A and D, 


We have supposed in the figure three arcs, but it is obvious 
that the reasoning we have used will apply whatever may be 
the number of arcs ; and as we may make this number as great 
as we please, we can finally obtain a curved line which differs 
in length by as small a quantity as we please from the straight 
line AB. 


Thus when the curvature is to have an assigned constant value, 
the solution will, as in the former case, coincide practically with 
the straight line which joins the two given points. 


155 . In the preceding four articles we have supposed that 
there is no restriction on the tangents at the extreme points. If 
the directions of the tangents at the extreme points are given, 
it will no longer be necessary, as in Art. 152, that V should 
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vanish at both limits. If the tangents at the extreme points are 
equally inclined to the straight line which joins the extreme points, 
and if also the two tangents and the straight line are in the same 
plane, then if the value of the curvature is not assigned, it will 
be possible to satisfy the conditions of the problem by a series 
of circular arcs as in Art. 154; and if the value of the curvature 
is assigned, it will be possible to satisfy the conditions of the 
problem by such an arc or such a scries of arcs, if the distance 
of the extreme points and the magnitude of the radius of curva- 
ture and the directions of the tangents have been given suitably, 
but not otlicrwise. But no solution has hitherto been given for 
the general ])roblem wlicn the directions of the tangents at the 
extreme points are assigned in a perfectly arbitrary manner. 


156. We will shew that in certain cases a helix may be 
the solution of the problem. For suppose in equations (12) that 

a = 0, & = 0,/ = 0,/" = 0; 
assume x — h cos 6, y — h sin = k6 ; 

thus ^ = + 


y ® dz _ k 

V(F+^’ “ VP’T F) ’ 

X d'‘y _ y d^z _ ^ 
d?~ ’ 

^' = P’ (l + c ^) = p’ |l + 7(F+P)} • 

The first of equations (12) when these values are substituted 
becomes 


1 c?a3 

and — = — 
as 


2 a. cZ; ) 4* - 

^ t (A* +;{?)* ■' 

and the other two become 

2^1 I 1 k 

r ^ V (A’ +*’)]■ ^ 

A* + it* 

And p = — j — ; thus from (19) we shall obtain 
/fcV(A’ + A’) =c(A>-A») 


(18), 


(19). 


( 20 ); 
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and iirom (18) 


V- * - A*- A* 


It appears from (20) and (21) that we cannot have A = ^, am 
with this exception a helix may he a solution of the problem. 

157. We will now return to Delaunay’s notation. It may h 
shewn by performing some ordinary transformations that the equa 
tions (1) and (2) may be written thus : 


2m dx\ 

_£ 

/ dx d*y\ 

p ds) 

ds 


2m da£\ 

d 

( dx d'z\ 

p ds) 

ds 

da dd] 


These coincide with the second and third of equations (11] 
by supposing 


no dx 2m dx ^ 

P = - c, wp ^ and 1 - — ^ = X, 


that is 


X= 1 


2 V 


And the equation (7) may be written 
dx 


m 


ds 


{< dy a dz dx\ 


dx 


and thus the value of mp coincides with that found for X' ir 
Art. 152, by supposing 7 = - a. 

From equations (1), (2) and (7) in the form in which thej 
are here given, we can deduce an equation coincident with the 
first of equations (11) ; so that the two solutions agree, as of course 
they should. 

Now in Art. 153 we obtained as the result of the symmetrical 
solution that in the case in which the tangents at the limiting 
points are unrestricted the required curve must be a plane curve, 
and that the plane of the curve must contain the line 



DELAUNAY. 


179 


If this result be transformed into Delaunay’s notation it leads 
to this conclusion ; the plane determined by « = ay + Ja? -f o in his 

notation must contain the line determined by — = — = — a in 

-7 -a -p 

his notation. For this to be the case we must have 7 ^ . 

This agrees with equation (6) and verifies Delaunay’s conclusion ; 
but it is not obvious in what way he arrived at it. 

158. It must be observed that Delaunay does not treat the 
integrated part of the variation as we have done in Art. 151 ; he 
considers that in virtue of his previous remarks we must always 
have m = 0 at the limits of the integration. But if w = 0 at the 
limits the curve is necessarily a plane curve, as appears in Art. 153 ; 
and this is obviously impossible when the tangents at the limits are 
so assigned that they do not lie in one plane. This furnishes 
additional evidence against Delaunay’s views. 

Moreover this problem afibrds a good illustration of the re- 
marks made in the first part of Art. 146 ; for when the condition is 
given that the curvature of the required curve is to be constant the 
natural meaning of this condition would be that at every point of 
the curve up to and including the limiting points the radius of 
curvature is to be constant. 


169. The next problem considered is to find a surface of 
minimum area, the required surface being supposed to be bounded 
by a curve lying on a given surface. The problem had been con- 
sidered originally by Lagrange, in the case in which the bounding 
curve was supposed fixed ; see Art. 18. Delaunay arrives at the 
known result that the required surface must be one that has at 
every point the sum of its two principal radii of curvature zero. 
Delaunay shews moreover from the equation which holds at the 
limits that the required surface must cut the given surface at right 
angles at every point of the curve of intersection of the two sur- 
faces. Delaunay then generalizes his results by considering the 
multiple integral 


I-ffh - + (S’+ - + (ly + (S* +(!)}• 
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160, The next problem is to find the surface which has a 
given area and bounds a maximum volume ; that is, z must be 
determined such a function of x and y as will make jjdiddyz a 
maximum, while 




is to be constant. This problem was originally considered by 
Lagrange ; see Strauch, Vol. ii. page 623. 

Delaunay obtains as the result that the required surface must 
be such that at every point the sum of its two principal curva- 
tures must be constant. He supposes that the required surface 
is to be bounded by a curve lying on a given surface, and he 
gives a geometrical interpretation of the equation which he finds 
must hold at the bounding curve. He then generalizes his results 
by taking the case in which 


j jjjdu,..dvdxdyz 


is to be a maximum, while 

is to be constant. 



161. Delaunay makes some farther investigations respecting 
the surface which includes a maximum volume with a given area. 
He says that of all closed surfaces the sphere was known to be that 
which included the greatest volume under a given surface, but 
that this result had not yet been deduced from the equations 
furnished by the Calculus of Variations. He tried the question 
in another way, and although he did not succeed in arriving at 
a complete solution he gives his results. The problem considered 
is the following ; it is required to join by a surface of given area 
two curves of given length situated in two parallel planes, in such 
a manner that the included volume may be a maximum. The 
differential equations to which the problem leads are then given, 
and, assuming that the required surface will be a surface of revo- 
lution, it is proved that it must be a sphere. The problem is 
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given by Mr Jellett, with some additional remarks on the last 
of the limiting equations; see his Cahulm of Variational pages 
282—286. 

162. The last example considered by Delaunay is the variation 
of the following expression which occurs in the theory of heat, 

In concluding our account of Delaunay’s memoir it may be 
observed that the examples, although interesting in themselves, 
do not throw much light on the precise point which according to 
the announcement of the Academy of Sciences required illustra- 
tion, namely, the equations which must hold at the limits of the 
integrations ; see Art. 133. And there is very little that can be 
considered as an application to triple integrals which was specially 
indicated. From the fact that the judges drew attention to Delau- 
nay’s researches on the distinction of maxima and minima, it may 
Ibe inferred that they, as well as Delaunay himself, were not aware 
that he had been anticipated by Brunacci on this point. 



CHAPTEE VII. 


SARRUS. 

163. We have already stated that the prize offered by the 
Academy of Sciences of Paris for an essay on the Calculus of Vari- 
ations was awarded to M. Sarrus ; sec Art, 133. We now proceed 
to give an account of the memoir which obtained the prize. 

This memoir is entitled Recherchea sur le Calcul des Variations ; 
it is published in the tenth volume of the memoirs of the Savants 
JStrangersy and the date of publication is 1846. 

164. The memoir consists of 127 quarto pages. It is divided 
into five chapters. The first chapter is chiefly occupied with 
formulas for differentiating integral expressions with respect to any 
parameter which they may involve; the second chapter applies 
these formulas so as to obtain the variation of a multiple integral 
in an undeveloped form ; the third chapter developes this variation 
and shews how many equations must be satisfied in order that the 
variation may be zero ; the fourth chapter gives special develop- 
ment of the formulas in the case of triple integrals ; the fifth chapter 
applies the formulas to three examples. 

The memoir is extremly interesting and valuable, and contains 
a complete solution of the question proposed by the Academy. 
The formulas which are obtained are rather complicated, but this 
can hardly be avoided in the subject. The memoir is probably 
the most important original contribution to the Calculus of Variations 
which has been made during the present century. 

166. The investigations of Sarrus apply to multiple integrals 
of any order, and some doubt has been felt with respect to the 
best method of giving an account of them. We shall confine 
oui'selves to the case of a triple integral, because it appears that 
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no abridgement could render adequate justice to the general results 
given by Sarrus, and it would be almost impossible to comprise 
some of the more complicated formulas within the breadth of an 
octavo page. We may hope to succeed in giving an intelligible 
specimen of the investigations of Sarrus by taking the case of a 
triple integral; and we must refer the student who wishes to 
appreciate the full merit of the author to the original memoir. 

We shall not therefore give an analysis of the memoir article 
by article, nor shall we adopt the notation of the author. Sarrus 
uses the symbols ajj, ajg, ... for the independent variables; the 
lower limiting values of the variables are denoted by a single 
accent, as a;/, x ^, ... and the upper limiting values of the 

variables are denoted by two accents as a?/', x^\ xl\ ... We shall 
use 35, y, z as independent variables, and shall denote as we have 
done heretofore the lower limiting values by the suffix 0 and the 
upper limiting values by the suffix 1. The unavoidable complexity 
of the notation in the original memoir has led there to numerous 
misprints, which however are not of great importance. 

166. We shall use then the following notation; by the ex- 
pression fdx fdg fdzu we denote a triple integral; we suppose that 
M is a function of the independent variables a;, y, «, and of any 
dependent variable or variables, and differential coefficients with 
respect to x^ y, and z. The integration in the triple integral is 
supposed to be performed, first with respect to z from the limit z^ 
to the limit z^y next with respect to y from the limit y^ to the limit 
y^, lastly with respect to x from the limit x^ to the limit x^. It 
follows from the nature of definite integration that the limits z^ 
and z^ will not be functions of z, but may be functions of x andy ; 
the limits y^ and y^ will not be functions of y or «, but may be 
functions of x ; and the limits x^ and x^ will not be functions of x 
or y or z. 

The limits of the integrations being thus distinctly stated we 
shall not express them in our formulae ; but they must always be 
understood. No confusion or difficulty will arise from our not ex- 
plicitly introducing the limits because we shall never have occasion 
to use any indefinite integral, and we shall not make any change in 



184 


SARRUS. 


the (yrder of the integrations. Also when we have occasion to use 
a single or double integral involving respectively one or two of the 
variables a?, y, we shall not express the limits, but they must be 
understood. This omission of the limits in our integrals may at 
first be a little perplexing to the student, but it is strongly recom- 
mended by the simplification thus effected in the formulae. 


167. The symbol 7 will be employed in the following manner. 
Suppose u any function which involves a quantity ; if in u we 
change^ into we obtain a result which we shall denote by 


fu. 

P 


This symbol is the one which Sarrus himself employs ; he calls it 
a sign of substitution. The use of this symbol will lead us to ex- 
pressions of the following forms. 


fo Jo f^ojo «o [ Jo f r »o 

1 1 u. 1 1 1 u. \dx I Uy lax lay 1 w, 
a y ^ a? y Sf ’ J U J J ^ z ^ 



these expressions do not require any explanation. 


This notation is certainly one of the great merits of the memoir, 
and in this respect nothing has probably been suggested which is 
of so much service to the Calculus of Variations as this sign of 
substitution since Lagrange introduced the symbol S. 


168. We shall now shew how to differentiate an integral 
expression with respect to any parameter which it may involve; 
the formula is well known, but it may be interesting to sec the 
method of Sarrus, and to exhibit the result by means of the 
symbol 7. 

Let F{ty x) denote any function of the parameter ty the variable 
X, and other variables if required. Put 


dF{ty x) 

dt 

dF{ty x) 
dx 


= aj) 


= x) 


(1), 


( 2 ); 
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we have tlien identically 

(tj x) ^ dyjr (t, X) 
dx dt 


(3). 


Let Xq and denote particular values of x ; then 

(<’».)) _ ^ ^ 

w- 


But from (2) and (3) by integrating with respect to a?, we 
obtain 

F{t, - F{t, =jdx-^ (iy x), 

<l> («. !».) - <#> (<. ».) = 


Substitute these values in (4) ; we thus obtain 

^ t it, =/‘^ ^ “'»)• 


Now put u for (t, x) for shortness ; then the last result 
may be expressed thus: 


dt 


fdxu,= fdx^^+§7'‘ 


u 


dt '■» 


M, 


where u may denote any function whatever. 

It will be observed that in accordance with the remark in 
Art. 166, the limits of the integrals are not expressed, but they 
must be understood. 


169. We now proceed to differentiate a double integral with 
respect to any parameter which it may involve. 

We have seen that if u be any function whatever. 
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in this formula change u into jdyu; thus 

iMdyu^\dx^\dyu + ^f^ jdyu, 


and as in the preceding article 



hence by substitution we obtain 



170. We now proceed to differentiate a triple integral with 
respect to any parameter which it may involve. 

In the result of the preceding article change u into jdzu; 

thus 



Now transform the first term on the right-hand side by Art. 168; 
thus 


d 

dt 


jdxjdy Jdzu = jdx jdy 

+ Jdx Jdy ‘J; 7 '* M -JdxJdy ^ 7 '" « 



SARRUS. 


187 


171. We may modify the form of the preceding result. It 
is evident that if r be independent of^, 

1 ur^rl ui 
P P ' 

now and z^ are independent of also and are independent 
of y and z, and and are independent of a?, y, and z. There- 
fore we can alter the order of some of the symbols which occur 
in the right-hand member of the result of the preceding article, 
and exhibit that result thus, 

jjdxfdyjdz u ^jdxfdifjdz § 

+fdxfd^ f u § -^dx^dy 7*' « § 

+^dx fjdz u^-fdx fjdz u f • 

+ - C “ w • 

172. We will now give some formulae for differentiating quan- 
tities affected with the symbol 7 which will be useful hereafter. 

Let F{L f) denote any function of the parameter t, the variable 
f , and other variables if required. Let <j} (f, f ) denote the partial 
differential coefficient of F {t, f ) with respect to t, and {t, f ) 
the partial differential coefficient of F{ty f) with respect to f ; then 
we have 

now let u^F{tyx); then 

thus we have 

^ 7 ^ - 7 ^ ^ 0 .^ 7 ^ — 

dt ^ 9 dt dt 9 dx' 

Suppose that f is independent of a?, then by Art. 171, 
du X dud^ 
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and finally 


dt X x\ 


dt ^ dx dt 


D 


( 1 ). 


Now Jdy^=:f\ — f\; and if in this wc replace u by 7^ 
we have 

u = fl^ u. 

J ^ dy » y » y « 


Ilencc by (1), 


therefore 


Ml— «• 

In the applications we shall make of the formula (2) hereafter, 
f will denote either or z^. 


173. We shall now proceed to use the results already ob- 
tained in expressing the variation of a triple integral. Sarrus 
adopts an idea of a variation which had previously presented itself 
to Euler and Lagrange; see Arts. 22 and 15. 

We consider then that we have a triple integral taken between 
limits for each of the three integrations; and we use the symbol 
u to denote the function to be integrated. Now u involves z^ 
and any function v of cc, y, together with the differential 
coefficient of v with respect to z\ also u may involve any 
other function w of a?, y, together with the differential coefficients 
of w with respect to x,y,z\ and so on. Now to obtain the varia- 
tion of the quantity which is denoted by any symbol, we suppose 
that such a symbol instead of representing a function of Xy y, «, or 
of some of these variables, becomes a function of t also, where 
^ is a new variable which is supposed to enter in a perfectly 
arbitrary manner; then if the quantity in question be supposed 
to be differentiated with respect to ty and t made equal to zero 
after the differentiation, the result is called the variation of that 
quantity. This idea of a variation had been used by Euler and 
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Lagrange as we have already intimated, and subsequently by 
Ohm ; see Arts. 22, 15 and 55. 


174. In pages 45 — 47 of his memoir, Sarrus distinguishes be- 
tween two kinds of variations; and we will now explain this 
distinction. 

Suppose we had such a triple integral as we have considered 
in the preceding article. We might conceive that the independent 
variables cu, y, z received changes by variation as well as the 
dependent variables Vy ... which occur in w. When however 
the integrations are taken between limits it is unnecessary to 
suppose that the independent variables themselves receive varia- 
tions; we obtain sufficient generality by ascribing variations to 
the dependent variables and to the limits of the integrations. 
When the variation of a function is taken on the supposition that 
the independent variables themselves do not receive variations, 
Sarrus calls the variation a variation tronquie^ and he denotes it 
thus, S. Then as he supposes his integrals to be taken between 
limits, he says that he is only concerned with these variations 
tronquies. 


175. Now take the result obtained in Art. 171 ; then if wc 
adopt the idea of a variation explained in Art. 173, and use the 
symbol 8 to denote a variation, we have the following formula : 


8 JdxJdyJdzu^JdxJdyJdzSu 

+ ^dzu 8a?j — TjJdy Jde 


- j dx jdzu dx ^^yjd^ u hy^ 



This gives in an undeveloped form the variation of a triple 
integral. 


176. It is certainly not necessary to verify the preceding 
result, but it may be interesting to shew that it does agree with that 
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which had been given by previous writers ; this Sarrus does in the 
manner we will now indicate. 

According to Sarrus the known formula for the variation of a 
triple integral is the following : 

8 j* (S« - ^ to - ^ ^ 


Sarrus calls this a known formula, but he does not say where it 
had been demonstrated. He probably had in view such a method 
as the following : 

S jdxjdy Jdzu= jjjsdxdydzu 
+ JJJrfa: dBy dzu 


jjjdxd^ dBz 
dy 


d uBy dtiBz\ 

+-y^ + -^y 


But it must be observed that before the researches of Poisson 
the variation even of a double integral had not been investigated, 
for the case in which the limits were variable, in an intelligible 
and satisfactory manner. The formula whieh Sarrus considers to be 
known w’ill be seen to be analogous to that demonstrated by Poisson 
for a double integral ; for Poisson’s result is 


ijjvdxdy=jj(i 


sr+r^ + F^^), 


in which the quantity S F is what Sarrus would denote by 


BV-^Sx-^Byi 


dx 


see page 76 . And the formula agrees also with the general result 
given by Ostrogradsky ; see Art. 127 at the end, where the quan- 
tity which Ostrogradsky denotes by Du is what Sarrus would de- 
note by 
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177. In order to shew that the formula given by Samis agrees 
with the result which he considers known, we shall require some 
simple theorems of the Integral Calculus. Let u be any function ; 
then 


/■ 


, du 

dz-T-==J u~-l u\ 
dz * * 


therefore jdxjdf/l^u~-jdxjdyl\i,,, (1). 


Again = 

change u into jdz u ; thus 


therefore 




= u — l^Jdzu; 

therefore Jdy Jdz ^ = -Jdy fu ^ + jdy l\ ^ 

+ f^jdz u - "f^jdz u ( 2 ) ; 

therefore jdx Jdy Jdz ~ = -jdxjdyfu ^ + jdx jdy 7/ u ^ 


■ Jdxl^'Jdzu— Jdx'f"Jdzu, 


Again, by (2) we have 

+ll'Jdyu-7""Jdyu; 


(3). 
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change u into jdzu; thus we shall obtain 

jdxjdffjdz g = -Idu^jdyfu +jdxjdy l\. § 

+ ^jjdy jdzu —1^ jd^jdzu (4) . 

Now transform jdxjdyjdz by means of (4), 


transform 


hhf 


dz by means of (3), 


and transform jdxjd^jdz by means of (1), 

and rearrange the results ; we thus obtain from the known formula 
of Art. 176, 

sjdx Jdy jdzu= jdxjdy jdz (Su “ ^ ^ ^ 

+ J 

-Jdx f jdzu (Sy - Sx) - fdx fjdz u (B2, - ^ Sx) 

.jdxjdyl\{Zz-^hy-^^hx) 

-jdxjdy l\ {hz - - J . 

Now it is obvious that 

JdxJdy lJuSz = jdxjdy l\hz^^ 

jdx7^jdzuSy= jdx'f^jdzuSy^j 
Tjjdy jdz uSx = \j^y jdztiSx^, 


+ 

J 

+ 1 
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and similar equations hold when the suffix 1 is replaced by the 
suffix 0. Hence we have 

S jdxjdy Jdzu = Jdx Jd^ jdz 

+ Idxjd 2 / f'u (Sz, -^hy-^hx) 

- hh C“ (^^0 - • 

Moreover ^ ^ 

8a?j = Sx^f 

and similar equations hold when the suffix 1 is replaced by the 
suffix 0. Also 

«, du A du A du ^ K 

_ gj; — _ _ 5;j; = 

ctiv (tsi 

Thus the known formula of Art. 176 has been so transformed as to 
agree with the formula of Sarrus in Art. 175. 

178. After obtaining the general expression given in Art. 175 
for the variation of a triple integral, the next step is to shew how 
by integration by parts as many of the terms which occur in Sm as 
possible are removed from under the signs of integration. This 
part of the subject is fully considered by Sarrus; we will give 
three of his formulae 
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In equation (4) of Art. 177 change u into u0; thus 

— fdx'f^fdzuff^'h fdx'f^fdzuff^ 

J yj ax J yj dx 

-Idxjdy l\0^ + jdxjdr, l\e^ (1). 

In equation (3) of Art. 177 change u into u0] thus 

/fe/ij,/* « ~ = -fd^fdyfd. I e 

+ Jdx '■^jdx 

-fdxjdi,i\e^ +jdxjdifi\d^^ ( 2 ). 

In equation (1) of Art. 177 change u into u0; thus 

I dxjd^jdz u f = - jdxjdy I dz g e 

+ JdxJd^7ju0-‘ JdxJd^7ju0 (3). 

179. In his last chapter Sarrus applies his formula) to three 
examples. 

The first example is, to determine the surface which with a 
given area contains the greatest volume. 

The third example is, to determine the law of the density of 
a body of given form and position in order that the integral 

hhh'^d^z 
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taken throughout the body may be a maximum or minimum, t) 
being the density at the point (a;, z) and w a given function of 
a;, y, and v. 

The discussion of the first example is too long to be conve- 
niently given, and the third will find an appropriate place in the 
next chapter ; the second example we will now consider. 

We shall however in future omit the bar from the symbol 8. 
Sarrus has indeed said very little about what he calls a variation 
tronguie; see Art. 174. Perhaps tliis term and the corresponding 
symbol 8 were only introduced for the purpose of enabling him to 
compare his formula with the known expression for the variation 
of a multiple integral as in Art. 177 ; and no disadvantage would 
have arisen if the term and symbol had not been introduced into 
the memoir. 

180. The following is the second example given by Sarrus; 
to determine the law of density of a body of given form, position, 
and mass, in order that the integral 

Idxldy^dz y/|n- g)V (I)’ + g)] 

taken throughout the body may be a minimum, v being the density 
at the point (a?, y, z). 

The mass of the body is equal to 



and since the mass is to be constant the variation of this expression 
must be zero. Moreover since the form and position of the body 
are known the variations of the limits 8a?o, Sy^, Sz^y Sz^y are 
all zero ; thus the variation of the mass reduces to 



and this must consequently be zero. 

Again, put r for + (^) + (^)‘ + (|) } J then the 
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variation of the proposed integral is 

Then hy the ordinary theory of relative maxima and minima we 
must have 

35-+;a-s-j-o, 

where c is some constant. 

Our object now is to transform this equation so as to reduce as 
much as possible the number of the signs of integration which 
occur with any term. 

We first transform JdxJdy ^7 Cleans of equation 

(1) of Art. 178 ; we obtain as the equivalent 

^ 1 dv 

- jdxjdy jdz Bv 

+ i 

-fdxf‘[dz-^^Sv+ [dx f fdz-^p Sv 

J y J r dx ax J y J r dx dx 

-hh C?! s*"<'W‘4' CJSS*'’- 

f f f \ dv d 

Next we transform ~ ^ hy means of equation 

(2) of Art. 178; we obtain as the equivalent 

d ^ 

-jdxjdyjdz-^Sv 

+ fdx fjdz l^Sv-jdx fjfdz 1 1 Sv 
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Lastly, we transform Jdx Jdy Jdz i ^ by means of equation 
(3) of Art. 178 ; we obtain as the equivalent 


— Jdx 


j 1 dv 
d . — r 
, r dz ^ 
dz ■' j ov 
dz 


+ jdxfdi, Bv -jdxjdy 

Substitute the equivalents thus obtained in the original equation; 
the result will be 


j I dv 

Ct »•— ~y 

r dx 
dx 


dv ^ I dv\ 
Ay dz f 


0 = Jdx Jdy jdz — 

-fdxfdyf(i^P + i^^-l^)Sv 

J J ^ ^ \r dx dx T dy dy r dz! 

+ fda>fdy7^‘(^^p + l^p-l^) Sv 
J J ^ ^ \r dx dx r dy dy r dzj 

-fdxf'[dzn-§L^_i^)s„ 

J yj yr dx dx r dy) 
j y } \r dx dx r dy) 


Sv 


Hence we must have by the reasoning commonly used in the 
Calculus of Variations 

J 1 dv y 1 dv y 1 dv 

’y~~ ~ y (( 0 "T” 

r dx r dy r dz ^ 

^ dx dy dz * 

this must hold for every point of the body. We have also certain 
limiting equations^ six in number, namely, 
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/I ^ ^ 1 ^ ^ ^ — Q 

x\r dx r dy dy r dz) "" * 

/I ^ d^ 1 dv\ _ ^ 

y \r dx dx r dy) ~ ’ 

/1 1 rfv _ . 

r 

and three more which can be obtained from these by replacing the 
suffix 1 by the suflSx 0 . 

181. There are many misprints in the original memoir, as we 
have already remarked, but they are not likely to give any trouble 
to a student except perhaps the following. In the third line from 
the bottom of page 119 are two mistakes; in the first term the 
dx'* . 

factor in the notation of Sarrus is omitted, and in the second 
dx* . . 

term the factor - 7 -^ is omitted. These lead to mistakes in those 
dx 

terms of Art. 155 which are numbered 9, 11 , 15, 18, 21 , 24; for 

dx" dx' . , , 

is omitted in 9, 15, 18, and is omitted in 11, 21, 24. More- 
over in Art. 155 the terms numbered 14, 17, 20 , 23 have the wrong 
signs prefixed ; and the terms numbered 30, 32 have in the notation 

of Sarrus w instead of -j — . 

dx. 


182. Some other remarks may be made for the use of the 
student of the original memoir. 

In his Art. 156 Sarrus interprets the equations which he has 
obtained in his solution of his third problem. Thus he finds that 
the equation 

dw d\ d^w _ ^ 

dv dx dydz dx dy dz "" 

must hold at every point of the body; and besides this certain 
limiting equations must hold. He appears to sum up his results at 
the bottom of his page 126 where he says, “by combining the 
different preceding conditions which hold at the limits we see that 
they reduce to this — all points of the surface of the "body in 
question we must have w == 0 .*’ This must be understood to mean 
that at all points of the surface of the body w must vanish and so 
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must every differential coefficient of w with respect to a?, y, z of any 
order. In other words w must vanish identically at every point of 
the surface of the body. 

Moreover the result might perhaps be obtained more simply 
than in the way which Sarrus has adopted. For he obtains on 
page 123 as one of the limiting equations, an equation which ex- 
pressed in our notation is 

fw = 0. 


The equation is to hold throughout what we may call one of the 
bounding faces of the body. Now if the equation just written be 
not an identity it really furnishes an equation to this bounding face ; 
but the body is supposed to be given in form so that the equation 
to the bounding face is already known ; therefore the equation must 

be an identity. The only exception is that the equation w=:0 

might happen to coincide with the known equation to the bounding 
surface; but it may be shewn that this supposition is inadmissible 

Zi 

by examining the equations from which tv = 0 was deduced. 


Again, in the method of Sarrus he might have observed that 
when some of his limiting equations are satisfied some other of 
these equations are necessarily satisfied also. Thus on his page 125 
he has a sentence which in our notation will read thus ; moreover 
the fourteenth and fifteenth terms will give 





dxo 
y X dx 


= 0 . 


This is quite true, but it is not additional to what is already 
known ; for he lias already shewn that 7^ wi — 0, and therefore of 

course 7^’ 7 ^w must be =0, and he has also shewn that 7 *^=0, 
y « * aaj ' 

and therefore of course 7^* 7 * ^ must be = 0. 

y X dx 


We may observe that the misprints which occur in Art. 155 of 
the memoir of San'us do not affect the validity of the inferences 
which he draws in his Art. 156. 
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183. As a further illustration of the method of Sarrus we will 
give in detail the investigation of the variation of a double integral, 
in which we will suppose that no differential coefficient of a higher 
order than the second occurs in the proposed expression. We shall 
require some formulas in the integral calculus which might be 
obtained from those we have already given, but for convenience we 
will investigate them here. 

It is obvious that 


/■ 


, du 

— 7 u, 

ax ^ 


•( 1 ); 


change u into jdy u \ thus 


J 




that is 


therefore 


h I + ’r “ % - C “ S } = '^I'h “ “ 


9^ dx’ 


change u into u0 ; thus 

+ ijjdyud — ijjdyuO 




Again, in (1) change u into 7^w; thus 

1 d /o n 

dx-y-l u—j 1 u — 1 / u, 
dx y ^ y 9 y ^ 


that is, 


/‘ 


iy ^dud^i) // /o n 
dx7 1 U’-l 1 Uy 

' ydydx •» y X y ^ 
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therefore £ = IS? 


change u into u0, thus 


f y dQ [ ^du ^ y, y, 

\dxl u-y-^-- Idxl y-O-hl 7 — 7 7 u0 

J V dx J ydx « y ^ v 


(3). 

J y dy dx J y dy dx ^ ' 

In the applications we shall have to make of this formula rj will 
be either or y^. 

Again, it is obvious that 


r , du «yi «yo 

J ^ dy y y ' 


change u into u0^ thus 


jdyuf=^-jdy^0+l\e-f\e. 


Hence 


w- 

In the applications we shall have to make of the last formula, f 
will be either x^ or x^. 


184. Let then 

C7= f"‘ P' Fdjcrfy, 

J ^0 Jyo 

where V is supposed a function of 

dz dz (Pz d^z d^z 
^dy* dy^' 

In this double integral we suppose that the integration is 
effected with respect to y first, and the limits and y, may be 
functions of x. As the limits and the order of integration will 
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continue unchanged throughout the investigation, it will not be 
necessary to denote the limits explicitly, but they must be always 
understood. 

As in Art. 175 we shall have, using S instead of S, 


And 


SU^^jdxJd^SV+f'J dy FSa;, - f°^dy VSx, 
+ jdxfvSy,- jdxfvBy,. 


8r.^s.+r.^+ + , 


dSz 

dx 


dSz 


d’Bz 

did 


d*Bz 
' dxdy 


d'^lz 

df 


where V„ denotes the differential coefficient of V with respect to 
dz 

^ , and Vy denotes the differential coefficient of V with respect to 


dz 


d\ 


^ , and that with respect to , and so on. 

Thus JdxJdySV consists of six terms, and all of these except 

the first may be developed by means of the formulae given in 
Art. 183. 

First ; the term admit of any transfor- 

mation. 

Secondly; by equation (2) of Art. 183, 

+ fjfdyV,Sz-f;jdyVJz 

Thirdly ; by equation (4) of Art. 183, 


fdxjdy = -jdxjdy ^ Sz 
+ jdxfv,Sz-Jdxfv,Sz. 
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Fourthly ; by equation (2) of Art. 183, 



Out of the five terms on the right-hand side of this equation, 
the first and the last two admit of further transformation; by 
equation (2) of Art. 183, 




-f 

by equation (3) of Art. 183 


^ ax ax 


^ a* ; 

ax ax 


jdxf^ 


a similar transformation can be made of 

Thus we shall get on the whole 


dx dx' 


fdxfdy 




dJL 

dx 
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+ f db ^ 8a - f<& ^ ^ 8a 

J y ax dx J y ax dx 

i) -J<^ i) 

-h ^y&‘i)-h ^ 1 4 (>'- 1) 

It may be observed that as y, and y, are independent of y 

^ ( V o^j — (v ^y\ — ^^0 

^V“dx>/“da! dy ’ dy dicj “ da; dy * 


Fifthly ; by equation (2) of Art. 183, 






$-^:h 


The first term on the right-hand side may be transformed by 
equation (4) of Art. 183, and the second and third terms may be 
transformed by equation (5) of Art. 183. 

Thus we shall get on the whole 
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- fdx ^Sz + fdx f‘^Sz 
J y ax J y ax 

+7:r r„&-7V' K,&+7V- V,i. 


Sixthly; by equation (4) of Art. 183, 


/^/ij n. ^ - /<i»/'7y ^ ^ 


The first term on the right-hand side may be transformed 
by equation (4) of Art. 183. Thus we shall get on the whole 

/*/* 


We must now collect the results obtained for the various 
terms occurring in jdxjdyBV, Thus on the whole we shall ob- 
tain the following as composing the value of jdxjdyBV, 

First, a double integral, namely. 


dV dK dK . d^K, . d^V^ . d^V, 




da? dxdy dy^ 


I Bz, 
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Secondly, terms involving integration with respect to y only, 
namely, 




Thirdly, terms involving integration with respect to x only, 
namely. 



V ^ + 


K + 


f, 

dx dx^ dx\. 


•K. 


dx) 


dy \dxj dx dy J 




Fourthly, terms involving no integral sign, namely. 



+^v}«-C 

+n,}8.+7^ 






hz 


Iz. 


Besides these there are in £27 the four terms 


fjJd2,VSx,-fjfdyVSx, 

+jdxfvSy,-fdxfjVSff,. 
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185. We have given in the preceding Article the develop- 
ment of the variation of a double integral; we now proceed to 
consider the relations which must be satisfied in order that the 
variation may vanish, supposing that no restriction exists with 
respect to the limits of the integrations. 

In order that the part of the variation which involves a double 
integral may vanish we must have 

dv dv^ 

dz dx dy da? dx dy dy^ * 

this must hold for all values of x and y comprised within the limits 
of the integrations. 

Next, the term affected with the symbol ijJ dy must vanish ; 
that is, when 

must vanish for all values of y between y^ and y^» And since 
dhz 

and Sx^ are arbitrary we obtain the* three equations 
V — ~ Q F =0 F=0* 

these are to hold when a; = «, for all values of y between y^ and 
so that we may conveniently express them thus, 

Similarly from considering the terms affected with the symbol 
^0 /* 

7^ dy we obtain 

Next consider the terras affected with the symbols Jda? 7^ and 
jdxf\ We shall obtain in a similar manner six equations, three 
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to hold when y for all values of x between x^ and x^, and three 
to hold when y = ^0 values of x between x^ and x^. We 

may write the first three thus, 





F=0. 


The other three are obtained from these by changing into y^. 


Lastly, the four terms without any integral sign must vanish ; 
thus we obtain four equations which must hold for special values 
of X and y, namely x^x^ and y = y^, and so on. These equa- 
tions arc 


ff(v. ^ 




f'-f-h 

a y \ 


' dx 




0 , 

0 , 

0 , 


0 . 


The equations we have obtained may of course he combined 
and thus simplified ; thus since we have already obtained 

7V« = 0 and 7V„ = 0, 

it follows that the last four equations reduce to 


7V'n»=o, 

X y 

X y ^ 

II 

X y ^ 
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186. We may now make some comparison of the results of 
Article 184 with those obtained in Art. 143 by Delaunay’s method. 

According to Delaunay’s suppositions we have 

Vx = y© when x = and also when cc = 


In consequence of this a term affected with the 


symbol 7 J j dy 


vanishes because the limits of the integration with respect to y are 
equal when £c = ajj ; similarly, a term affected with the symbol 


7 


Xq 

X 



vanishes. 


Hence the variation of the double integral reduces to 

J J ^ [da dx dy dod dxdy dy^ j 

‘ *' * dx dx dx^ dx\ dx) 


where 




.<r_/A’.Y dv„ dv„ 

dy \dx) dx dy ’ 




and and are formed from P, and by changing the suffix 1 
wherever it occurs into 0. 

This result coincides as it should do with that in Art. 143. 



CHAPTER VIIL 


CAUCHY. 

187. A MEMOIR hy Cauchy on the Calculus of Variations is 
published in the third volume of his Exercices S! analyse et de 
Physique Mathimatique^ 1844 ; it extends from page 50 to page 130 
of the volume. 

This memoir may be described as a reproduction of a portion 
of the investigations of Sarrus with some difference of notation, and 
frequent reference is made to Sarrus throughout the memoir. In 
fact Cauchy himself docs not appear to have considered his own 
memoir as more than a new exhibition of the method of Sarrus; 
thus he says at the end of his last chapter : The various formula 3 
obtained in this last paragraph do not differ in substance from those 
obtained by M. Sarrus, They are however simplified by the nota- 
tion which we have employed.... Cauchy adds that he will develop 
the subject in some other memoirs and apply it to the solution of 
various problems. This design appears however not to have been 
accomplished. 

The memoir published by Cauchy may be considered an evi- 
dence of the favourable opinion he held of the method of Sarrus. 

188. Cauchy’s memoir begins with a few preliminary re- 
marks and is then arranged in nine sections under the following 
titles. 1. Definitions. Notation. 2. On the continuity of func- 
tions and of their variations. General properties of the variations 
of several variables or functions connected by known equations. 
3. General formulae suitable for furnishing the variations of func- 
tions of one or more variables. 4. Properties of the variations of 
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different orders. 5. On t£e variation of a simple or multiple 
definite integral. 6. On the different forms which may be given 
to the variation of a simple or multiple definite integral. 7. Com- 
parison of the formulae established in the fifth and sixth sec- 
tions. [The original memoir by mistake has third and fourth 
sections.] Differentiation of a multiple integral relative to any 
variable different from those with respect to which the integrations 
are performed. 8. On the partial variation which for a simple or 
definite multiple integral corresponds to variations in the form of 
the functions which occur under the integral sign. 9. On the re- 
ductions which can be effected by integration by parts in the varia- 
tion of a simple or multiple definite integral. 

189. The first four sections are very diffuse, but contain nothing 
new or important. In the fifth section a formula is obtained for the 
variation of a definite multiple integral which, as Cauchy remarks, 
is precisely the same as that obtained by Sarrus ; it is the formula 
which wc have already given in the case of a triple integral ; see 
Art. 175. In liis sixtli section Cauchy gives an independent de- 
monstration of that formula for the variation of a multiple integral 
which, according to Sarrus, was known before he published his 
method; see Art. 176. We will exemplify Cauchy’s demonstra- 
tion by applying it to the case of a triple integral. 


190. We have to prove the following formula : 

(fa- J &) 

By jdx Jdy Jdz u, as formerly explained, we understand a triple 

integral in which we have first to integrate with respect to z from z^ 
to then with respect to y from to y,, and lastly with respect 
to X from cCq to 

Now let -3L = a; + Sa?, Z^z-^-iz^ where Sx, Sy, Sz 

are indefinitely small arbitrary functions of x, y, z. Let U denote 
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what u becomes when a?, y, are changed into Jf, F, respec- 
tively, and also any function of a?, y, s, involved in w, receives an 
indefinitely small arbitrary increment. Then the varied value of the 
triple integral is 

jdxjdYjdZU; 


the limits will be found by keeping the same limiting values as be- 
fore for Xf y, z. It is important to observe that since Sx, Sy, Bz are 
quite arbitrary we can obtain all the necessary generality in the 
varied value of the triple integral by retaining the original limiting 
values of a?, y, and z. 

The variation of the triple integral will be found by subtracting 
the original value from the varied value. 

Now it is obvious that the complete variation will be obtained 
by determining separately the parts of the variation which arise 
from the change of w, a?, y, z into Z7, X, F, Z, respectively ; and 
when we arc considering the change of one of the quantities the 
others may be supposed to retain their original values ; the terms 
thus neglected are in fact of a higher order than those which are 
retained. Thus by putting w + Sw for U we find that the term 
arising from the variation of u is 


JdxJdy ji 


dz Su. 


Now consider the term which arises from the change of z into Z 
while the other quantities retain their original values. The integra- 
tion with respect to z is the ^rst performed; hence by the change 
of z into Z the triple integral is changed into 



dZ 

where the limits of a?, y, z are the original limits ; and is the 

differential coefficient of Z with respect to z only, that is, supposing 
X and y constant. Now 
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thus the term in the variation of the triple integral which arises 
from the change of z into Z is 



dhz 


dz 


The simplicity of this process arises from the fact that the Integra* 
tion with respect to z is the first performed. 

Now let us consider the part of the variation of the triple in- 
tegral which arises from the change of y into F. We may conceive 
that the order of integration in the original integral is changed so 
that y is now the variable with respect to which the first integration 
is performed ; we know from the Integral Calculus that this can 
always be done by making suitable changes in the limits of the 
integrations. Then as before we shall find that the term in the 
variation of the triple integral which arises from the change of y 
into Fis 



the limits being as we have already intimated adjusted to the new 
order of integration. Now restore the original order of integration! 
then we obtain for the required term 



where the limits will be the original limits. 


Similarly the term in the variation of the triple integral which 
arises from the change of x into X is 



where the limits are the original limits. 

Then by collecting the terms we obtain the whole variation, 
that is, 

S jdxjdy Jdzu== jdx jdy jdz ' 

this result obviously coincides with that which was proposed to be 
proved. 
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This investigation seems more simple than that given hy 
Ostrogradskj ; see Arts. 127 and 128. The simplification arises 
from considering the variables separately instead of simultaneously. 


191. In his seventh section Cauchy shews that the form given 
for the variation of a multiple integral by Sarrus coincides with the 
form known before ; this Cauchy does in the same way as Sarrus ; 
see Art. 176. 

Cauchy proposes a new notation which he strongly recommends. 
According to the notation of Sarrus we have 





Cauchy proposes to express this result thus 



du 

I “• 


Similarly what Sarrus would express thus 


im ./ M mi m mi m mi • 


X y 


Cauchy proposes to express thus 

I I 

x^xo y=yo 

This latter is the form that Cauchy really uses ; but apparently 
by a misprint he gives on his page 100 such a symbol as the 
following 

A Vi 

I i“* 

*0 Vo 

This however seems more convenient than the symbol which 
Cauchy really uses ; and it may be rendered still more commodious 
by writing it thus 



To exemplify the use of this notation we may take the general 
formula for the variation of a double integral which has been given 
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in Art. 184 ; that formula expressed by the aid of the new notation 
will stand thus, 

8 Jdx jdy r= 



where it must be observed that ^ will stand either for or for 
, ax ax 

^ as may be required. 

Cauchy says on his last page that on speaking to Samis respect- 
ing this new notation by means of which the difference between 
two values of a variable is expressed by a single symbol he learned 
that the same idea had occurred to Sarrus himself. Perhaps we 
may infer that Sarrus on trial was not satisfied with it as he did 
not use it in his memoir. 

Cauchy also proposes to use | u in order to denote what 

Sarrus denotes we shall not follow Cauchy on this point 

but adhere to the notation of Sarrus. Thus we only use Cauchy’s 
notation when we have to express the difference between two values 
of a variable, and we use Sarrus’s to express a single value of a 
variable ; there is then no possibility of confusion. 
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192. Cauchy’s eighth section contains nothing new or impor- 
tant. In his ninth section he considers the transformations which 
are to be made of the expressions by means of integration by parts. 
This section is illustrated by an example which we will now give 
in detail. 

Let u be an unknown function of x^yyZ\ let vhe sl function 

of X , «, z and ^ - . Let ha denote that part of the variation of 

cLx dy cLz 

the triple integral JdxJdyJdzv which arises from the variation 
of u; then we have 


Ss 


=fdxjdyjc 


dzr 


d^Su 

dx dy dz ' 


(1). 


d^u 


where r is the differential coefficient of v with respect to - 5 — ? — 7 - . 

^ dx dy dz 

The limits of the integrations are supposed to be denoted as hereto- 
fore. We propose then to reduce Ss by means of integration by 
parts. 


r-j 


We have 
thus ( 1 ) becomes 

Ss = Jdx Jdy je 


dPSu 


d d^Su dr d^Su 
■ T - 


dxdydz dx dydz dxdydz^ 


d d*Su 


dx^ dy dz 


-jdxjdyf 


dz 


dr (PSu 
dx dy dz ' 


( 2 ). 


By equation (4) of Art. 177, 


-CM 


dzr 


d^Su 
dy dz 
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Thus (2) becomes 


j y] ay dz ax J y J dydzdx 




*0 d^Bu dz^ 
* dy dz dx 


It will be observed that hu is not differentiated with respect to x 
in any term of (3). 

dSu 

In equation (2) of Art. 177 change u into r ; thus 

az 


f. «i dSudz. fy /o d 


dy dz 

1*0 dhu dz^ 
« dz dy 


Thus the first term on the right-hand side of (3) becomes 

,yi r , diu 

\dzT-^ 

'^0 yoj dz 

f, dr diu 

-^^rTyTR- 

Similarly the second term on the right-hand side of (8) be- 




yi [j dr dSu 


-hhh£k^- 


dr diu dz^ 
yy dx dz dy 
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The third and fourth terms on the right-hand side of (3) we 
shall not transform ; we proceed to the fifth term. 

In equation (2) of Art. 172 change u into r ^ , and put 

for then observing that is independent of z we obtain the 
following result, 


r, dz. [j J\dBu d dz. 

M ry’. *■^’■■3^ 

dBudz. f, *\dz.dz, d dBu 

+ ly.’* 

Now by equation (1) of Art. 172 

^*1 d ^dz^^ d ^ dz^ ^ ^*1 dz^ dzy^ dr 
» dy dx~~ dy ^ dx » dx dy dz* 

Thus a part of the first term on the right-hand side of (4) can- 
cels a part of the third terra, and we obtain 


J ^ M dydzdx j^^dzdy 


^*1 dBu d ^ dzy 
» dz dy ^ dx 


jVi ^ dBu dzy 
'yo dz dx 

J ^ » dz* dx dy 

A similar formula holds when Zy is changed into z^. 
Thus we obtain 

fj dBu dzy , r , dBu dz^ 

-Ur*’. ’■•ar^+Ur*’. 


-CW*| 


dr dBu 
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dan dz 


r, r, ^\dr iiudz. f, f, J^odr diudz^ 

+hhh£^^ 

- Uf §!>+ UfUr^ %- 

J If j dydz dx J y J dydzdx 
. f J f -7 ^ fj fjt n'® ^ 

+H'‘y’. laiTy'. 

f, ,yi-*i dSudz. , fj ,y» 9*0 c?Swcfo« 

-hh^y^li-hhc 


dx 


dz dx 

d^hu dz^ dz^ 
dz^ dx dy * 


In some of these lines terms occur involving integrations with 
respect to z and differentiation of hz with respect to z ) such terms 
admit of further reduction. 

In the first line we have jcfo 

In the third line we have jdz ^ 

fy dr dSu *1 dr ^ f , d^r ^ 
l^«T“rj“ = L dz-j-j-Suz 

J dy dz •ady J dydz 

In the fourth line we have jdz ^ , and 
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In the sixth line we have fdz , and 

J dxdy dz 


r , d*r dSu _ 1*1 tPr ^ f 

J ^ dxdy dz ^'»odxdy ^ 


dxdy 


dxdy 


Sw— \dz 


rfV 


dxdydz 


Su. 


In the seventh line we have fdz r ^ and fdz r ^ , 

J dydz dx J dydz dx 

, f , d^hu dy. ,*i dy. dZu f , dZu dr dy. 

^ _ I*' ~ ^ ^ 

J dydz dx dx dy J dy dz dx ’ 

Thus finally 

- ,*i ,yi ,*i . ,»i ,tft f, dr ^ 

&= rSw— Idz-j-Su 

'»o 'y# '*0 '*« 'vt J dz 


-C,h'l%^+c,hh^^ 

— (dx 1*^' I ' ^ Stt + (dx 1*^* (dz Su 

J 'yo *i>dx J y»J dxdz 


t, f, ."xdr dZudz 


7 

+ W'^i'C ^ *»-/■*»/<«'/< 

- f*. l” r ^ + U ?'■ C* ^ * 

J y dx dy J y J dy dz dx 

(dxf^f'r$f^-[dxf'‘(dz^^^ 
J y dx dy J y J dy dz dx 


dy J J ^ « dx dz dy 


dz 


dxdydz 
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dtu dz^ 


/I dSudz. r, ,yi3 
» ^ dz dx J Zo » ' dz dx 


^ cPBu ^ dz^ 
« dz* dx dy 


d^Su dz^ dz^ 
r -=-^ 


193. As a particular case of the preceding result, Cauchy 
supposes that r = 1. Thus we obtain 


f i" 

^0 Vo »Q 


Su 



dSu dz, t , dBu dz^ 
« dz dy 'a^oj ^ ^ dz dy 


-(dxf 

J y '^0 dx dy J 


.yo 


dy^ dSu 


■hh^l‘^^y-hh 




^0 d\ 
» dz dxdy 


+ 





d^Su dz^ dz^ 

» dz* dx dy* 


Of the eleven terms here given Cauchy has omitted the sixth and 
seventh. 

With this particular case CauchyV memoir terminates. 


194. We can now conveniently introduce the third example 
which Sarrus gives in illustration of his formulas; see Art. 179. 
The example is the following ; to determine the law of the density 
of a body of given form and position in order that the integral 

hhh“^s 
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taken throughout the body may be a maximum or a minimum, 
V being the density at the point {x, y, z), and w a given function 
of Xf y, z and v. 

Since the form and position of the body are given there are no 
terms in the variation of the triple integral arising from the vari- 
ation of the limita. Thus we have for the variation of the proposed 
triple integral 

The first of these two terms is equal to 

the second developes into the twenty-two terms given as the result 
of Art. 192 provided in that result we change r into w and u into v. 
Of these twenty-two terms the twelfth is the only term which 
involves a triple integral ; this must be united with the term just 
given, so that we obtain 

J ^\dxdydz dv dxdydz) 

This must vanish by the ordinary principles of the Calculus of 
Variations; hence 

d\ dw d^w 
dxdydz dv dxdydz~~ 

This partial differential equation must be solved to find v, the 
solution of course involving arbitrary functions ; and the arbitrary 
functions must be determined from the limiting equations which 
we shall now examine. 

We may consider the given body to be bounded by six faces. 
Two of these six faces we will call the upper and lower; they are 
determined by the known values of and in terms of x and y, 
and may thus be of any form. Two of the six faces we will call 
iht front and hack; they are determined by the known values of 
y, and y^ in terms of x, and are therefore cylindrical having their 
generating lines parallel to the axis of «. The remaining two 
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faces we will call the right and left; they are determined by the 
known values of a;^ and a;,, and are therefore planes perpendicular 
to the axis of x. 

In particular cases these six faces would assume particular 
forms. For example, suppose the given body to be the ellipsoid 
determined by the equation 




the upper and lower boundaries are the portions of the surface of 
the ellipsoid determined respectively by 

the^on^ and hack boundaries are the portions of the ellipse in the 
plane of (a;, y) determined respectively by 




the right and left boundaries are the points on the axis of x for 
which x^a and a; = — a respectively. Thus in this example two 
of the six faces degenerate into curves and two into points. 

The eleventh term in the result of Art, 192 gives 


and in order that this may vanish, since Bv is arbitrary, we must 
have 


d'w 
» dxdy 


= 0 , 


and 7 


,^o d^w 


dxdy 


= 0 . 


The ninth and seventeenth terms in the result of Art. 192 must 
be united because they involve the same arbitraxy term; thus 
we get 
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and in order that this may vanish, since is arbitrary, we 
must have 


7 


h fa 
r \a 


» \dx dy dy » 
or as we may write it 


dz;\ 


fdw d^ ^ d^ d^ ^ ^ !^i ^ ^ ^ \ _ Q 

* \fl?a5 dy dy dx ^ dz dy dx dxdyj 


The tenth and eighteenth terms in the result of Art. 192 lead 
to a similar equation with z^ in the place of z ^ . 

The twenty-first and twenty-second terms in the result of 
Art. 192 lead respectively to 


dz, dz, 
« dx dy 


= 0 , 


dz^ dz^ 

7 w 3-^ = 0. 

« dx dy 


We have thus proved that the following equations must hold, 


h d^w 
dxdy 


7*1 f dw dz^ d^ I ^ ^ + w = 0 

» \dx dy ^ dy dx^ dz dx dy dxdy) ' 


*1 dz. dz. . 

1 w = 0. 

» dx dy 


The last of these gives 7^* to = 0, for ^ and — ‘ 


pendent of z. 


dy 


are inde- 


The equation w^sO shews that w must vanish identically for 

all points of the upper boundary. For if la does not vanish iden- 
tically la = 0 must coincide with the known equation to the upper 
boundary; and then we shall not have the other two of the 

above three equations satisfied. For from iJw^O we obtain by 
differentiation 


fdw , dw dz.\ - , -*i fdw , dw dz\ . 
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and from these combined with the second of the above three 
equations we deduce 

X (m » ay » dz 

and these could not be true if = 0 were the equation to a surface ; 

because ^ ^ , and ^ can only simultaneously vanish for 

special points on a surface and not for any continuous portion of 
a surface. 

Thus w must vanish identically for all points of the upper 
boundary. And similarly w must vanish identically for all points 
of the lower boundary. 

The eighth term in the result of Art. 192 gives 

{dx Idz Sv ^ ^ . 

J 'yoj dxdz 

This involves the value of Zv for the front and back of the given 
body. Confining ourselves to the former, we obtain 

y dx dz 

The fourteenth term in the result of Art. 192 gives 




1 r , dZv dy^ ^ 

* dx dz* 


and from this we obtain 


y dz 


since 


the factor is independent of y. 


From the last two results we infer that w must vanish iden- 

dw 

tically for all points of the front boundary. For if ^ be denoted 
by V) we have 

/‘w' = 0, and7^‘^'=0; 
y y dx ^ 
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and the first of these equations shews that u! must vanish identi* 
callj for all points of the front boundary, or else k?' = 0 must coin- 
cide with the known equation to this front boundary ; but the latter 
supposition is inconsistent with the second of the above two equa- 
tions. Thus w* must vanish identically for all points of the front 
boundary, and from this and the fact that w vanishes identically for 
the points common to the front boundary and the upper boundary, 
we infer that V) must vanish identically for all points of the front 
boundary. 

Similarly from the remaining part of the eighth term and the 
sixteenth term in the result of Art. 192, we conclude that w must 
vanish identically at every point of the back boundary. 

From the sixth term in the result of Art. 192 we obtain 


dydz 


A J A 

0, and 7 j, , = 0 ; 
' « dydz ’ 


and from these terms combined with what we already know respect- 
ing w we conclude that w must vanish identically at every point of 
the right and left boundaries of the body. 

Thus we conclude from the terms that we have examined, that 
V) must vanish identically at every point of all the bounding faces 
of the given body ; and supposing this to be the case we shall find 
that the remaining terms in the result of Art. 192 vanish. 


195. We will close this part of the subject by giving the com- 
plete development of the variation of a triple integral in the case in 
which no differential coefficient of a higher order than the first 
occurs in the proposed expression. 


Let then jJJ^ dxdydz denote the proposed triple integral, where 


F is a function of a?, y, z, u, 


du du du 
dx* dy* dz* 


The integration is supposed to be effected first with respect to z 
from z^ to then with respect to y from y^ to y^, and then with 
respect to x froni to x^. 
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du 


Let the differential coefficient of V with regard to ^ be de- 
noted by -3r, the differential coefficient of V with regard ^ ^ by F, 


du 


and the differential coefficient of V with regard to ^ by Z. Thus 

du dx dy dz 

By Art. 175 we have in the notation of the present chapter 

S jJlvdxdydz^JIJsVdxdt/di 

+ l^^Jdy jds VBx+ jdx\^' jdzVBy + jdxjdy\J^VBz. 


There are four terms in SF giving rise to four terms in 


IlfBVdxdydz. 


The first term is not susceptible of transformation. 

The second term is to be transformed by equation (1) of Art. 
178 ; this gives 

The third term arising from 8 F is to be transformed by equation 
(2) of Art. 178 ; this gives 

jdxjdtfjdz 

+ jdxf^jdz YBu—jdx^dylJ^Y^Bu. 
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The fourth term arising from S F is to be transformed by equa- 
tion (3) of Art. 178 ; this gives 

JdxJdyjdz^Su 


•f Jdx Jdy I J ZSu. 

Thus we have finally 

Bjjjvdxd2,dz=fjfSu da>d!fdz 

+ 1'* JoTy jdz {VBx + XBu) 

+ jdx Qfdz ^VBy-X^Bu+ r S m) 

+/*=/<iy 1^ (fs. - j: * s» - r I s« + . 

Of these terms those afiected with the symbols 


CM' 


dz and 



vanish when we confine ourselves to the particular case considered 
by Delaunay, as we have already explained in Art. 186. The re- 
maining terms agree as far as they go with the result given in 
Art. 144. 



CHAPTER IX. 

LEGENDKE, BEUNACCI, JACOBI. 


196. We are now atout to give the history of that part 
of our subject which relates to the criteria for distinguishing a 
maximum from a minimum, and for ascertaining when neither a 
maximum nor a minimum exists. 

We have already intimated in Art. 5, that Legendre had 
arrived at some results on these points, and that Lagrange had 
shewn that further investigations were required in order to ensure 
the accuracy of Legendre’s conclusions. The requisite investiga- 
tions were supplied by Jacobi in 1837, and the memoir which 
Jacobi then published has given rise to an extensive series of 
commentaries and developments. Before however we proceed to 
Jacobi’s investigations, we will give an analysis of Legendre’s 
memoir and of some others connected with it. 

197. Legendre’s memoir is entitled M6moire sur la manilre 
de dhtinguer Its maxima des minima dans le Calml des Variations, 
It is printed in the volume for 1786 of the Histoire de VAcadimie 
Roy ale des Sciences; this volume is dated 1788. The memoir ex- 
tends from page 7 to page 37. There is an Addition to the memoir 
on pages 348 — 351 of the volume for 1787 of the Histoire ... ; this 
volume is dated 1789. 

198. The first investigation in Legendre’s memoir is in sub- 
stance the same as that which we have given in Art. 5. He shews 
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by the method there used that the problem he is considering may 
be reduced to the investigalion of the sign of 

», \ W + 5 

In Article 5, we supposed 8y^ and to be zero, so that the 
part of the above expression free from the integral sign vanishes. 
Legendre adopts the following method with respect to the inte- 
grated part of the above expression; the value of \ is to be 
determined from a differential equation and it will therefore in- 
volve an arbitrary constant, and this arbitrary constant may be 
supposed to be so taken as to make \ (8yJ* - \ (8yJ* vanish or 
have the same sign as the part of the expression under the in- 
tegral sign. 


199. Legendre next considers the case in which the integral 
of an expression /(a?, y, p, q) is to be a maximum or a minimum, 

where p — ^ q = ^ . The investigation is similar to that 

already given, and the conclusion is that the result found by the 
ordinary processes of the Calculus of Variations will be a maxi- 

mum if ^ is always negative between the limits of the integra- 
tion, and a minimum if it is always positive. 


Legendre then says that it is easy to generalise these results 
and to infer that the ordinary processes will give a maximum, if 

the second differential coefficient of y, ^ , ... j 


with re- 


spect to the highest of the quantities which it in- 

volves is always negative between the limits of the integration, 
and a minimum if that second differential coefficient is always 
positive. 


200. Legendre next considers the case in which we have to 
find the maximum or minimum of p) supposing that 

X is susceptible of variation as well as y. The investigation is 
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now more complicated than that in Articles 5 and 198 ; the re- 
sult however is the same, namely, that there is a maximum or 


minimum according as is constantly negative or constantly 
positive between the limits of the integration. 


201. Legendre next supposes that we have to find the maxi- 
mum or minimum of where <}> is to be determined 

from the difierential equation which is a known 

function of x, y, p, and The result at which Legendre arrives 
is wrong, and the correct result was afterwards given by Brunacci. 


202. Legendre then illustrates his investigations by some ex- 
amples. He first considers the case of the solid of least resistance, 
and he shews that the ordinary result is not necessarily a minimum. 
He then considers the problem in which among all curves of given 
length having their extremities in two fixed points, that is re- 
quired which has its centre of gravity lowest; here his method 
indicates that the catenary does possess the required property. 
Then he considers the problem in which a curve of given length 
is to be drawn between two fixed points, so that the area bounded 
by the curve, the ordinates of the fixed points, and the axis of 
abscissae shall be a maximum or a minimum. He shews that 
the required curve will in some cases be a circular arc, and in 
other cases will be composed of a circular arc and one or two 
straight lines; we shall have occasion to return to this point 
hereafter. The three examples thus discussed by Legendre form 
a very interesting and instructive part of his memoir. 

Finally Legendre takes the problem of the brachistochrone in 
which the moving particle is to pass from one given curve to 
another, starting with an assigned velocity. Then the expression 
to be made a minimum is 

/ V(l +y) dx 
JV(y-c + A) ’ 
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where h is the height due to the assigned initial velocity, and c is 
the ordinate of the point at which the motion begins. Legendre 
takes c and x to be susceptible of variation, as well as y and 
and by a laborious investigation he arrives at the result that the 
time of motion is necessarily a minimum if the curve described 
be a cycloid, which meets the two given curves in points where the 
taAgents to those curves are parallel, and which cuts the lower 
curve at right angles. 

203. In the addition to his memoir, Legendre makes some 
remarks in order to strengthen two points in his conclusions. He 
says that he has to shew in the first place that the quantities 
which he supposes determined by differential equations, like the 
\ of Article 5, are necessarily real ; and in the second place that, 
as we have stated in Art. 198, the arbitrary constants which occur 
in the solutions of the differential equations can be chosen so as 
to make the integrated part of the terms of the second order in 
the variation zero, or of the same sign as the unintegrated part. 
Accordingly he makes some observations in order to establish 
these two points. 

204. Two remarks may be introduced here. In the first 
place it must be remembered that all Legendre’s investigations 
are subject to the objection indicated by Lagrange ; see Articles 
5 and 6. Legendre does not solve the differential equations whicli 
he obtains, so that there is no security that the quantities he uses 
retain always finite values ; and Lagrange shewed that in a simple 
example Legendre’s conclusions were not necessarily true. In the 
second place, in all investigations with the view of distinguishing 
maxima from minima values, it is of course necessary that we 
should retain all the terms of the second order which can occur 
in our expressions. Now such formulae as those of Poisson and 
Ostrogradsky in Articles 102 and 124 are only true to the first 
order, and consequently cannot be used in any investigation in 
which we are discriminating between maxima and minima values. 
This is one of the reasons which render it advisable to avoid 
giving a variation to the indepejident variable; see Art, 25. If, 
for example, we vary y and not a?, then we have ip absolutely the 
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same thing as . If however we vary both y and a?, it is shewn 
in elementary works, as in Art 39, that 


ip 


_ diy dix ^ 

— p-^\ 


dx 


dx 


this equation however is not accurately true, but only true to the 
first order. For 

dy = pdx^ 


dy 4- diy = {p + ip) {dx -f dix ) ; 

therefore 

^ —pdix _ /diy ^ pdix\ / 

^ dx-{- dix V du? dx j\ dx) ^ 


thus in order to be true to the second order we must take 
5 . fdiy pdix\ /. dix\ 

and in fact Legendre uses this value of ip on page 15 of his 
memoir. 


205. We have next to consider two memoirs by Brunacci. 
The first of these is entitled, On the criteria which distinguish 
maxima from minima in integral expressions; it is published 
in the Memorie delV Istituto Nazionale ItalianOy Vol. I. part 2. 
Bologna, 1806. The memoir extends over pages 191 — 202 of the 
volume; its object is to correct an error in the memoir which 
Legendre published in the History of the French Academy for 

1786 ; see Art. 201. Suppose we have the integral J Vdx where V 
involves ^ ^ determined by the differential 


equation ^ where ^ is a function of ^ 


Then 


Legendre arrives at the following result 



Vdx is rendered a 


maximum or minimum by the ordinary processes according as 
d^V 

is constantly negative or constantly positive between the 
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limits of the integration, where p stands for 



Legendre’s 


method is rather obscure and Brunacci follows it; we will here 
give the investigation in the usual manner, and we shall obtain 
the same result as Brunacci. 


206. Let \ denote a function of x at present undetermined ; 
then we may consider that we have to find the maximum or 
minimum of 

and we will denote this expression by XJ. 


Now, considering only terms of the first order, we have 

say; 


^ S* + J + C'Bp say ; 


dZ 


thus 


8 Z7= j’|(^ - 8a + (5 - XJ?) ^ + (0- \0') ^ +^| 

By the usual process of integration by parts we get 

8£7’=(6f-XC") 8y + X8a 

+ J|^ - Tul' - 8a cfo + J|b - XB' - ^ ( (7 - X(7')| iydx. 


Now assume X such that 




then, in order that hU may vanish, we must have also 


d 


Between the last two equations we must eliminate X, and thus 
we shall obtain a differential equation for determining the required 
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relation between x and y. We now proceed to examine whether 
U is thus rendered a maximum or a minimum. The terms of the 
second order in SF are 




(PV 

dtfdp 




say =\f (S»)* + G* Sz 8y + His Sjp + 1 / (%)* + Kiyip + s (^)'. 


We shall denote the similar terms in tZhj 
i + \ I'(Syy+K'Sy^ + ^ Z'(^)*. 


Let F-\F'^M, G-\G'^N, H-\H'=^0, 

/-X7' = P, K-\K’=>Q, L-\L' = R; 
then we have to examine the sign of 

J |j/(S; 2 ;)“ + 2Nhzhy + 2 OSzSp + P(Sy)* + 2 QSySp + R (^)*|rfa?. 

Now assume that this expression can be put in the form 
I {SyY + mSy Sz + n (Sz )* + (^ + + iSz)^ dx ; 

differentiate both sides of the assumed identity, and equate the 

d^z 

coefficients of like terms, observing that can be expressed 

dhz 

in terms of Sy, Bz, and Sj?, since ^ = SZ; thus we shall obtain 

five equations for determining the five quantities A, i, Z, m, n, and 
three of these five equations are differential equations of the first 
order. Then we assume, as Legendre does, that by giving suit- 
able values to the arbitrary constants we can make the integrated 
part Z (Sy)* + wSy Sz + n (S«)* vanish. Thus finally if R be always 
negative between the limits of the integration, we obtain a maximum 
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value of Uf and if R be always positive between the limits of 
integration, we obtain a minimum value of U. And 



\ 


d^Z 

df' 


This is Brunacci’s result, and it shews that Legendre’s result 
is wrong. The investigation is of course subject to the excep- 
tions that have been already indicated in Articles 5 and 6. 


207. We now pass to Brunacci’s second memoir. This is 
entitled, Memoir on the criteria which distinguish maxima from 
minima in double integrals; it is published in the Memorie delV 
latituto NazionaU Italiano^ Vol. ii. part 2, Bologna, 1810. It 
extends over pages 121 — 170. 

Brunacci refers to Legendre’s memoir on the criteria for dis- 
tinguishing maxima from minima in single integrals, and his own 
correction of one of Legendre’s results in his former memoir. He 
states that so far as he knew, no similar investigations had been 
made with respect to double integrals. He proposes to consider this 
point; but before doing so, he gives some investigations with 
respect to single integrals in order to prepare the way. His 
memoir is divided into twelve sections. 


208. In his first section, Brunacci makes a few remarks on 
the conditions necessary for the existence of a maximum or mini- 
mum value of a function. He says that he has proved in his 

Course of higher analysis, that I f[x) dx is a positive quantity 

J a 

provided that/(ic) is always positive for values of x between x— a 
and a? = J, and provided also that the differential coefficients/' (a?), 
/"(a;), ... are always finite between the same values. It is ob- 
vious however that Brunacci is wrong in saying that it is necessary^ 
that the differential coefficients should be finite; it is sufficient 
that f{x) be always positive. Brunacci repeats this unnecessary 
restriction elsewhere in his memoir, but it does not affect his 
results. 


209. In his second section Brunacci investigates the conditions 
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which must subsist in order that Jyltdx may have a maximum 

or a minimum value, where i/r involves x, y, and and he 

shews how to distinguish between a maximum and a minimum. 
The investigation is the same as Legendre’s ; see Art. 198. 


In his third section Brunacci supposes that yfr involves a?, y, 
^ and , and he investigates the condition that must subsist 


in order that jyjrdx may have a maximum or a minimum value ; 

and he distinguishes between the two cases. The investigation 
is similar to that already given; and the result coincides with 
that found by Legendre, and stated in Art. 199. 


210. In his fourth section, Brunacci makes some introductory 
remarks on the subject of double integrals. He states that a 

double integral dxdy taken between definite limits is 

positive, provided that F{x,y) is positive between the limits of 
the integrations, and provided also that the partial differential 
coefficients of F{x^y) with respect to x and y are all finite be- 
tween those limits. The restriction with respect to the differen- 
tial coefficients is unnecessary. It is of course quite true that in 
the questions treated by the Calculus of Variations, such restric- 
tions occur, because certain expansions are effected by Taylor’s 
Theorem ; but Brunacci is wrong in saying that these restrictions 
occur in the simple case indicated above. 


211 . 


In his fifth section, Brunacci takes the 


integral JJy^dxdy, 


where involves x, y, and z, and it is required to determine z 
as a function of x and y so that the double integral may be a 
maximum or a minimum. He arrives at the following results; 

for a maximum or a minimum we must have ^ = 0, and then 

az 


there will be a maximum or a minimum according as 
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always negative or always positive between the limits of the 

integrations. For an example he supposes yjr = - y and 

he obtains as the result s =* He then suggests as a 

particular case, that the integrations should be taken from 
y = 0 to y = aa?, and from a; = 0 to a? = J; he does not observe 
that for these limits his double integral becomes infinite. 

212. In his sixth section, Brunacci considers the double in- 
tegral JJyfrdxdy, where involves x, y, z, and ^ . He proceeds 

as Legendre does for a single integral and he arrives at the fol- 

dz 

lowing result ; let p denote ^ , then to ensure a maximum the 

relation between z and x and y must be such as to make 

always negative between the limits of the integrations, and to 
ensure a minimum always positive. As in Legendre’s process, it 
is assumed that the quantities which occur always remain finite, 
and this condition cannot be tested because a certain differential 
relation which occurs is not investigated, but only supposed to be 
investigated. Brunacci takes for an example = V(1 + y*)* 

213. In his seventh section, Brunacci considers the double 

integral JJ^dxdy, where ^|r involves x, ^ ^ . We 

will gi^e in substance the investigation of this case as an example. 
Let U denote the proposed double integral, then we require the 
maximum or minimum value of 27. The first thing to do is to 
investigate the value of 8 27 to the first order and to make it vanish. 
The value of 827 to the first order has been given in Art. 59; 
and by the usual method the value of z in terms of x and y must 
be found from the equation 

^ dM dN ^ 

The arbitrary functions which enter into the value of z must 
then be so determined as to make the remaining terms in 827 
vanish which are given in Art. 59. 
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We then proceed to consider the terms of the second order. 
Let p denote ^ and q denote and let 




and 


Sz = 6>. 


dpdq 


= r, 


Then we have to examine the sign of the expression 


+ 2S»i+2T^$: 

ay ax ay 


I dx dy» 


Let a and y9 be two quantities at present undetermined ; then 
the above double integral is identically equal to 


JxoJyQ I 


J^oJyo J^oho dy 

^»-+2&,^ + 2C»| + P©’ 


where ^ = C=8-B. 


The expression 


•**1 fyi dx^^ 
dy 


n y\ 

/o 


dxdy 


really involves only a single integral, because the integration with 
respect to y can be immediately effected. 

The expression 

[^ityidx^oLj j 
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also really involves only a single integral ; because we may change 
the order of integration if we make suitable changes in the limits, 
and then the integration with respect to x can be immediately 
effected. 


Now consider the double integral. The necessary and sufficient 
conditions in order that 

should retain an invariable sign are these, 

PQ - r* must be positive, 

and {PC — BTy must be less than {PQ — T^) {PA — B ^) ; 

and the sign is then positive or negative according as P is positive 
or negative. (See Differential Calculus^ Art. 236.) 

Now we may suppose that the arbitrary quantities a and ^ arc 
so taken as to satisfy the condition that 

{PC - BTf is less than {PQ - T^) {PA - B^) ; 


this condition involves a, /3, ~ and ^ . 

<ix ay 


We have then the following result. In order to ensure a mini- 
mum we must have P positive and PQ — T* positive throughout 

the limits of the integrations. That is, we must have positive, 




df 


Similarly in order to ensure a maximum we must have P nega- 
tive and PQ — positive throughout the limits of the integra- 

tions; that is, ^ negative and - positive. 




It will also be necessary that the expression 


^ r yi /cfo)*a 
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should be zero or negative for a maximum, and zero or positive for a 
minimum ; this condition will be secured for example if Sz be zero 
at the limits of the integrations, for then the term just given will 
vanish. 

The whole investigation is of course liable to the objection that 
as the values of a and ^ are not explicitly found we have no means 
of ascertaining whether they remain finite throughout the limits of 
the integrations. 


214. For an example of the preceding investigation Brunacci 
supposes yfr = — a* this case he finds that the rela- 

d^z d^z 

tion between x, y, and « is to be determined from = a* , 
so that 

-^ray) + F{x - ay). 


where ^ and F denote arbitrary functions. For a particular case he 
supposes that the surface denoted by the required relation is to pass 
through an oval plane curve determined by the equations 

y = mx + = \/(r* — a:*). 

He says that then by determining suitably the first arbitrary 
function we shall have 


z ^ N (x + ay) + L {x-^ ayY] F{X’~- ay), 


where 


r* (1 + omY — aV 
{l + amY ’ 

AT— 2an ^ 1 

"" (1 + am)* * (1 + am )* ' 


But the surface Brunacci thus obtains will not pass through the 
curve in question if F(a; — ay) is still left arbitrary. In continuing 
the discussion of this example he arrives at the result that there is 
neither a maximum nor a minimum. He says that this ought to be 
the case, because as is zero the double integral fj^^dxdy over 
assigned limits is also zero. Since he says that y/r is zero, it would 
appear that he supposes F(x-^ay) =: 0, for theu his surface does 
pass through the curve in question and is zero. But then it 
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is not obvious what he means by saying that there ought to be 
neither a maximum nor a minimum, since it is quite possible that 
a zero value of a function may be a maximum or a miaimum value 
of that function. 


215. In his eighth section Brunacci supposes that yfr involves 
dz d Si da ^ d a .1 

Ty' W' ° 

same manner as before to determine the conditions necessary in 
order that Si'^dxdy may have a maximum or minimum value. He 
arrives at the same results as Delaunay afterwards gave in his 
memoir: see Art. 147. 


216. The remainder of Brunacci’s memoir consists of four 
sections and is devoted to the investigation of the conditions for a 

dz 

maximum or minimum of dx dy, when yjr involves x, y^z^ ^ , 


dz 

and ^ , and also another function F, which is determined by 

^ = where ^ involves x, y, a, V, and This 

case is analogous to that involving only a single integral in which 
Brunacci corrected an error of Legendre’s, Brunacci’s method 
does not appear very clear. The ordinary method would be to 
investigate the maximum or minimum of 


Then when the usual reductions are effected the variation of 
the double integral to the first order would contain under the inte- 
gral signs two terms, one of the form ABV^ and the other of the 
form £Bz. We should then assume \ such as to make -4 = 0, and 
then it follows that in order that the variation may vanish we must 
also have B = 0. The part of the variation which is of the second 
order might then be examined in the ordinary way. 

217. Nothing was added to tiiis part of the Calculus of Varia- 
tions between the publication of Brunacci’s second memoir and the 
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publication of Jacobi’s memoir. Lacroix, Dirksen, and Ohm in 
their respective works explained Legendre’s method without any 
improvements. Ohm seems to have regarded the results as more 
certain than they really are, for he omits all reference to the quali- 
fications indicated by Lagrange; see Articles 5 and 6. Lacroix 
does give these on his pages 811 — 813, and Dirksen on his page 
113 notices the limitation that the quantities he introduces must 
remain finite. 

218. We now proceed to Jacobi’s memoir. This memoir is 
entitled, On the theory of the Calculus of Variations and of dif- 
ferential equations, by C. Gr. Jacobi. It was published in the 
17th volume of Crelle’s Mathematical Journal in 1837. The 
memoir purports to be an extract from a letter dated November 
29th, 1836, addressed to Professor Enke, secretary to the mathe- 
matical class of the Academy of Sciences at Berlin. The memoir 
extends over pages 68 — 82 of the volume ; nine pages relate to the 
Calculus of Variations and the remainder to the differential equa- 
tions which occur in Dynamics. A French translation of the 
memoir appeared in the third volume of Liouville’s Journal of 
Mathematics in 1838. 

We confine ourselves to that part of Jacobi’s memoir which 
relates to the Calculus of Variations ; for an account of Jacobi’s 
researches on Dynamics the student is referred to Mr Cayley’s 
Report on the recent progress of Theoretical Dynamics, in the Eeport 
of the British Association for the advancement of Science for 1857. 

The remainder of the present chapter consists of a translation 
of the first nine pages of Jacobi’s memoir; it will be seen that 
Jacobi merely gives the enunciation of results without demonstra- 
tions, and we shall afterwards indicate the writers who have sup- 
plied the demonstrations. 

219. I have succeeded in supplying a great deficiency in the 
Calculus of Variations. In problems on maxima and minima which 
depend on this Calculus no general rule is known for deciding 
whether a solution really gives a maximum or a minimum or 
neither. It has indeed been shewn that the question amounts to 
determining whether the integrals of a certain system of differential 
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equations remain finite throughout the limits of the integral which 
is to have a maximum or minimum value. But the integrals of 
these differential equations were not known, nor had any other 
method been discovered for ascertaining whether they did remain 
finite throughout the required interval. I have however discovered 
that these integrals can be immediately obtained when we have 
integrated the differential equations of the problem under con- 
sideration, that is, the differential equations which must be satisfied 
in order that the first variation may vanish. In fact, suppose that 
by the integration of these differential equations we have obtained 
expressions for the required functions involving a certain number 
of arbitrary constants, then the partial differential coefficients of 
these functions with respect to these arbitrary constants will furnish 
the integrals of those new differential equations which we have to 
solve in order to determine the criteria for the existence of a maxi- 
mum or minimum. 


220. Let us consider the simplest case ; let the integral which 
is to have a maximum or minimum value be 


//(». y> y') 

where y' is put for ^ . Then we know that ^ is to be found from 
the differential equation 

dy dx dy* 

The value of y obtained from this differential equation will contain 
two arbitrary constants which I will denote by a and b. The 
second variation of the proposed integral is 



to*+2 


dy . , dj 


dydy^---dy' 



where w = 


» by and ^ • 


Now to have^ the complete criteria for the existence of a maxi- 
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mum or minimum we must know the complete expression of a 
function v which satisfies the difierential equation 


W ^ dx) \dtfdy' ^ ’ 


this may be seen in Lagrange’s Theory of Functions or in Dirksen’s 
Calculus of Variations. (Ohm’s Calculus of Variations is not exact 
on this point.) The expression for v I find in the following manner. 
Let 

where ^ the partial differential coefficients of y with 

respect to the constants a and b which occur in y, and a and fi 
are new arbitrary constants; then the required expression for v 
will be 


/^y , t dydu\ 


which contains one arbitrary constant, namely, ^ . 

[The differential equation which v must satisfy is the same as 
equation (2) of Art. 5, supposing 2X = — v,] 

221. The case in which differential coefficients of a higher 
order than the first occur in the expression which is to be a maxi- 
mum or minimum is more difficult. Let the expression which is 
to be a maximum or minimum be 

j/(®> y> y'> y") dx, 

where / = ^ y ’ = ^ . Then we know that y must be found 

from the difierential equation 

^ dxdy' daf dy" ’ 

thus y will contain four arbitrary constants which may be denoted 
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by a, Oj, o,, a,. Also let =* w, = w*, Sy" = to" ; then the 
second variation will be 


/(; 




+ 2 


toto 




_^«,V' + ^to"- 




For a maximum or minimum must retain the same sign. 

ay 

But in order to have the complete criteria we must integrate the 
following system of differential equations, as may be seen in La- 
grange’s Theory of Functions. 


(dy . dv\ fdy dv. ^ \ f dy ^ 


+^Y- 

^ dx) ’ 





From these three differential equations of the first order, which 
present a rather complicated appearance, the three functions v, v^, 
and Vj must be determined ; and the complete expressions for them 
will involve three arbitrary constants. I have found the integrals 
of these difierential equations as follows ; let 


u = 


a 


da ‘ da^ * 


dy 








SO that u and are linear expressions of the partial differential 
coefficients of y with respect to the arbitrary constants which it 
involves. The eight constants a, a^, a,, Ug? 
entirely arbitrary, for a certain relation must exist between these 
six quantities - etj/3, ogS, o/S, ~ afi, 
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® A ® A> which I will not investigate here. The following then 
are the general expressions which I have found for v, 



du 

d^f . eZy d^l^ 


dydy^^-^ df^^^ 
dx 


du^ d^u 
dx dx^ 
ill * 


— u. 


dx 


( d^u^ d\C\ d^u^ ^ d^ d^u \ 
dv, dy d^f dxV [di d7? dx dxV 

^ dx dy dy dy"'^ ( du^ du^ 

An identical equation holds between the six quantities a^|— aA 

, besides the relation which exists between them, 

and these quantities occur in 1 ^ 3 , v,, and v only in the form of ratios, 
so that they constitute in fact the three arbitrary constants which 
ought to appear. 


222 . The general theory when differential coefiScients of y of 
any order occur under the sign of integration may be deduced 
without difficulty from a remarkable property of a certain class of 
differential equations. These differential equations of the order 
have the form 




da? 


da? 


da? 


where , and A, A ^, ... are given functions of x. 


Now suppose y to be any integral of the equation Y=0, and 
put u = ty, then will the following expression be integrable, 

/r , . d.Ay . d\Ay' . . d\Ay”^\__^^rT 


d^Vt 

where , that is the expression is integrable without know- 
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ing t. Moreover the integral is of the same form as Y, only n 
most he diminished by 1 ; so that 



d.BJ' , . 

~dr~^ da? ^ 


’ 


d’*t 

where <"*’= -r-^ and B, 5,, ... might be expressed in terms of y 

(tX 

and the functions A and their differential coefficients. The proof 
of this proposition is not without difficulty. I have found the 
general expression of the functions B; but it is enough for the 

present question to shew that jyUdx can be put in the form indi- 
cated without there being any need of knowing the functions B 
themselves. 


223. The metaphysic of the results obtained (if I may use a 
French expression) depends nearly upon the following consider- 
ations. The first variation is known to take the form J FSy dx, 
where F= 0 is the equation to be integrated. The second variation 
then takes the form J S Vhy dx. If then the second variation is to 


be incapable of changing its sign, it must be incapable of vanish- 
ing; so that the equation SF=: 0, which is linear in Sy, must have 
no integral By which satisfies the conditions to which by the nature 
of the problem By is subjected. Thus we see that the equation 
SF=0 plays an important part in these investigations, and we soon 
perceive its connexion with the differential equations which must 
be integrated in order to obtain the criteria for maxima and minima. 
Also we easily see that a partial differential coefficient of y with 
respect to any constant which occurs in y as the solution of F= 0, 
will be a suitable value of By for satisfying the differential equation 
^ F=5 0. Thus the general expression for By as the integral of the 
equation S F= 0 will be a linear function of all the partial differ- 
ential coefficients of y with respect to the constants which it 
involves. 


224. The equation SF=0, of which we can thus find the 
complete integral^ can be put in the form of the above equation 
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I"«s 0, with By in the place of y. By means of the properties of 
equations of this kind, we can by repeated integration by parts 

transform the expression jsVSydx into another, which contains 

a perfect square under the integral sign ; we thus obtain the trans- 
formation of the second variation which was always desired. 

Take for example the integral considered already 


and let u and u^ have the meanings already assigned. S V can be 
put in the form 

and 8 V will = 0 when By =• u. Now put By = tiB'y ; then from the 
general theorem (Art. 222) we have 

jsVSydx=>JuSVS'ydx 

= «■» - /(^*'y + V <&• 

Denote the last integral by jv^S'y'dx; then the equation s= 0 

is satisfied when we put B'y—^j and therefore Sy . 

We can now continue the same method by putting 

so that by the same general theorem 


jvjydx^ I V, sydx 

-cs-yry -jdByydxi 


and this is the last transformation, in which the arbitrary variation 
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occurs under the integral sign only in the form of a square. And 
it is easily seen that 


and therefore 




Moreover — so that C has always the same sign as 

has, and this sign must be always positive for a minimum 

and always negative for a maximum. We must moreover examine 
whether S'y can become infinite within the limits of integration; 
this we can ascertain by our knowing the functions u and , and 
these we know as soon as the complete integral of the equation 
0 is given. 


225. Although the analysis just indicated requires a good 
knowledge of the Integral Calculus, yet the criteria thence obtained 
for determining whether a solution gives in general a maximum or 
minimum are very simple. I will consider the case in which we 
have under the integral sign y and its differential coefficients up to 
the and where the limiting values of a?, y, y\ y\ . . . are 
given. Now the 2n arbitrary constants which occur in integrating 
the differential equation of the (2«)^ order are to be determined by 
means of the given limiting values ; but as this involves the solution 
of equations there will be in general several systems of values for 
the arbitrary constants, so that several curves may be found which 
satisfy the same differential equation and the same limiting con- 
ditions. Let one of these systems be chosen, and let one limiting 
point be considered as fixed, and then let us pass from this point 
along the curve to following points. Now take one of these 
following points as the second limiting point ; then, as stated above, 
it may happen that through this and the first fixed point a second 
curve can also be drawn which satisfies the same differential 
equation as the first curve and has the same limiting values 
of y\y '\ ... y**”'*. As soon then as by passing along the curve 
we arrive at a point for which one of the other curves coincides with 
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it, or as we may say approaches indefinitely near to it, we have 
reached the boundary up to which or beyond which the integration 
must not extend if there is to be a maximum or a minimum ; but 
if the integration does not extend up to this boundary there will 

d^f 

be a maximum or minimum provided that retains the same 


sign between the limits. 


{dr? 


226. In order to illustrate this by an example I will consider 
the principle of least action in the elliptic motion of a planet. 

The integral considered in the principle of least action can never 
be a maximum as Lagrange believed ; it will not however always 
be a minimum, but certain conditions must hold with respect to the 
limits ; these conditions are given by the preceding general rule, 
and if they are not satisfied the integral will be neither a maximum 
nor a minimum. 

Suppose that the planet begins to move from a where a lies be- 
tween the perihelion and aphelion, and let the other limit be 6, 
(see fig. 7 ) ; let 2A be the major axis, / the sun; then we know 
that the other focus of the ellipse is obtained by the intersection of 
two circles described from the centres a and h with the radii 2A-^af 
and 2-4 — ^respectively. The two intersections of the circles give 
two solutions of the problem which can only coincide when the 
circles touch, that is when the line ah passes through the other 
focus. Thus if we draw the chord aa' through the focus f\ then 
by the general rule (Art. 225 ), the other limit h must fall between 
a and a! if the integral which occurs in the principle of least action 
is really to be a minimum for the ellipse. If h coincides with a! 
then the second variation of the integral cannot become negative, 
but it can become zero, so that the variation of the integral is then 
of the third order, and so may be either positive or negative. If 
h falls beyond a* then the second variation itself can become 
negative. 

If the starting point a is between the aphelion and the peri- 
helion then the extreme point a! is determined by the chord of the 
ellipse drawn from a through the sun/ (see figure 8). For if a and 
a! are the limits we can obtain an infinite number of solutions by the 
revolution of the ellipse round aa\ If then in the last case the 
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second limit falls beyond d there will be a curve of double curvature 
between the two given limits for which ^vds is less than it is for the 
ellipse. 


227. I will say a few words on the variation of double inte- 
grals ; the theory of this subject is susceptible of greater elegance 
than it has obtained even after the labours of Oauss and Poisson. 
In order to give an example of the way in which it seems to 
me proper to express the variation of a double integral, I will 
take the simplest case and consider y, q) dxdy where 

21 ss ^ , <7 =s ^ . Let w be the variation of z ; then will 
^ dx^ ^ dy 

S ///(ar, y, i) dxdy =jjdxdy + . 

Now the method employed in single integrals consists in this ; 
the expression under the integral sign is divided into two parts, one 
of wljich is multiplied by w and the other is the element of an inte- 
gral. The first must be put equal to zero under the sign of inte- 
gration if the variation is to vanish ; the second can be integrated 
and we make the integral vanish. So in like manner I divide the 
expression under the double integral sign into two parts, one of 
which is multipled by w and the other is the element of a double 
integral as follows ; let = aw and put 

dz^ dp dx dqdy ^ dxdy dy dx* 


« . . dw dw . 

Equate the terms m w, thus 


df M da^ ^dv dv 

S ^ dxdy dy dx^ dp~'^ dy^ 


^ dx^ 


hence 

dz dx dp dji^dq^ 

if this be put equal to zero we obtain the known partial differential 
equation, which is here deduced in a perfectly symmetrical manner. 
The function v must satisfy the equation 

df dv , dfdv 



JACOBI. 


253 


If we put -4 = 0, we have 

9) dxdy =jjdxdy g =jjdvdu, 

and this taken throughout the given limits must vanish. If z is 
given at the limits w is zero at the limits and therefore also ato^ 

that is, u; therefore jjdvdu is zero. If the values of z at the 

limits are entirely arbitrary v must vanish at the limits, or if v = 0 
represent the limiting curve the arbitrary functions which occur in 
the solution of -4 = 0 must be so determined that 
dfdvdfdv _ « 

dpdx^dq^~^’ 

228. To return to the maximum and minimum; it is to be 
regretted that so much confusion prevails in the use of these words. 
Sometimes an expression is said to be a maximum or minimum 
when all that is meant is that its variation vanishes, sometimes 
when it really is neither a maximum nor a minimum. Sometimes 
an expression is said to be a maximum when all that is meant is 
that it is not a minimum. Thus Poisson says in his treatise on 
Mechanics that the shortest line on a closed surface between two 
given points can be a maximum ; but it is obvious that by inde- 
finitely small inflexions we can increase the length of any such line 
however long. In fact the shortest line will only be really a 
minimum when the general condition laid down is fulfilled (Art. 
225) ; that is, when between the two limiting points of the curve 
two others cannot be found which can be joined by another such 
curve indefinitely close to the first. In other cases the shortest 
line is not indeed a maximum; it is neither a maximum nor a 
minimum. For surfaces which have at every point opposite cur- 
vatures I have demonstrated that the shortest line between any 
two points is really a minimum. 

[By the shortest line in the above paragraph is meant the line 
which is furnished by the ordinary rules of the Calculus of Varia- 
tions ; the investigation of it is given in most treatises on the sub- 
ject, but these treatises do not determine whether the line called 
the shortest line between two points really is the shortest line 
between those points. Such a. line is also called a geodetic curve!] 
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229. We now proceed to give an account of the commen- 
taries and developments which have arisen from Jacobi’s memoir. 

In the sixth volume of Liouville’s Journal of Mathematics, 
dated 1841, there is an article by V. A. Lebesgue entitled Memoir 
on a Formula of Vandermonde^ s and its application to the demon- 
stration of a Theorem of Jacobi^ s. It extends over pages 17 — 35 of 
the volume. It begins thus — The principal object of the following 
pages is in the first place to demonstrate the identical equation 

^dKA,{tyY^ 

both the summations are taken from /=0 to /=w; (#y)* denotes 
dHv dH 

and denotes y, t, ... denote any functions of 

x\ are functions ofy, A^, A^^...A^ and their differen- 

tial coefficients. In the second place we propose to find the law of 
the functions B^^ B^^...B^. 

The above words indicate the object of Lebesgue’s article. The 
investigations are rather complicated and difficult to follow ; they 
depend partly upon the knowledge of the condition of integrability 
of a function. 

230. In the same volume of Liouville’s Journal there is an 
article by C. Delaunay entitled Essay on the distinction between 
maxima and minima in questions which depend upon the Calculus of 
Variations. This essay is in fact a commentary upon Jacobi’s 
memoir ; it extends over pages 209 — 237 of the volume. 
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231. Delaunay first proves the theorem enunciated by Jacobi, 
which we have given in Art. 222 ; Delaunay’s proof is somewhat 
complicated but perfectly intelligible, and it does not assume a 
knowledge of the condition of integrahility of a function. It may be 
observed that the result obtained by Delaunay might be stated 
more distinctly than he has himself stated it. He really proves 
the following theorem ; whatever functions of x the symbols w, y, 
may denote, it is possible to take such 

functions of x that 


d-^A. 


2 ti- 


d'^uy 
' dx” 


d’"k 


dx” 


= 2 - 


dx' 


^ d-A 
+y«2 


d’^u 


dx” 


where the summations denoted by 2 relate to the letter m and 
extend from m = l to m=n both inclusive. Now add A„u*y to both 
sides of this identity, and suppose 


d’^A. 


Am' + m2 


d'^u 

'dx'"' 


dx'“ 


= K', 


then 


d'^A, 


d”'uy 


d'^h. 


d’^y 


Ayy+tu -.^r- ( 1 ). 


If now u be taken so that = 0 the right-hand member of this 
identity is immediately integrable, and by integrating we have 



Thus Delaunay first establishes the general identity (1) and 
then deduces (2) which is Jacobi’s theorem enunciated in Art. 222. 

This is in fact the same order of demonstration as that chosen 
by Lebesgue. Delaunay’s demonstration has been adopted in sub- 
stance by subsequent writers on the Calculus of Variations ; see the 
works of Jellett, Price, and Stegmann. 

It should be observed that in equation (2) since it has been 
obtained by an integration an arbitrary constant ought to be 
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explicitly added to the right-hand side or else supposed to be im 
plicitly involved on the left-hand side. 


232. Delaunay next proves that S V can be put in the form 
which Jacobi gives ; see Art. 224. Delaunay then investigates in 
full the terms of the second order in the variation for the two cases 
which Jacobi specially considers, namely 

and jf{x,y,y',y")dx. 


A mistake occurs in this part of Delaunay’s memoir which 
should be noticed ; it is on his page 222, and has passed from De- 
launay into other writers. We will here notice it in the form in 
which it appears in Mr Jellett’s work, since that will probably be 
most accessible to the reader. On page 95 of Mr Jellett’s work he 
has the following equation 



dx 


d.B, 


^ dx^ 
^x 


9 


and he says that any value of Sy which makes 8/8 = 0 will also 
make 



d 

da? 

dx 


vanish; the true inference ought to have been that any value oihy 
which makes 8/8 = 0 will make 


A 


dx 


dx 


equal to a constant. This constant will not be zero unless a rela- 
tion is established between the constants which are involved in the 
value of S'y. That is, in Mr Jellett’s notation the four constants 
(7j, Oj, Oj, O4 are not all arbitrary, for such a relation must exist 
among them as to satisfy his equation {d) and thus reduce them to 
three arbitrary constants ; and this should be the case since equa- 
tion (rf) is a differential equation of the third order. 

In fact Delaunay by this mistake omitted that part of Jacobi’s 
memoir which forms the latter part of Art. 221, in which Jacobi 
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intimates that his results will really involve no more arbitrary con- 
stants than they ought; whereas in Delaunay’s process there would 
be too many arbitrary constants. 

It is possible that the mistake may have been introduced 
through Jacobi’s statement given in Art. 224 that Fj « 0 is satis- 
fied when we put S y ^ ; but Jacobi has expressly said a little 

before that u and are to have the meanings already assigned, and 
when u and were introduced in Art. 221 it was stated that the 
constants occurring in them were subjected to certain relations. 

233. Delaunay next considers the case in which questions of 
relative maxima and minima are proposed. Mr Jellett says on page 
363 of his work with reference to this part of Delaunay’s memoir, 
“ the reasoning does not appear to me to be quite satisfactory, and 
the conclusion is far less perfect than in the case of absolute maxima 
and minima.” 

234. Delaunay examines foui* problems as examples of Jacobi’s 
criteria. 1. The shortest line between two points. 2. The brachis- 
tochrone. 3. The curve of given length which includes a given 
area. 4. The curve of given length which has its centre of gra- 
vity highest or lowest. 

235. Lastly Delaunay demonstrates the statements made by 
Jacobi respecting three differential equations given in Art. 221. It 
may be observed that Jacobi’s memoir involves two points. We 
have on the one hand Jacobi’s own method of exhibiting the 
criteria for the maxima or minima values of an integral; this is 
described by Jacobi in Art. 224, and it is explained by Delaunay 
in his pages 209 — 234. On the other hand since the method of 
Jacobi does solve the problem in question, it may be inferred that 
his method will really supply the solution of the complicated differ- 
ential equations on which Legendre had made the problem depend ; 
this is in fact what Jacobi states in Articles 220 and 221, and what 
Delaunay explains in his pages 234 — 237. It should be remarked 
that Delaunay here notices the relations which must exist among 
the constants, according to Jacobi’s observation at the end of Art. 
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221. The second point in Jacobi’s memoir will thus be seen to be- 
long rather to the subject of differential equations than to that 
of the Calculus of Variations. 


236. Delaunay’s memoir is interesting and valuable and de- 
serves especial attention as being the first which gave a demonstra- 
tion of the whole of Jacobi’s method. We have however not 
thought it necessary to reproduce the investigations because they 
have been substantially adopted by writers whose works are readily 
accessible; see Art. 231. 

237. In the Journal de VEcole Pol^technique, Cahier28, 1841, 
there is an article by M. J. Bertrand entitled, Demonstration of a 
theorem of M. Jacobi; the article extends over pages 276 — 283. 
The theorem in question is that given in Art. 222. Bertrand’s 
article was published in the same year as those of Lebesgue and 
Delaunay, but whether it preceded them both, or followed them 
both, or came between them, does not appear. The proof given by 
Bertrand depends upon a knowledge of the condition of integrability 
of a function ; the proof is valuable, and as it seems possible to pre- 
sent it in a clearer form than Bertrand has done, we shall exhibit it 
here with some modifications. 


238. Let « 2 > ••• denote any functions of x\ let y be 
any function of a?, and let y , y'\ ... denote the successive differ- 
ential coefficients of y with respect to x. Then a differential expres- 
sion of the following form we shall call a differential expression of 
Jacobi's form^ 


tfo + die* + 


da^ 




,(♦») 


dx^ 


and we shall denote this function of a?, y, and the differential co- 
efficients of by (y) ; and ^ (u) will denote what the expression 
becomes when y is changed to v. 

We shall now prove tlie following theorem ; let i; be a quantity 
such that vS{y) is an exact differential coefficient, then it is 
necessary and sufficient that v should satisfy the differential equa- 
tion <f> (v) = 0. 
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By saying that v<f){y) is an eocact differential coefficient we mean 
that vj> (y) will result from differentiating with respect to x some 
function of a?, y, and the differential coefficients of y, this function 
remaining unchanged in form whatever may be the value of y in 
terms of x. 

We have 

V(l> (y) := v(l> (y) -y<^ (v) + y0 (v). 


Now t^0(y) — y<^(v) is an exact differential coefficient, 
consider a pair of terms from this expression, for example 




For 


integrate by parts, and we obtain 

d^\v^^ ffdv dy , 

dx^-^ Jldx dx^-^ dx dxT^ 


The term still under the integral sign may be integrated again 
by parts ; and so on. Then after v integrations by parts we shall 
have under the integral sign 

^ ^ \ that 18 zero. 

Thus the pair of terms is shewn to be an exact differential 
coefficient by actually finding its integral. Similarly each pair of 
terms in v(f>{y) -y<^(y) is an exact differential coefficient, and there- 
fore v<l){y) — y0(v) is an exact differential coefficient. 

Since then v<f>{y) — y^(t;) +y^(y) is to be an exact differential 
coefficient, and v(f>{y) ’-y(f>{v) is such, y(f>{v) must either be an 
exact differential coefficient or must vanish. The former cannot be 
the case, since it is impossible that y<f> (v) can be obtained by differ- 
entiating with respect to x any function of y and its differential 
coefficients w^tever y may be ; we must therefore have ^(t?) *= 0. 


239. We shall now prove the converse of the preceding theo- 
rem, namely the following ; if any linear differential expression of 
an even order has the property that it is made an exact differential 
coefficient when multiplied by any one of the quantities which 
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make the differential expression vanish, and by no other mul- 
tiplier, that differential expression ean be put in Jaeobi’s form. 

The proof of this theorem is somewhat indireet. We first ex- 
amine the nature of the conditions which must be satisfied in order 
that a linear differential expression of an even order may be capable 
of being put in Jacobi’s form. 

If we develope the expression which we have denoted by ^(y), 
we obtain for it 


^^da^d^'y . fn{n-l)d*a, 

\ 1.2.3 ^ dx) 


The chief point to be observed here is that the coefficient 
does not occur until we arrive at the term , and then it does 
occur in the simple form a^. 

Now let any linear differential expression of the order indicated 
by 2n be denoted thus, 

d^'^y d^'^y dy 


in order that this differential expression may take Jacobi’s 
form the coefficients must agree with those in the developed 
form of ^(y). This requires that we should be able to find 
«n> ••• «o> so as to satisfy the following equations; 

dCLmt 


n(n— 1) 

1.2 ^ 




w(n-l)(n-2) ^ 

1.2.3 dx’ ^ ' dx 


It will not be necessary for us to do more with respect to these 
equations than to observe the following two points. The first, 
third, fifth,... of these equations will determine successively a^, 
«n-i> «»-t> ••• whatever the coefficients Ct„, Cin-4, ... c„ 
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may be ; and they assign a single definite value to each of the 
coefficients ... The second, fourth, sixth, ... of these 

equations will then give relations involving c,^,, c,^, ... c,, Cp 
which these coefficients must fulfil in order that it may be possible 
for the proposed differential expression to take Jacobi's form. 

Now let the differential expression which is under consideration 
be denoted by and let us examine the nature of the con- 
ditions which must be satisfied in order that V‘^{y) may be an 
exact differential coefficient when v is such that y/r(v) = 0 and only 
then. 


In order that v'^(y) may be an exact differential coefficient it is 
necessary and sufficient that 




dx^ 


— :=i r 


da^-^ 


dCyV 

dx 


+ CJO 0 . 


This follows from the known condition for the integrahility of a 
function which will be given hereafter in this work. It may also be 
deduced from a known theorem in the differential calculus, namely 


d^y d^yz 
dad dad 



r (r - 1) 
1 .2 


dn ( d^z\ 
dan da?) 


+ (-!)’> 


da?' 


Put V for z and use this theorem to transform every term 
in vy^iy); thus we shall find that vyjr{y) consists of a series of 
terms each of which is an exact differential coefficient together with 
the term Cy, where 


^-~d^ da?^ 


dc^v 

dx 


+ c^v. 


Therefore vy^(y) cannot be an exact differential coefficient 
unless (7=:0. 


Or we may obtain the result still more simply thus. Integrate 
by parts the terms o{vy^(y) as much as possible; thus we shall 
find 


Jvylr(y)dx^ JS+J Cydxy 


where 8 represents a series of terms free from the integral sign. 
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Hence, as before, v^(y) cannot be an exact differential coefficient 
unless (7=;0. 

Now by hypothesis the values of v which make (7=0 must be 
those, and those only, which make '^(t;) = 0; and therefore the 
differential equation (7=0 must be identical with the differential 
equation y[r(v) =» 0. Hence comparing the coefficients of the various 
differential coefficients of v we must have the following relations 
satisfied, 


2n(2n--l) 

1 . 2 dx^ 


“ (2n — 1) 


<fcan-i 

dx 


"i“ ^9n-2 — ^an-.2> 


2«(2n-l) (2n-2) d’c^ (2n-l) (2»-2) dc^ 

1.2.3 da? r:2 

~ ^Sn_8» 


It will not be necessary for us to do more with respect to these 
equations than to observe the following two points. The second, 
fourth, sixth, ... of these equations will deteimine successively 
<W4> <Wj> ... c,. c,, in terms of c*,, ... c„ c„; and 

they assign a single definite value to each of the coefficients 
Cnu-n ... c,, c,. The first, third, fifth, ... of these 

equations will then give relations which these quantities must 
satisfy, and by substituting the values of these quantities the re- 
lations will only involve the coefficients with the even suffixes. It 
is however certain that these relations will then be identicaUy 
satisfied; because if they were not it would follow that some 
necessary conditions must hold among the coefficients with even 
suffixes in order that v^(y) may be an exact differential coefficient 
when V satisfies •^(u) = 0 and only then. But this is impossible; 
because by the former part of the present article we know that 
whatever the coefficients with even suffixes may be, if the others are 
properly determined, ^{y) will take Jacobi’s form, and there- 
fore tr^(y) be an exact differential coefficient when v satisfies 
•^ (») = 0 and only then. 
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Hence we infer that exactly the same conditions must hold 
whether we require that vy^{y) should be an exact differential 
coefficient when yjr{v) =0 and only then, or whether we require 
that should be capable of being put in Jacobi’s form. For 
we have proved in tlie preceding article that when the second of 
these properties subsists the first follows ; and we have proved in 
the present article that to ensure either the first or the second pro- 
perty, each coefficient with an odd suffix must have a single 
definite value in terms of the coefficients with even suffixes which 
are themselves arbitrary. 

Thus we have proved, as we proposed, the converse of the 
theorem proved in the preceding article. 

240, We shall now prove Jacobi’s theorem given in Art. 222. 

Let <f> {ty) denote what ^ (y) becomes when ty is put for y ; and 
let Y denote y<l>{ty) — ty<f>(y). Then Y is an exact differential 
coefficient whatever y may be; this may be shewn in the same 
manner as that in which it is proved in Art. 238, that 
v(l> (y) — y0 {v) is an exact differential coefficient. Let Z stand for 
tlie integral of Y and let k be an arbitrary constant. 

Suppose ^ to be a quantity such that ^ {Z— k) is an exact 
differential coefficient. We have 

^z{Z-k)-jzYdx\ 

thus if ^ {Z—k) is an exact differential coefficient is so also. 
But 

zY^^yz {<l>ity)-t(f>[y)], 

and ^{ty) '-t<l>{y) is of Jacobi’s form with respect to u and its 
differential coefficients, where u = ty. Hence, by Art. 238, if « F is 
an exact differential coefficient, yz must be one of the values of u 

u p dz d [u\ 

found from --^(y) = 0, say ya = M,; therefore ^ = ^ (^-j . 
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Thus the multiplier of Z— k which will make the product an exact 

d 

differential coefficient is a quantity of which the type is ^ 



We must now indicate some properties of the expression -Z'— A. 
It will be seen on examination that Y does not contain t itself but 
only the differential coefficients of t\ this will also be the case 
with which is the integral of Y. 

For suppose the differential expression Y when arranged ac- 
cording to differential coefficients of t to take the form 


A , A . A 




then if Z contained t at all it could be only by reason of the term 

dZ 

Aj, entering into Z\ and then ^ or F would contain the term 
i . And is a function of y which is at present quite 


arbitrary, so that cannot be zero. Thus as F does not con- 
tain t but only its differential coefficients, it follows that Z does not 
contain t but only its differential coefficients. 


We may shew that Z does not contain t in another way. If 
we integrate each pair of terms in F in the maimer given in Art. 
238, we find that Z consists of pairs of terms of which the type is 

/_ ly ® _ d\ty) 

' ' \daf diT* daf daT* j ’ 

and on effecting the differentiations we see that t does not occur in 
this expression but only differential coefficients of t. 


If then we put t for ^ the expression Z— i will be a differ- 
ential expression of the order 2» — 2 with respect to t and its differ- 
ential coefficients. And the solutions of Z — & 0 can only be such 
(][uantities as render Z constant and therefore Y zero ; that is, the 

values of t must-be those of which the type is ^ . 
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Thus Z— Jk is a differential expression such that any multiplier 
of it which renders the product an exact differential coefficient must 
be a solution of Z— * = 0. Hence, by Art. 239, this differential 
expression must be capable of being put in Jacobi’s form ; that is, 
omitting the arbitraiy constant, the integral of is 

of the form 






If now we suppose y such that ^(y) « 0, we have the integral 
of y^{ty) assuming the above form. This is the theorem enunciated 
in Art. 222. 


241. A remark may be added to obviate a possible miscon- 
ception of part of the preceding article. The equation Fs= 0 is of 
the order 2n — 1 in t and its differential coefficients ; thus the 
general solution of it will involve 2n — 1 arbitrary constants. This 


general solution would make Z constant since it makes 


dx 


= 0; 


therefore in order that Z^h may be zero a relation must bold 
among the 2n — 1 arbitrary constants. Thus in effect we have 
only 2n — 2 arbitrary constants in the solution of Z^h^^^ as of 
course should be the case. Particular solutions of i = 0 will 
then be obtained by giving particular values to any or all of these 
arbitrary constants. 


242. More than ten years elapsed before another commentator 
upon Jacobi’s memoir appeared. We have next to consider a 
memoir published by Professor G. Mainardi in the third volume 
of Tortolini’s Annali di Scienze Mathematiche e Fmchey 1852. 
This memoir is entitled Researches on the Calculus of Variations; 
it occupies pages 149 — 192 of the volume, and there is an appendix 
which occupies pages 379 — 383. 

248. Mainardi begins by referring to what had been done by 
Poisson, Ostrogradsky, Cauchy, Sairus, Jacobi, Bertrand, Lebesgue 
and Delaunay; he intimates that the propositions of Jacobi require 
yet to be more completely developed, and he says that with respect 
to the criteria which distinguish a maximum from a minimum in 
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the case of multiple integrals he believes nothing had been added 
to the remarks of Legendre and Lagrange. 


244. Mainardi’s memoir is divided into five sections. The 
first section occupies pages 149 — 153; this section contains some 
illustrations of the method which was used by John and James 
Bemouilli in solving isoperimetrical problems. Poisson in his 
memoir had referred to this old method, see Arts. 88 and 97 ; and 
Mainardi intimates that he will hereafter publish his researches on 
the comparison of the old and modern methods. He confines him- 
self in this section to shewing how the old method could be made 
to give the terms relative to the Ixmiia in the case of a single inte- 
gral, and how it could be made to give the variation of a double 
integral. 


245. The second section occupies pages 154 — 171. Mainardi 
says that in this section he proposes a new method for distinguish- 
ing between the maxima and minima values of integrals. Speaking 
generally this method may be described as Legendre’s improved 
by some additions borrowed from Jacobi. Mainardi considers suc- 
cessively six cases. (1) A single integral involving cc, y, and ^ . 

(2) A single integral involving x, y, ^ , and ^ . (3) A single 

integral involving a, y, ^ ^ , and ^ . (4) A double integral 


d^ dz 

involving x, double integral involving 

% I’ S’ ^ 

particular case in which the double integral involves only a?, y, z, 
£’ I’ ^ integral involving ar, y,z,^, 

dz 

and Of these cases (1) and (4) may be considered to be com- 


pletely investigated, (2) and (3) nearly completely, and the others 
only imperfectly. We shall presently give a more detailed account 
of some of these cases. 
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246. In his third section Mainardi gives an investigation of 
Jacobi’s theorem enunciated in Art. 222, using, as he says, Bertrand 
for his guide. This investigation extends over pages 172 — 179, 
and then Mainardi indicates briefly the application of the theorem 
to the Calculus of Variations. Mainardi’s proof does not seem so 
good as Bertrand’s; the principal difference consists in replacing 
the indirect reasoning of Art. 239 by direct reasoning. But a 
student who had not read Bertrand’s proof would find one point of 
Mainardi’s unsatisfactory. For on comparing, as we have done on 
page 262, the coeflScients of the various differential coefficients of v, 
Mainardi only writes down what we have called the second, fourth, 

sixth, equations ; and he says briefly that these include the 

others; see his page 177 at the top. This amounts to omitting 
one of the most difficult points in the investigation. 

247. In his fourth section Mainardi applies Jacobi’s method to 
a double integral ; this section extends over pages 183 — 185. There 
is no difficulty in his first case where differential coefficients of the 
first order only occur; but in his second case where differential 
coefficients of the second order occur Mainardi himself intimates at 
the end of the section that he has accomplished very little. 

248. The fifth section extends over pages 185 — 192. In this 
section Mainardi says that he will collect some applications of the 
Calculus of Variations which afford ground for some remarks ; 
accordingly he discusses four examples. (1) He gives a theorem 
on geodetic curves; this -amounts to finding the first integral of 
the equation which determines such a curve for a large class of 
surfaces. (2) He speaks of Gauss’s theory of capillary attraction 
as affording one of the finest modem applications of the Calculus 
of Variations ; but he thinks that the investigation given by Gauss 
admits of great simplification. Accordingly Mainardi gives an 
investigation of the variation of the function which Gauss con* 
sidered ; see Art. 71. Mainardi’s investigation is far shorter than that 
of Gauss, but it would not be very easy to follow unless the 
student had previously read Poisson’s memoir or some equivalent 
method. (3) Mainardi forms the equation furnished by the Cal- 
culus of Variations for the form of a flexible surface which is 
in equilibrium under the action of gravity ; this problem will be 
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found in Mr Jellett’s Caloulua of Variations^ page 32<5. (4) Mai- 
nardi says that Steiner found by a geometrical method an elegant 
property of the polygon of given perimeter which can be drawn on 
a given surface so as to have a maximum area. Mainardi infers 
from the Calculus of Variations that when such a polygon is to 
be inscribed in a given polygon, the two arcs of the required 
polygon which meet on a side of the given polygon will there make 
equal angles with that side. Mainardi gives no reference; a 
memoir by Steiner will however be found in the sixth volume of 
Liouville’s Journal of Mathematics. Steiner’s enunciation of his 
theorem occurs on page 168, and the enunciation is more explicit 
than Mainardi’s, namely, the two arcs which form a part of the 
inscribed figure, and meet on the same side of the given figure, 
either cut it in one point at equal angles or else touch it in two 
points. 

249. We have thus given an outline of the whole memoir, 
and we shall now return to the second section of it and examine 
more particularly the method proposed by Mainardi for distinguish- 
ing between maxima and minima values. The second section con- 
stitutes in fact the most important part of the memoir, and although 
it will be seen that the investigations are incomplete, they are not 
without interest and value. The appendix to the memoir is de- 
voted to the elucidation of part of the second section, and we shall 
presently have occasion to refer to it. We may remark that the 
whole memoir is difficult, and that it is disfigured by extreme 
inaccuracy of printing. 

250. We will first give Mainardi’s method for distinguishing 
a maximum from a minimum in the case of a single integral in- 
volving a?,y, and ^ . 

Let jF(x,yff)dx denote the integral which is to be a 

maximum or minimum. Change y into y + ico, where i is sup- 
posed to be an indefinitely small constant quantity and co an arbi- 
trary function of ». Then expand the new value of F(x, y, y') 
in a series proceeding according to ascending powers of t; thus 



MAINARDI. 


269 


the new value of the integral, that is Jf (x, y + y' + w') dx, 
is equal to 

J^(®. y, yO <&+/»♦+ /, ^ + 


where the terms not expressed involve powers of i higher than the 
second; and 



The expression I^i constitutes the variation to the first order of 
the proposed integral ; this must vanish, and thus hj the usual 
method we arrive at the equation 


dF d dF ^ 
dy ^ dy ' "" 


( 1 ). 


From this equation we must suppose y to be found in terms 
of aj, and when this value of y is used, let 



d^F 


dydy' 


7 = 


d^F 

dy'^ 




We have then to examine the sign of 
4- + Cw^) dx. 


Now assume that we have identically 

H- 2B(o<o 4* Clw'* = (itfcs*)' + ao)* 4 2b(ox 4* co'* ; 
then we must have 

a + b + M^B, c^C ( 2 ). 

We have thus three equations involving the fiur unknown 
quantities , a, \ c, if, so that we are at liberty to make one more 
supposition respecting them ; it is found convenient to introduce 
another quantity and to make two more suppositions* 

Let 6 denote this new quantily, and suppose 
a04-i^«O, and i54-c^«0 


( 3 ); 
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thus (2) and (3) supply five equations for determining five quan- 
tities. 

From the first two equations of (2) combined with (3) we 


obtain 

B0+Cff^Me, (4); 

hence 

A0-{-B0'^{B0+ (7^7=0 (5). 


From this difierential equation 0 must be determined, and then 
from the first of equations (4) we have 

M==liBe+ C0'); 


then from equations (2) we must obtain a and b ; also it appears 
from (3) that ac = J*, so that 

UG)* + 2Jg)G)' + = C ft) ^ . 


Also c — G] thus finally 

J (Aft)* + 2£fi)ft)' 4* (7ft)'*) dx = JItfft )* +Jc ^ft)' + ^ 


where M has the value just assigned. 

Hence if O retains constantly the same sign between the 
limits of the integration, and Ma>^ either vanishes at the limits 
or gives rise to a result of the same sign as (7, we have in 
general a maximum or a minimum according as the sign of C is 
negative or positive. 


It may be observed that 


h 

0" C ■" “5- 


261. The above article contains all that is peculiar to Mai- 
nardi, for the differential equation (6) is solved, with the assistance 
of Jacobi, in the following manner; see Art. 221. Let the value 
of y found from (1) be denoted by /(a?, 7^, 7,), where 7^ and 7, 
are arbitrary constants; then we shall have 


where and are new arbitrary constants ; this we shall now 
prove. 


Tlie expression /, is the coefficient of t in the expansion of 
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the varied value of the proposed integral j-F(x, y, y') dx, and 7 , 


is the coefficient of - in the same expansion. 


We may also say 

that is the coefficient of t in the expansion of the varied value of 
; that is, if in we change y into y + iVo, and expand in a series 
proceeding according to ascending powers of f, the term involving 
i will be found to be /jf. Now if the limiting values of y are fixed, 
/j will vanish whatever may be the values ascribed to the constants 
7j and 7^, so that will also vanish when 7j is changed into 
7a + • Thus vanishes when 

2^=/(a>, 7i. 7a). 

and also vanishes when y receives the increment 

where 87, and 87, are indefinitely small ; that is, iT, vanishes when 

and S7j and 87, are indefinitely small. 

Now we may modify the form of and of by integration by 
parts, and thus obtain 

dF 




/a = 


dy' 

I d^F 


Kdydy'^^ 

^/f 


[fdF d dF\ , 
d^F A 
. d'F 


®+ 


d (d^F d*F A) , 
dy dy’ ^ dx \dy dy' ^ ^ dy"* ® jj ® 


And, as before, if in we change y into y + ita the term involv- 
ing i in the expansion of the new value of will be Hence 
we infer that the coefficient of © under the integral sign in will 

vanish when fco = ^ 874 + ^ 87^ . 

^ 7 i ^^9 

But the coefficient of g> under the integral sign in the last form 
of Jg is a linear differential expression of the second order in o), 
and so the general form of the value of ta which makes this 
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coefficient vanish must be where /3, and /9, are arbitrary 

constants and and are functions of x. Hence we infer that 
the value of a> which makes the coefficient of o> under the integral 
sign in the last form of vanish, must be 

Thus the value of is to bo found in the manner already stated. 

252. The solution of the differential equation (5) of Art. 250 
does in fact constitute one of the most important parts of Jacobi’s 
theory. We have here had occasion to use it in only a simple case, 
namely that in which equation (5) of Art. 250 is of the second 
order; the method however is perfectly general whatever be the 
order of the equation analogous to (5), and we shall have to apply 
it again. The general process is as follows. With the usual nota- 
tion the terms of the first order in the variation of an integral will 
take the form jViy dx^ excluding the integrated terms. The terms 
of the second order, with the same exclusion, will take the form 


IfsVSydx, 


where 


Now suppose that the solution of the equation F’= 0 is 
y=/(®.7„7.. — 

where 7,, 7 ,, ... are arbitrary constants. If this value of y be sub- 
stituted in V the result will be identically zero, so that we may 
differentiate V with respect to any of the arbitrary constants which 

occur in /, and the result will still be zero. Let ^ then by 

differentiating V with respect to we obtain 

dV ^dV .dV „ . 

„ +...=0. 

This shews that is satisfied hj % = and therefore it 

will be satisfied by where y8 is an arbitrary constant. 

Hence the general solution of Fb 0 will be 
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253. Next let the proposed integral which is to be a maxi- 
mum or a minimum, involve a?, ^ and ^ . 

Let fF{xy y^y\ y*') dx denote this integral, change as before y 
into y + tb), and expand the new value of F{Xy y, y\ y") in a series 
proceeding according to ascending powers of i ; then the new value 
of the integral may be denoted by 

y, y, y") tfoj + /j* + J, ^ + 

where + _ a, +^,« 

y [/d*F , , d'F „ , d*F ^ d*F , 

Then as usual must vanish ; this leads to the equation 

dF_^^ d^ dF_ . 

dy dxdy' da? dy" ' *’ 

From this equation we must suppose y to be found in terms of 
X, and when this value of y is used let 

d'F_ . rf’F _ „ d*F_ „ 
dy«“^’ dydy'-^' dy’'~^' 

d*F _ ^ d^F „ d'F 
dy'"-"*' dydy"-^^ WW~ 

We have then to examine the sign of 

j(Aw* + 2B<o<o’ + Ca* + Gx"* + 2Htm" + UKa'a") dx. 

Now assume that the expression under the integral sign is iden- 
tically equal to 

(Jf®* + 2N®w' + P®'‘)' 

+ a®* + 2i®®' + ex'* + y®"* + 2A®®" + iJea'a " ; 
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then we must have 

b + M+N' = B, c + 2-?7+P'= (7, | 

k + N = A; + P=iir,| 

We have thus six equations involving the nine unknown quan- 
tities M, Ny P, a, b, c, gy A, hy so that we are at liberty to make 
three more suppositions respecting them ; it is found convenient to 
introduce another quantity and to make four more suppositions. 
Let 0 denote this new quantity and suppose 

gff^Jthff + hd^Oy A^' + c^+i0 = O, + + = 

also suppose c =0 (4) . 

9 

Thus (2), (3) and (4) supply ten equations for determining ten 
quantities. 

From the equations (2) combined with (3) we obtain 

G0”^Ke^ + ne^Nd + pffy 

Kff' + cff ^Be^M0+ Nff + [Nd + pey\ 

Ilff^ + Bff + A0= (M0 + My J 

Hence, 

Hff^+Bff+A0 - {Kff’+ Gff+Bdy+ ( Gff^ + K0^ + EOy = 0. .. (6). 

From this differential equation 0 must be determined, and then 
from equations (2), (3) and (4) the rest of the unknown quantities 
must be found. 

A* 

Also since c = 0, we have 

9 

cw? + ib(0(o + Cft)'* 4- g<si'^ + 2Aei)fi)" + 2A:a)'ci)" 

/ „ . kto’ 4“ a . A AM r 

'n“ ■'*(*- 7 )“"' 

but by eliminating ff' from equations (3) we obtain 

(i* - gc) & + (AA - iy) 0 = 0, {Kk -hg)ff + (A* -ag) 6 = 0, 
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so that since 0, we have also AA — Jjr = 0, and 0, 

Therefore 

a©* + 2bci)a> + c©'* 4- + 2A©© ' + 2^*©'©" 




i©' + A©y 
9 / ' 


Also g= Gi thus finally, 

J (Aa>^ + 2Bom' + Co>'^+ Om"* + 2Haa'' + 2^«'a>'’) dx 


= jif«» + 2^-w +Po>'*+ jo x" + 


Hence if (? retains constantly the same sign between the limits 
of the integration, and the integrated part either vanishes or gives 
rise to a result of the same sign as f?, we have in general a maxi- 
mum or a minimum according as the sign of G is negative or 
positive. 


254. It remains to shew how to determine the auxiliary quan- 
tities a, hj c, h, h, Mf P, 6 which are introduced in the preceding 
article; for if they are not determined we shall not be able to 
ascertain whether they remain finite or not between the limits of 
the integration. The value of 0 is determined as before ; see Arts. 
251 and 252, If we represent the solution of (1) by 


y=/{®.7..7,. 7„7«) 

where 7^, 7,, 73, % are arbitrary constants, we shall have 




j:. 

dy^ 


where jS,, /Sg, are new arbitrary constants. 

It is with respect to the methods which he proposes for 
determining the remaining auxiliary quantities that Mainardi’s 
investigations are the least satisfactory. He proposes in fact three 
methods for this purpose. 

(1) He intimates obscurely that h and k may be determined 
thus ; let be a quantity found like 0 from the differential equation 
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(6) of the preceding article, so that 0 is of the same form as 6 but 
has other arbitrary constants instead of^S^, /Sj and then 
h and k will be determined by the equations 

Off^ + ]cff + Afl = 0, = 0 (7). 

Mainardi seems to intimate that if h and k be thus determined 
and then the remaining auxiliary quantities deduced from such of the 
equations (2), (3), (4) as may be convenient, the remainder of these 
equations will be satisfied. See his page 157 at the bottom. 

(2) Mainardi however seems to allow that the statements just 
made require to be proved ; and accordingly he proceeds to verify 
them. With respect to this verification we may observe that it is 
really a long process, and in consequence of it Mainardi’s method 
loses the apparent simplicity which constitutes its chief recom- 
mendation. Moreover in this verification, on the sixth line of his 
page 168 the right-hand member of his equation should be a con- 
stant and not zero as he gives it ; this in fact is the same mistake 
as we have already indicated in Art. 232. Thus h and k cannot 
be found as Mainardi intimates from equations (7) where the four 
constants in <\> and the four constants in 6 are all arbitrary ; there 
must be a relation between these constants. 

(3) Mainardi returns to the point in the appendix and offers 
another reason for the statement that h and k are to be found from 
equations (7). He says the equations (2) of Art. 253 really ex- 
press the conditions that must hold in order that 

(A-a) a>*4-2 (^-5) (O-c) {G ^g) 

+ 2 (if- h) 0 ) 0 )" + 2 (iT- k) o)'o)" 

may be an exact differential coefficient. Now when 6 is found 
from equation (6), he says that 

Ae^ + 2B0ff + Gff^ + + 2Keff' 

is an exact differential coefficient, and 

afl* + 2 + cff^ + gff'* + 2h0ff' + 2kffff' 

vanishes. Thus 

(A - a) 0)* + 2 (5 - 6) 0 ) 0 )' + ( a- c)..o)'» + ( o)"* 

+ 2 (if- h) 0)0)" + 2 (ir- k) o)'o)" 
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is an exact differential coefficient when © = and when w = 
and therefore the equations (2) must be satisfied when h and h and 
the remainder of the auxiliary quantities are found in the way pro- 
posed. This however is quite unsound ; the equations (2) express 
the conditions that [A —a) w* + 2 {B’-h) ... should be an exact 

differential coefficient whatever to may be, and to say that this ex- 
pression is integrable when 6)=d or =0 is very different from saying 
that it is an exact differential coefficient whatever may be. 


255. The student of the original memoir will see that we 
have not kept to the original notation ; that notation is singularly 
perplexing and the language inaccurate. We will indicate one 

example of the latter; Mainardi has a term fc — ^ F, and this 


term vanishes by virtue of the relation c - = 0 which he esta- 

blishes ; but instead of saying that the term vanishes he says that 
0, which is not the case. This inaccuracy occurs repeatedly. 


256. We will now indicate the method which Mainardi gives 
for distinguishing a maximum from a minimum in the case of a 
double integral which involves differential coefficients to the first 
order only. 


Let denote the double integral which 

is to be a maximum or a minimum, where z' stands for ^ and 

for ^ . Change z into z + ia> where i is supposed to be an 

indefinitely small constant quantity and w an arbitraiy function of 
X and y. Then expand the new value of F{x, y, z\ z) in a series 
proceeding according to ascending powers of i ; thus the new value 
of the double integral is 


jjF(x, y, z, z', z) dxdy-\rl,i + j + 

where -f. = //( J ® ^ ^ 
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Hit 


d*F „ ^ d*F . ^ d*F 

-7 -s-«d*+ 2 t — r7“® +2-5—7—®®, 

<fo» ^ dzds' ^ dzdx, ‘ 


. j 


dz' dz 


dzr-y 


The expression must vanish, and thus in the usual way we 
arrive at the equation 


dF d dF d dF 
dz dx dz* dy dz^ 


( 1 ). 


From this equation we must suppose z to be found in terms of 
X and y, and when this value of z is used let 

d^F 


d'F_ . » 

’ dzdz^^^^ 


dzdz 




S}F_ ^ JT 

dz*^^^^ dITzr ' d^^ 


We have then to examine the sign of 

JJ (A<o^ + 2Ba)<o* + 2 C<t)(o^ + Gd}^ + 2lIa>*oi}^ -h dxdy. 

Now assume that the expression under the integral sign is 
identically equal to 

(Mdfy + + aa>* + 2hd}a> + 2cfi>G>^ + Ga>*^ + 2H(o<o^ + Kd)f ; 

then we must have 


a + lf'+iV; = ^, c + N^G (2). 

We have thus three equations involving the jive unknown quan- 
tities a, J, c, N, so that we are at liberty to make two more 
suppositions respecting them ; it is found convenient to introduce 
another quantity and to make three more suppositions. 

Let 0 be this new quantity and suppose that 

G0*-hlI0^ + b0^O^ 

H0* + K0^ + b0^O I 
hF + c0^ + Q0 = 0 j 


( 3 ). 
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From (2) and (3) we obtain 

H&^Ke^^ce^m [ (4); 

B& + ce, +A0= (M0y + (my I 

hence 

B0' +C0, + A0^( Gff + H0^ + B0y - (Hff + K0^ + C0),^O (5). 

From this partial differential equation 0 must be found ; then 
from the first and second of equations (4) we obtain M and N, 
namely, 

M=l{G0’ + Ee, + m), JV= J (Ed' + K0, + C &) ; 

and from equations (3) we obtain «, 5, and c. Now we have 
ao)® + 2^6)6)' + 2cG)a)^ + G<a^ + 2H(0(o^ + 

^ 7/a)^ + SwV 

-®("+— «— j 

/„ nsr , Oc-m V 

. f b' (Gc-Ebf ] . 

■•■r G GiKG-E‘)\"'’ 

and the coefficient of in the last line vanishes, as we shall find 
0 ' 0 

by eliminating ^ and ^ from equations (3), 


Hence, finally, we obtain 


JJ (Ao)* + 2B(o<o' + 2 Ccjo), + (7©'® + 2Hw(o^ + -Kw ®) dxdy 


■//{(• 


Gd'+Ed,+Be ^ ^ Ed’+K0, + cd 


I dxdy 


The expression in the first of these two lines really involves 
only a single integral ; the expression in the second line is a double 
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integral. In order to ensure that this double integral shall retain 

m 

the same sign whatever oi may be we must have and O of 

the same sign; that is, OK-H* must be positive. Then if 
OK— IP is constantly positive throughout the limits of the inte- 
gration we shall in general have a maximum if be constantly 
negative, and a minimum U O he constantly positive. These results 
agree with those obtained in Art. 213. 


257. A value of 0 which will satisfy equation (5) of the pre- 
ceding article may be obtained in the manner explained in Art. 
251. Suppose, for example, a solution of (1) obtained which in- 
volves two arbitrary constants, and denote it by 

* =/(«. y. 7„ 7.). 


where y, and 7, are the two arbitrary constants ; then the partial 
differential equation (5) will be satisfied hy 










where and are arbitrary constants. 


258. Thus it will be seen that the investigation given by 
Mainardi of the question discussed in the preceding two articles 
may be considered complete, because the values of the auxiliary 
quantities introduced can be really found. But the investigation 
is not preferable to another which Mainardi gives and which exactly 
follows the method given by Jacobi for a single integral. With 
this other investigation we will close our account of Mainardi’s 
memoir. We will suppose, as is usual in discussing Jacobi’s 


method, that the limiting values of z. 


dz 3 dz 

^ and ^ are given so that 


the quantities a>, and vanish at the limits. With this sup- 
position it will be found that the expression in Art. 256 of which 
the sign is to be examined may be written thus. 


-h -Bo)' + Cw^ — (Bay + G<o* + H<oy — ( (7g) + H<d -f todxdy. 
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We may prove this by integrating 
jj(B<o -h Gw* -i- Htoywdxdy and jj{Gw + irw* + Kwywdxdy 


each once by parts, and then we shall obtain the same expression 
as we used in Art. 256. Or we may modify the form of and 
then deduce that of in the manner explained in Art. 251. 

Let a stand for A — — 0, ; then the expression of which the 

sign is to be examined may be written 


iih -((?»' + Sio,y - {HJ + Jra>,),| o>dxdy. 


Let 6 be such a quantity that 

ae Hoy - {H0* + Key = o, 

and assume w = u0. The above double integral becomes 

{aue-(Gu'0+Gue' + Hu,e+Eu0,y 

— {Hu'0 + Hu0' + Ku,0 + u0dxdy ; 

and this on reduction will be found equal to 

- jj|[( + Hu) + [{,Hu' + Ku) ^ j udxdy. 


//{“ 


Integrate by parts and omit the terms which vanish at the 
limits ; thus this double integral becomes 


that is, 


ll^(Gu' + Hu) 



0‘u' + {Hu' + Ku) dxdy, 
2Hu'u, + 0‘dxdy. 


Hence, finally, we have in general a maximum if OK-^IP is 
positive and G negative throughout the limits of the integrations, 
and a minimum if GK-^IP is positive and G positive. 

The quantity 0 may be determined in the manner explained in 
Art. 257. 



282 


COMMENTATORS ON JACOBI. 


259. In the volume of Tortolini’s Mathematical Journal which 
contains Mainardi’s memoir there is a short article on our subject 
by Professor F. Brioschi. It is entitled, On a theorem of Jacohi's 
relative to the criteria for distinguishing the maxima from the mi^ 
nima values of integrals. The article occupies pages 322 — 326 of 
the volume. 

Brioschi refers to Mainardi’s method for distinguishing maxima 
from minima values, and he says this method is complicated, by 
the admission of Mainardi himself. Brioschi then says he will 
briefly indicate criteria for solving the problem proposed. Thus 
the title of the article does not give a correct idea of its con- 
tents; for there seems to be no reference to Jacobi’s theorem, 
but instead of that a new method is proposed. 

260. Brioschi does not demonstrate the theorems he enun- 
ciates ; the theorems themselves are enunciated in the language of 
determinants. The following example will give some idea of the 
object of the article. 

Consider the expression 

4 * 4 * C(o*^ 4 " 4 " 4 " 2 Cr(oto* ; 

this expression can be put in the form 

G 4- 4- a (ft)' 4- 4- 7G)*, 

where a, /8, 7 are certain functions oi Ay B, ... G\ we have in 
fact indicated the values of a, ^S, 7 in Art, 256. The use of such 
a transformation is that we can thus see what conditions must 
hold in order that the original expression may be incapable of 
changing its sign; if a, 7 and G are all of the same sign, or 
if a and 7 are zero, the proposed expression cannot differ in sign 
from G. Now the theory of determinants furnishes general forms 
for such coefficients as we have denoted by a and 7 whatever 
be the number of the quantities ©, w , w", ... which occur in the 
original expression. It is this part of the theory of determinants 
which Brioschi introduces ; and he indicates its use in the ques- 
tion of distinguishing a maximum from a minimum value of an 
integral which involves Xy y, and and the differential coefficients 
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of y and z with respect to x up to those of the order. But 
as we have stated, the results are briefly enunciated without any 
demonstration. 

261. The introduction of the theory of determinants into the 
subject is an important point, and, as we shall see hereafter, this 
has been recognized by Hesse and Clebsch. It should be stated 
that there are intimations of the value of the theory of determinants 
in Mainardi’s memoir, but we have not adverted to them in our 
account of that memoir, because they are merely intimations which 
do not in any practical degree affect the nature or value of Mai- 
nardi’s investigations. 

262. On the last page of Brioschi’s article there are two ob- 
servations which may be noticed. The first is historical; Bri- 
oschi states that the formulae for the complete variation of a double 
integral were given by Bordoni in his treatise on the higher 
Calculus in 1831, while Poisson’s memoir appeared in 1833, and 
Ostrogradsky’s in 1838. Brioschi however refers to the fact that 
Poisson had himself enunciated his formulae in 1818. This fact 
seems to render Brioschi’s observation altogether superfluous. 
Moreover Poisson enunciated his formulae in 1816 and not in 1818 
as Brioschi states; see Art. 102. Also Ostrogradsky’s memoir 
was first published in 1836 in Crelle’s Journal, and not in 1838, 
as Brioschi states. 

The second observation is on a mechanical point. Mainardi 
had applied the Calculus of Variations to determine the form of a 
flexible surface which is in equilibrium under the action of gravity. 
Brioschi states that Mainardi’s result is only true on the supposi- 
tion that the tension is constant in every direction round any point 
of the surface; he says that this follows from the researches of 
Poisson, Cisa de Gresy and Mossotti. Brioschi gives no references 
to the places in which these writers have discussed the question, 
but probably the following are the works he has in view. (1) 
Poisson’s memoir in the Mimoires de VImtitut for 1812, entitled 
Mimoire sur lea surfaces Hastiques. (2) A memoir by Cisa de 
Gresy in the Memorie della Reale Accademia delle Scienze di 
Torino^ Tomo XXIII. 1818, entitled GonsidiroJtions sur Viqwilihre 
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de 9 surfaces jlexibles et {nextensibles. (3) Mossotti*s Lezioni di 
Meccanica Razionale^ Firenze, 1851. 

263. The next memoir we have to consider is by Eisenlohr, 
entitled Besearches on the Calculus of Variations ; TJntermcJiungm 
iiher Variations-rechnung, InauguraUDissertation von Dr Friedrich 
Eisenlohr. Manheim, 1853. This is a quarto pamphlet of 20 pages. 

264. The memoir begins with a few introductory observations ; 
the author says that his object was to give a simple proof of the 
propositions required in Jacobi’s method, and to shew that in a 
certain case that method might be extended to a double integral. 
He says that so far as he knew the second variation of a double 
integral had not yet been considered ; on this point Eisenlohr was 
in error, as appears from Articles 147, 213, and 258. 

265. The memoir is divided into eleven sections. The first 
section contains some remarks on the nature of the Calculus 
of Variations ; and Eisenlohr here objects to the introduction into 
the subject of such problems as we have considered in Art. 3. 
In his second section, Eisenlohr gives the ordinary investigation 
of the variation of a single integral. In his third section, he infers 
from the result of his preceding section the condition that must 
hold in order that a given function of a?, y, and the differential 
coefficients of y with respect to a?, may be an exact differential 
coefficient. In his fourth section, Eisenlohr distinguishes between 

the maximum and minimum of effect 

he verifies the statements of Jacobi in Art. 220. In his fifth 
section, Eisenlohr distinguishes between the maximum and mini- 
mum of ^ effect he verifies the state- 

ments of Jacobi in Art. 221. These investigations in his fourth and 
fifth sections serve as Eisenlohr says to prove the truth of Jacobi’s 
solutions a posteriori^ and the length to which they extend shews 
the necessity for some general method of treatment. Accordingly 
in his sixth section, Eisenlohr givea his investigation of the funda- 
mental theorems of Art. 222. In his seventh section, he shews 
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the application of these fiindamental theorems to the Calculus of 
Variations. In his eighth section, Eisenlohr investigates the maxi- 
mum or minimum of J f(x, y, y') dx^ as in Jacobi's process of 

Art, 224; Eisenlohr also illustrates Art. 225 of Jacobi’s memoir, 
in the case where we have to find the maximum or minimum of 

ninth section, Eisenlohr gives the ordi- 
nary investigation of the variation of a double integral arising 
from the variation of the dependent variable ; he confines himself 
to the case in which no differential coefficient occurs of a higher 
order than the first. In his tenth section, Eisenlohr gives a theorem 
respecting linear partial differential equations, analogous to that 
which he proved in his sixth section. In his eleventh section he 
distinguishes between the maximum and minimum value of a 
double integral in which no differential coefficient occurs of a 
higher order than the first ; this investigation is equivalent to that 
by Mainardi which we have given in Art. 258. 

It may be observed that Eisenlohr is free from that mistake as 
to the constants which we have noticed in Arts. 232 and 254. 

From the above general account of Eisenlohr’s memoir it will be 
seen that the only points of novelty which it presents are the proof 
of Jacobi’s theorems in the sixth section, the application to the Cal- 
culus of Variations in the seventh section, and the extension of 
Jacobi’s theorems in the tenth section ; these we shall now give. 


266. Eisenlohr says in his sixth section that Jacobi’s method 
depends upon the following theorem ; a differential expression of 
the form 


uu fa uv I I I I 

^ ^ +••••+ ^r— I 

can always be put in the form 

yf-y* dst * <bf *■■■■* dsf J 


This theorem was not proved by Jacobi himself; proofs how- 
ever had been given by Delaunay, Lebesgue, and Bertrand. 
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Eisenlohr says that Bertrand’s proof is the only one that is satis- 
factory, and that is very long ; {worunter nur der Utzt&re Beweis 
lejriedigendy dber auch eehr weitldujig ist). Eisenlohr does not say 
what objection he has against the proofs given by Delaunay and 
Lebesgue. He then produces his own proof, which he says rests 
upon the same principles as Bertrand’s. Eisenlohr establishes the 
following theorem. Let there be any linear differential expression 
which involves aj, y, and the differential coefficients of y with respect 
to X ; let it be multiplied by y so that we may denote the product 
by yF{Xj y, y\ y", ...). Now put y = wzy where w is any function 
of X, and subtract the terms which involve so that the remainder 
may be denoted by zF^ {x, z\ z \ ...). If then (a?, z\ z \ ...) is an 
exact differential coefficient whatever w may be, the expression 
yF{^^ y, y\ y", ...) can bo put in the form 


y 



d.hj ^ 

dx dx^ 


+ .... + 


dx^ J 


We shall denote this form for shortness by y^(£i?, y, y', y", ...)• 
Now if F(£d, y, y', y", ...) be linear and of an order not exceeding 
2n it is obvious that if ... are properly chosen 

y, y, y", .••) - y, y, f , ...) 


can be made to involve only differential coefficients of y of odd 
orders ; that is, we can obtain the identity 

F[x,y,^,y", ...)=c,y ■\-c^,^y^'K 

(See the commencement of Art. 239.) If then we wish to prove 
that F{x^yyy\ y", ...) can be put in the form y, y', y", ...), 
we must shew that Cg, ... all vanish. 

We suppose it given that if in yF{x^ y, y', y" ...) we change y 
into wz and subtract the terms which involve a® the remainder 
when divided by z is an exact differential coefficient whatever w 
may be; and we shall prove that y<&{a?, y, y\ y", ...) possesses the 
same property. For when we change y into wz in the last expres- 
sion we obtain a series of terms of which the type is 

d'^ i^b^wzY^ 
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and after subtracting all that involves we obtain pairs of tenns of 
which the type is 




dx^ » 


and thus after dividing by z the type becomes 


_ d\h,w 
dx^ dx^ 


and this expression is an exact differential coefficient, as we see by 
the method used in Art. 238 and referred to in Art. 240. 

Thus y, y, y', ...) does possess the property which by 

hypothesis yF{x^ y, y \ ,..) possesses; hence also 

y [Fix, y, y, y', ...) - ^{x, y, y, /, ...)} 

possesses the property, and therefore so also does the identical 
equivalent of this expression, namely 

y [<^iy + + ••• + 

Thus 

w {c, {wzy + C3 [wzY + ... + Ca„_i iwzY^^'^^] 

— WZ [c^w' + . . . + Cs«_i 

is an exact differential coefficient, whatever w may be, or else it is 
zero. Now apply the theorem in Differential Calculus which we 
have quoted in Art. 239, to every term in the fonner part of the last 
expression, or else integrate by parts as much as possible ; we shall 
thus find that the whole expression consists of terms which are im- 
mediately integrable together with a term — Cwz, where 

C = (C,W)' + (03^^)'" + . . . + (Can.1 + • • • + 

Now C does not contain z and z is arbitrary, so that Cwz cannot 
be an exact differential coefficient ; we must therefore have (7 = 0. 
And as C must vanish whatever w may be, the coefficients of the 
differential coefficients of w which occur in C must separately 
vanish ; thus we shall obtain in succession 

^Sn-l ~ ^8n-8 ~ • • • ^8 ~ Cj = 0. 
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This proves Eisenlohr’s theorem. Now to apply this theorem 
consider the expression 


f . d.a^iuy)' . 


change y into wz, subtract the part involving a*, and divide by z ; 
we thus obtain pairs of terms of which the type is 


rf*". <*,(««)*)*'’ d'.ariuwy^ 
, 


The last expression is an exact differential coefficient, as we see 
by the method used in Art. 238 and referred to in Art. 240. 
Hence by Eisenlohr’s theorem it follows that the expression 




. d\a,(uyy->l 
dx" j’ 


whi' h is of the form yF(x, y, y', y", ...), where F(x, y, y , y", ...) 
is linear, can be put in the form 


y 



+ 


d.b,y' d\iy 

dx ^ db? dx^ 


267. The proof in the preceding article is that given by 
Eisenlohr himself, except that he does not enter into any detail 
respecting the relation 0=0, but merely intimates that it follows 
from the known condition of integrahility of a function. It may be 
remarked that the memoir is not free from misprints and inaccu- 
racies; thus, for example, Eisenlohr uses the words differential 
equation repeatedly, when he means differential exj^eaeion^ and he 
speaks of subtracting the coefficient of z* when he means subtracting 
the terms involving «*. 


268, In his seventh section Eisenlohr shews *that the terms 
of the second order in the variation of an integral will take the 
form which Jacobi gives; see Art. 224. The variation to the 

first order may be denoted by J VSy dx, where we omit the in- 
tegrated terms ; that is, we suppose the limiting values of x and 
y, and of the differential coefficients of y to be fixed. Then the 
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quantitj of the second order which we have to examine will 

be JsVSydx. We have then to shew that SF is a function of 

Sy and its differential coefficients which can be put in Jacobi’s 
form. This will follow by Eisenlohr’s theorem since we shall 
prove that SF has the following property; in SVSy change 
into wSz where w is any function of x, and subtract the terms 
involving (&)*, then divide by Sz, and the quotient will be an 
exact differential coefficient whatever tv may be. 

For suppose that j VSydxhecomeaJ F^S^eZscby the change of y into 

wz, then by the same change JsVSydx must become JsV^Szdx, that 

is, SVSy becomes SF^Ss by the change of Sy into wSz, The part of 

dV 

SV^Sz which involves (&)* is (SzY; hence the expression which 
is to be shewn to be an exact differential coefficient is 


5 («•)■}' 


thati8,8F,-^‘8z. 

az 

Now suppose that J/(x,z,z, ...)dx represents the integral of 
which the variation to the first order, excluding the integrated 
terms, is ^ 5 ^ ^ exact differential coefficient ; 

and so also is SF — 8^. Hence we have only to shew that 
' dz 

^^^Sz is an exact differential coefficient. Now if we de- 
dz dz 

vdope by the ordinary process of the Calculus of Vari- 

ations we shall find that we obtain a series of terms free from 
the integral sign, together with the term 

^dft d df^ df ^ jT— 

da? dz 
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where stands for And the last integral will be found to 

te Bz cfe, so that ^ ^ ^ exact differential coeffi- 

cient. 

Hence, SFSy does possess the required property, and there- 
fore by Eisenlohr’s theorem SF can be put in Jacobi’s form. 

269. The following is the theorem which Eisenlohr gives in 
his tenth section, analogous to that in his sixth section. 

Let (a?, y, be any linear differential expression 
in Zf and its partial differential coefficients with respect to x and 
y, where as usual accents above z indicate differentiations with 
respect to a?, and accents below z indicate differentiations with re- 
spect to y. Multiply the expression by z^ put z — wt where w is 
any function of x and y, and subtract all the terms which involve 
f. If every term of the remainder when divided by t is susceptible 
of at least one integration with respect to a? or y whatever w may 
be, i^(aj, y, z\ «,,...) can be put in the form 

+ ^ (V' + ^ + G'/,' + J 

+ 

The proof is similar to that in Art. 266. We denote the 
expression last given by (aj,y, 0 ^,...). 

Then in the first place we observe that by properly choosing 
the coeflScients -4^, jB^, (7^, ... we can obtain the following 

identity^ 

zF{x, y, z, z', z ,, ...) - z^(x, y, z, z', z ,, ...) =z'lf{x, y, z’, z ,, ...), 

where y, z\ ...) is a linear function of the differential co- 
efficients of z of odd orders. 

In the second place we prove that e$(a;,y,e,z',e,, ...) possesses 
the propert 7 which hy supposition zF{x, y, z, z\ z,, ...) possesses. 
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For change » into wt and subtract all that involves f and then 
divide by t ; we thus obtain terms which may be arranged in pairs, 
and by pairing them suitably we shall obtain expressions which are 
integrable either with respect to x or y. For example a part of the 
result is 

" ^ ^ i^y + («<)/} 

and we arrange these terms in the following pairs, 
v>^0,{wt)-wt±C,w„ 

w^B,{wtr-wt^B,wr, 

the first of these four expressions is exactly integrable with respect 
to X and the second with respect to y; the third expression is 
equal to 

^u,B,{wt),-^wtB,io'. 

and the fourth to 

^wB,{v>t)'-^wtB,wr, 

and thus every term is susceptible of exact integration either with 
respect to x ox y. 

. The general process which is exemplified in the first and 
second of these four expressions presents no difficulty ; that which 
is exemplified in the third and fourth of these expressions will 
be now given. 

Let us denote one of the terms in z^{pe, y, z, z', z,, ...) by 
^ dsfdtf V dafdy’) ’ 
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where r + a^p + assm', then, as we suppose r not equal to p, 
there will also be the term 


d*z 


(rr \ 

\ dard^}' 


daf dy^t 

Now change z into wt and subtract all that involyes and divide 
by t. We thus obtain 


w 


\ ^ d^ ( ^ d^w \ 

dxf djf\ doc^dyV ^ da^^dy'^K da^ d^J 


and w 


d^ 


dafdy' 


( d'^wt \ 


— 


d- ( d-w \ 

'Md^^r i ■ 


dx^dyl’l ' 

Now by repeated integration by parts we have 

f d^ ( TT d^'^^ \ jj a i / ^\r fzr d^'^^ \ j 

J^dafdy*\ dafdyV ^ ^ J dod dy^i^ dx^dy^ 


where 8 represents a series of terms free from the integral sign. 
Then if we integrate both members of the last equation with respect 
to y, we shall find that the only term on the right-hand side that 
remains under the double integral sign is 


And this term is the only term that will remain under the 
dotible integral sign when we integrate 


d^ 

dxf dy’ 



d^w \ 
dod djf) ’ 


Hence the first pair of terms written above is such that it consists 
of parts which are susceptible of exact integration either with re- 
spect to X or y. And the same holds with respect to the second 
pair of terms. Thus (a?, y, z% z ^, ...) does possess the property 
in question. 


In the third place it will follow that z^{x, y, z ^, ...) must 
also possess the property in question or else vanish identically ; 
and from this it will follow that ^ (a?, y, z\ « , ...) does vanish 
identically. 

If for examnle fa?, v. z . ...1 does nnt invnlvp. rlitfprprififil 
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coefficients of a higher order than the third, we should have for 
z9 {Xf y, z, ...) an expression of the form 

2 jif/ + M,z, + + N^z" + . 

Hence the following expression must be susceptible of inte- 
gration with respect to x or y, or else vanish identically, 

w |jf. iu>ty+M, M, +iv; iwty"+N,(tvt):'+N, 

- wt + N, w"'+N,w;' + N,v >\, . 

By reducing the terms of the first line by integration by parts 
with respect to x or y, we arrive at an unintegrated expression of 
the form Ct where G does not contain t ; this must vanish since 
it cannot be an exact integral with respect to x or y. And as 0 
must vanish whatever to may be, we shall find in succession that 
My^y ATj must all vanish. 

Thus Eisenlohr*s theorem is established. 

The theorem is applied to the purposes of the Calculus of Vari- 
ations in a manner similar to the application of the theorem in 
Eisenlohr's sixth section. 

270. The next work we have to consider is by Spitzer, en- 
titled On the criteria for maxima and minima in problems of the 
Calculus of Variations. This work consists of two memoirs 
which were communicated to the Academy of Sciences at Vienna ; 
the memoirs were published in 1854 in the Sitzungsberichte of the 
Academy. The first memoir extends over pages 1014 — 1071 of 
the 12th volume, and the second over pages 41 — 120 of the 14th 
volume of the SUzungsberichte. 

Spitzer refers in the beginning of his first memoir to the 
memoirs of Jacobi and Delaunay, which we have already noticed ; 
and then he says, that he has sought to deduce Jacobi’s criteria in 
another manner, and believes that this new way may deserve 
some consideration. 

271. The two memoirs consist altogether of thirty sections, 
of which thirteen are contained in the first memoir, and the 
remainder in the second. The first section gives the ordinazy 
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investigation of the tenns of the first order in the variation of an 
integral which involves and the differential coefficients of y 
with respect to x. The second section gives an investigation of 
the terms of the second order in the variation of the integral. 
The third section shews how Legendre transformed the terms of 
the second order so that the existence of a maximum or minimum 
might be recognized ; Spitzer writes the equations at full for the 
case in which the integral involves only the first differential 
coefficient of for the case in which it involves both the first 
and second differential coefficients of y, and for the case in which 
it involves the first second and third differential coefficients of y» 
In his fourth section Spitzer makes some remarks on the equa- 
tions given in his third section ; he shews that the equations take 
the complicated form that has been indicated in Arts. 220 and 221, 
and he says that Jacobi had succeeded in integrating these equa- 
tions by a refined and difficult analysis, and that he himself had 
solved the equations in a much simpler manner. The fifth sec- 
tion contains that part of Jacobi’s theory which we have given 
in Art. 252 . The sixth section indicates briefly the general way 
in which Spitzer proposes to solve the problem under discus- 
sion. The seventh section contains a complete investigation of the 
general criteria for the maximum or minimum of an integral 

* Fcfo, where V involves a?, y, and y\ The eighth section con- 


I. 


d^V . 


tains a discussion of that particular case in which is zero. 
The ninth section contains a complete investigation of the ge- 
neral ciiteria for the maximum or minimum of an integral f Vdoa 

J SPq 

where F involves x, y, y', and y". The tenth section contains a 

cZ* V 

discussion of that particular case in which is zero. The 

y 

eleventh section contains a complete investigation of the general 


criteria for the maximum or minimum of an integral f Vdx 

Jdfo 

where V involves x, y, y', y", and y''\ The twelfth and thirteenth 
sections contain a discussion of that particular case in which 
cPV 

is zero. The fourteenth, fifteenth, and sixteenth sections 
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contain some additional investigations respecting the particular 
cases which are discussed in the eighth, tenth, twelfth, and thir^ 
teenth sections. The seventeenth section gives the ordinary in- 
vestigation of the terms of the first order in the variation of an 
integral which involves a?, y, z, and the differential coefficients of 
y and z with respect to x. The eighteenth section gives an inves- 
tigation of the terms of the second order in the variation of the 
integral. The nineteenth section shews how the terms of the 
second order are to be transformed so that the existence of a 
maximum or a minimum may be recognised; the necessary equa- 
tions are given at full for the case in which the differential co- 
efficients which occur do not rise above the first order, and for that 
in which they do not rise above the second order. The twentieth 
section generalises the theorem given in the fifth section. The 
twenty-first and twenty-second sections contain a complete inves- 
tigation of the general criteria for the maximum or minimum of 

an integral I Vdx where V involves a?, y, z, y* and z\ The re- 
. . *'5® 

maining sections contain discussions of the particular cases which 
occur when V assumes particular forms. 

272. Speaking generally we may describe Spitzer’s work in 
the terms we used with reference to Mainardi’s, namely, as Le- 
gendre’s method improved by additions borrowed from Jacobi; 
see Art. 245. Spitzer was acquainted with Mainardi’s memoir, 
for he refers to it on page 62 of the 14th volume of the Sitzungs^ 
lerichte. The investigations of Spitzer however are much more 
complete than those of Mainardi ; Spitzer does not shrink from 
the labour of working out the solutions of his equations com- 
pletely. Spitzer was the first who developed completely the 
second variation of an integral involving a?, y, y', y”, and y'”; the 
preceding writers had confined themselves to the case in which 
the integral involved only a?, y, y' and y". Spitzer’s investigation 
of this problem is extremely complex, and occupies twenty large 
octavo pages; besides seven more pages which relate to certain 
special cases. In fact it seems improbable that any student 
would verify the long calculations contained in Spitzer’s twelfth 
and thirteenth sections, and in his sections comprised between the 
twenty-first and thirtieth inclusive. 
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It should be observed that the memoir is well and correctly 
printed ; some mistakes at the ends of sections 8, 10, and 13 are 
corrected by the author himself in a note to section 14. A mis- 
take occurs in the second line of page 1032 of the 12th volume of 
the Bitzungaherichtey for the sign of the right-hand side of the 
equation must be changed; this mistake leads to two more on 
the same page, and it appears again on page 44 of the 14th 
volume. 


273. We will now give some specimens of the investigations 
and conclusions of Spitzer. 

In Arts. 250 and 251 we have shewn how in general we may 

distinguish between the maximum and minimum of f ' Vdx, where 

V involves a?, y, and y'. Now suppose for a particular case that 
d^V 

=0, then, excluding the integrated terms, the value of on 

page 271 will take the form 

/d^V d d^V' 


ffd^V d d^V\ , 
J[dg^ dx dyd^ ) ® ^ 


'dx. 


dx dydy\ 

Thus for a maximum or minimum it is necessary that 
dy* dx dy dy* 

should be respectively constantly negative or constantly positive 
throughout the limits of the integration. 
d*V 

Since = 0, it is obvious that V must be of the form 

thus the differential equation from which y is to be found, namely, 

dV_^ 

dy dx dy* ' 




lieoomes 
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This gives y as a function of x without any arbitrary constant. 
Thus, adopting geometrical language, the limiting points between 
which the required curve is to be drawn cannot be taken arbitrarily ; 

they must lie on the curve determined ^7 ^ ~ 

problem will be impossible. 

d^V 

In the next place let us suppose that besides -^-75- = 0, we have 
d^V d d^V 

also Vi — T' , 7 - = 0 : Spitzer in his fourteenth section deter- 
ay* dx dydy ^ 

mines what the form of V must then be, in the following manner. 
d^V 

Since ’j-ji = 0, we must have V of the form^ (^»y) 
ay 

Now suppose (a;, y) and^(a?, y) expanded in series proceeding 
according to ascending powers of y, and let 

/i(®.y)=A+^iy+^.3'*+Ay’+*” 

/. = A + -B.y + -S.y* + + ••• 

d*v 


Thus 




= 1 . 2 A^ + 2 . 3 A,y + B.iA^ 1 ^+ ... 

+ y (1 . 2J?, + 2 . 8^,y + 8 . 4B,y*+ ...) ; 


d'V 


dydy' 


7 = jBi + 2J9,y + 35,y* + 45,^*+ ... ; 




And since 
we must have 


+ y' (1.25, + 2.85,y + 3.4B,y*+...). 

d*V d d‘V 


dy* dx dydy' ’ 

2 A,=>B^, 3 A, = B:, iA.^B,',... 

Thus r^A, + A^ + ^^ + ^}^+^y* + ... 

+ y (-5, + B^y + By +B,^ + B^y* +...), 

or rmA, + A,y + By+ + ... 
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This gives for V the following form, 
or we may express our result without any loss of generality thus, 

With this value of V we have 

J Vdx = ■^{x,y) +jyx{‘»)^i 

thus in S J Vdx the unintegrated part ^ydx, and this will 

not vanish unless x (®j vanishes. Then j Vdx is exactly integrahle, 
and its maximum or minimum can be sought by ordinary methods. 


274. Besides Spitzer’s method, we may use another for finding 
the form of V in order that we may have 

The latter result is the condition of integrdbility of the function 

dV dV 

; so that we must have an exact differential coefficient of 

some function of x and y. Thus 


We do not introduce y* into the function /(a;,y), because if 
dV 

we did -r- would contain and this is impossible, because since 
d^V 

— = we know that V is of the form f{x^y) y), 


df 


dV 


and so does not involve 


Thus 

therefore 


dy dx ^ dy * 
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Now let F{x,y) be such a function of x and y, that 
dF [dfj 

where Xii^) arbitrary function of x. 

where Xa(a:) is another arbitrary function of a?. 
Therefore ^+y'-^+2^Xi'(®) + X.(®) 

= ^F'ias, y)+jxi («) ds^ + yXi (»)• 


And this agrees with Spitzer’s form of K 

275. We will in the next place shew the manner in which 
Spitzer investigates the criteria for the maximum or minimum of 

J Fdx, where F involves x, y, y' and y". We have first to find 

in the ordinary manner the terms of the first order hi 8 J and 

to make them vanish. Then to distinguish between a maximum 
and a minimum, we must investigate the sign of 


f/d^F a . d^F ,.d^F „ ePF 




dy’dy" 


where w is put for Sy. 

Suppose W 
then the above expression which we have to examine is equivalent 


o Tir dV ^dV .dV „ 

Suppose W= ^ +^w , 
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The coincidence of the two expressions is easily shewn by in- 

f/dWy f/dWy^ 

tegrating ^7 parts? and todx twice by 

parts. 

Now assume that these terms of the second order can be put 
in the form 

/ d*V 

^775 + /iwY dXf 


where v, X, and fi are at present undetermined. 

In order that this transformation may be possible the following 
equations must be satisfied : 


d^V , 


d^V 

dy"*' 


d^V 

dydy' 


d*V 


d^V , d'V 


d'V 

W 


»,+x 


d'V 

W"’ 


We may observe that if \ and /a are known the last three of 
these five equations will find in succession t;,, and v. 

We do not propose to give the long process by which Spitzer 
solves these equations ; we will however briefly indicate the prin- 
ciple on which he proceeds. 

Let denote a value of %o or iy which makes the unintegrated 
terms of the second order in the variation vanish, that is, which 
makes 


^ (dwy_.(dwy* 

dy ^\dyn ^\d^) 


0, 


( 1 ); 
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then we may infer that this will make vi* + \vii + vanish, that 


is, we shall have 

ul* + 4- = 0 (2). 

Similarly, let w, be another such value of w or then 

+ Xwj' + = 0 (3). 


Then from (2) and (3) we can find \ and /i in terms of and 
and their first and second differential coefficients; and when v, 
and v, are expressed in terms of X and from the last three of the 
five equations given above, it remains to shew that the first two of 
these five equations are satisfied. 

When the equation (1) is developed it takes the form 



This is a differential equation of the fourth order, so that 
and may each involve four arbitrary constants. But practically 
to find and we do not require to solve this differential equa- 
tion ; for we use the principle explained in Art. 252. 

Spitzer does shew that when X and ^ are found in the manner 
indicated, and then v, and v, deduced, the first two of the five 
equations given above are satisfied, provided a certain relation 
subsists among the eight constants which occur in and This 
agrees with Jacobi’s statements in Art. 221. 

Since the above five equations lead by the elimination of X 
and fi to three differential equations of the first order for finding 
V, t?!, and it follows that if the most general values of these quan- 
tities are obtained three arbitrary constants should be involved. 
And Spitzer shews that the eight constants which occur in and 
do combine in such a manner as to leave finally three independ- 
ent arbitrary constants in the values of v, and v,. This gives a 
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completeness to the investigations which is desirable, but it is not 
absolutely necessary. For all that is required in order that the 
proposed transformation of the terms of the second order in the 
variation may be effected, is that certain differential equations 
should be satisfied; and it would have been of no importance if 
the number of arbitrary constants had been less than the extreme 
number which the most general solutions would supply. 


276. The general results at which Spitzer arrives in the in- 
vestigations noticed in the preceding article are the same as those 
of Jacobi given in Art. 224 ; but in addition to these he discusses 
some particular cases, and these we will now consider. 


d*V 

Suppose then that we have ^775 = 0 ; then V must be of the 
form 

/i +//.(«’. y.y')- 

In this case the differential equation in y, which is formed by 
equating to zero the terms of the first order in ^ J is a dif- 

ferential equation of the second order. We will suppose its inte- 
gral to be y — ^(x, a^, a^. 

Now assume that the terms of the second order which we have 
to examine can be put in the form 

uto* + 2u,ww' + u,w'* +Jf(w' + \w)* ; 


and put for shortness 


-A 


d^V 

dy'dy' 


77 = A 




dydy' 


77 = ^, 


d'F 

dydy' 


:. = F, 


Then we requite that 

Av?-{-Bw'* + 2lhdw" + 2Eum" + iFww’ 

+ 2u,Wfo' + vjF')' + P (w' + Xw)*. 
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Thus we must have 

B=2v^ + v/ + P, 

2) = v„ 

P=v^, 

J’=v + w,' + XP. 

Now let “ = ^ ^ arbitrary 

constants ; and assume \ such that u' + Xu = 0 ; we shall then 
examine if we can satisfy the above five equations. The third 
and fourth give immediately H, v^<= P; then the second and 
fifth give 

P=B-2P-P', 
v = F-I!' + ^ (B-2F-P')} 

it remains to try if the values thus obtained satisfy 

^ = u’ + P\». 

This requires that 

A=F'-B" + ^(B'-2i:'- D") + {B-2E- U) 

+ ^*(P-2P-2)'), 

that is 


- -F' + -E") w + w' (2^7' + D" - £') + w" (2J^ + Jy - J5) * 0. 

This equation is in fact what equation (4) of the preceding 
d^V 

article becomes when ^ place of w ; and from 

Art. 252 we know that the value assigned to u does satisfy it. 

Thus the unintegrated part of the terms which we are ex- 
amining, that is, 

jp{v/ + \wydXf 


j(B-2F 




becomes 
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hence for a maximum or minimum 5— R-ET— must be respec- 
tively negative or positive throughout the limits of the inte- 
gration. 

Next, suppose that we have 

^ - 0, and also ^ 2 - 0. 

The unintegrated part of the terms of the second order is now 

J(A-F’ + i:")w’‘dx, 

and thus for a maximum or minimum -4 — jP' + JF" must be re- 
spectively negative or positive throughout the limits of the in- 
tegration. 

In this case the equation j + 

longer a differential equation for finding because to"", to"', to", 
and to' disappear from it. This suggests that the equation obtained 

by putting the terms of the first order in sj Vdx equal to zero 

will not be a differential equation in y, but an ordinary equation ; 
and this will be found to be the case. 

For Spitzer shews in the same manner as in Art. 273, that 
the form of V must in this case be 

{x, y) + y {x, y) + \x {x, y, y)}', 

and as in Art. 273, we shall obtain for determining y the equation 

dy dx 

Lastly, suppose that we have 

d'V d^V ^ dW I V_ ^ 

4- ^dydy" Kdy'dy")-^' 

and also 

^ (d'V\ . ( d'V\ ’ 
djt \dy dy') ^Xdyd}!') 

Spitzer shews in the same manner as in Art. 273, that the 
form of F must in this case be 

y^ («) + {V" {x,y)y + {x {x, y, y')}'; 




IS no 
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thus in SJ Vdx the unintegrated part is (x) Sydx, and this will 

not vanish unless <f> (x) vanishes. Then J Vdx is exactly integrable, 
and its maximum or minimum can be sought by ordinary methods. 

277. We may also obtain the results of the preceding article 

d^V 

by another method. Suppose ^775 = 0, then the left-hand member 

of equation (4) of Art. 275 takes the form 

( 21 :+ D' - B) w'' + (2^' + - F) w* ^ [A w, 

where A, jD, E, jPhave the same meaning as in Art. 276. The 
above expression may be written thus 

{(2£+ n - B) + (A - i?’' + -B") w), 

so that we have to determine the sign of 

j [{( 21 ;+ n - B) w']' ■^{A-F' + E”) w] wdx. 


Suppose u such a quantity that 

{{2E+ n ~ B) v!Y + (A - i?’' + E') 14 = 0. 

Then the expression which we have to examine may be written 

J ]^{2E+ D' - B) w'Y - l(2E+ B - B) u'Y wdx. 

Integrate by parts ; then the terms remaining under the integral 
sign will be 


that is, 


j 1^(5 -2E- B) w" -{B-2E- B) u’ dx, 

j {B- 2E- B) (w’-'^wjdx. 


This agrees with the result at the bottom of page 303. 


278. In his sixteenth section Spitzer examines some excep- 
tional cases which occur in finding the maximum or minimum of 
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J Vdcc, when V involves a?, y, y\ y'\ and y'*\ He does not here 

prove that F must have specific forms in certain cases, but he 
assumes specific forms for F and shews that certain exceptional 
cases do thence arise. The following four forms for F are ex- 
amined. 

1- («» y, y\ y") + y"' f y^ y\ y")- 

2. ^ [x, y, y) + y" ^ {x, y, y') + \x (“». y. y> y")]'* 

3. ^ {x, y)+y''^ {x, y) + [x, {x, y, y')]' + lx, y> y'. y")]'- 

4. y<f> (a;) + [xi (®» y)]' + y. y’)]' + bcz (®> y> y’> y")]'* 

279. In concluding our account of Spitzer’s memoirs, we may- 
state that the most interesting and valuable portion of them con- 
sists in the examination of certain special cases in which the 
general results obtained by Jacobi require to be modified; and 
these special cases appear to have been examined by no other writer. 

280. The next memoir we have to consider is by Otto Hesse ; 
it is entitled. On the criteria for the maxima and minima of single 
Integrals, It was published in the 54th volume of Crelle’s Mathe- 
matical Journal in 1857, and occupies pages 227 — 273 of the 
volume. In the beginning of his memoir Hesse refers to the 
following authors who have written commentaries on Jacobi’s 
memoir, Lebesgue, Delaunay, Bertrand, Eisenlohr and Spitzer; 
he makes special mention of Spitzer, and commends his acuteness 
and industry. It seems probable that Hesse was led to turn his 
attention to the subject by seeing Spitzer’s investigations. 

281. The first twenly pages of Hesse’s memoir contain inves- 
tigations of Jacobi’s theorems. Although there is little that is 
substantially new here given, the investigations are well worthy 
of study from their complete and systematic form. 

282. In the next seven pages the result obtained by Jacobi’s 
method is developed by the aid of the theory of determinants, so 
as to present .the unintegrated part of the second variation in a 
more explicit form than that in which Jacobi leaves it. These 
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seven pages constitute the most important portion of the memoir; 
and wo will give here the result obtained by Hesse. Suppose 

that j Vdx is to be a maximum or minimum, where V contains x, y, 

and the differential coefficients of y up to the inclusive. Let z 
stand for 8y ; then the terms of the second order which we have 

to examine can be put in the form j (z) zdx. This is proved 

by Hesse ; it is equivalent to the statement in Art. 223, that the 

terms of the second order can be put in the form J hVZydx. Now 

let w, u, ... be values of z which satisfy the equation = 0 ; 
we suppose n of these solutions obtained, and they will be all of 
the ^dxCLtform^ but differ in the values of the 2n arbitrary constants 
which each of them involves. Now adopting the usual notation of 
determinants let 


V = 


UyUyU^ 

V, v\ v\ 






► w' 


,(«) 


»(n) 


and 


Vn = 


u\ v:\ 

V, v\ U*"-” 

Wy V)\ w”y 


where accents denote as usual differential coefficients. Thus v is 
a determinant of the (w + 1)*** order and Vn is a determinant of the 
w**' order. Then Hesse proves that the terms of the second order 


which we have to examine can be put into 



dXf 


where N is the second differential coefficient of V with respect 
d^y 


to 


dx^ 
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Moreover Ilesse draws particular attention to the fact that 
certain relations must hold among the arbitrary constants involved 
in u, Vy Wj... See Arts. 221 and 232. 

283. The remainder of Hesse’s memoir is devoted to the 
examination of three particular cases, that in which the integral 
involves a?, y, that in which the integral involves oj, y, 

and that in which the integral involves a?, y, y”, y”'. These 
cases are treated very fully, and the relations which hold among the 
arbitrary constants are completely exhibited. No notice however 
is taken of the exceptions to the general theory which Spitzer 
considered ; see Arts. 273, 274, 276. In connexion with the first 
of the three particular cases which he examines, Hesse gives a 
good discussion of the remarks made by Jacobi relating to the 
extreme limits which may be assigned to an integral in order to 
ensure a maximum or a minimum ; see Art. 225. 

284. The memoir by Hesse forms the most elaborate commen- 
tary that has yet appeared on Jacobi’s theorems and method. The 
student who masters this and examines what Spitzer has given on 
the exceptional cases will not require any further information on 
the maxima and minima of single integrals which involve one 
dependent variable. Hesse uses the theory of determinants, but 
a student who is acquainted with the elements of that subject will 
not find any serious difficulty in Hesse’s memoir. 

285. We have next to consider a memoir by A. Olebsch ; it 
is entitled On the reduction of the second variation to its simplest 
form. It was published in the 55th volume of Crelle’s Mathemati- 
cal Journal in 1858, and occupies pages 254 — 273 of the volume. 

This is the first of three memoirs by this writer on the Calculus 
of Variations. He begins by referring to Jacobi’s results, and to 
the excellent memoir published by Hesse respecting them. He 
then indicates the points in which Jacobi’s results require still to 
be generalised, namely, that similar investigations should be sup- 
plied for the case of a single integral which involves more than 
one dependent variable, and for the case of a multiple integral, and 
for the case in which equations are given connecting the variables 
involved in the integral. The present memoir proposes to supply 
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some of these required investigations. Thus, Clebsch states that 
the memoir solves the following problem; to reduce the second 
variation of a single integral so as to make it depend upon the 
smallest number of variations, the integral involving any number 
of dependent variables and their differential cocfBcients to any 
order, and also any number of equations being given connecting 
the variables. In addition to the solution of this problem, there is 
a short section on the subject of multiple integrals, but this is of 
no great importance; the writer however intimates that at the 
time of printing he had succeeded in overcoming the difficulties of 
this part of the subject, and would publish a memoir on it, and in 
fact the third memoir fulfils this promise. 

As an example of his method, Clebsch gives the ordinary case 
of one dependent variable without any connecting equations, and he 
arrives at the result obtained by Hesse; see Art. 281. 

286. The second memoir by Clebsch is entitled On those 
'problems in the Calculus of Variations which involve only one in^ 
dependent variable. It was published in the 55th volume of 
Crelle’s Mathematical Journal in 1858, and occupies pages 335 — 355 
of the volume. 

This memoir may be said to consist of two parts. The first 
part is occupied in proving that tlie solution of any problem in the 
Calculus of Variations in which there is only one independent 
variable may be made to depend on the solution of a certain partial 
differential equation of the first order. It had been intimated by 
Jacobi that this proposition was true in a certain case, so that a 
problem in the Calculus of Variations could be treated in a manner 
analogous to the treatment of dynamical problems by the methods 
of Hamilton and Jacobi. Clebsch easily proves the proposition 
which he enunciates. 

The second part of the memoir is occupied in shewing that 
this mode of treating a problem in the Calculus of Variations 
presents great advantages in the discussion of the terms of the second 
order with the view of discriminating between maxima and minima 
values. This part of the memoir is extremely complicated and 
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requires the reader to possess a good knowledge of the theory of 
determinants. 

287. The third memoir by Clebsch is entitled On the second 
variation of Multiple Integrals, It was published in the 56th 
volume of Crelle’s Mathematical Journal in 1859, and occupies 
pages 122 — 148 of the volume. 

The object of the memoir is to shew how to discriminate be» 
tween the maxima and minima values of multiple integrals ; like 
the second memoir by the author it is extremely complicated, and 
requires the reader to possess a good knowledge of the theory of 
determinants. 

288. We have been compelled to give very brief accounts of 
the memoirs by Hesse and Clebsch. From the nature of the 
memoirs it seems impossible to present any abridgement of them 
or any extract from them which will be easily intelligible ; and 
moreover the memoirs belong rather to the Theory of Determinants 
than to the Calculus of Variations. As however these memoirs 
have been published so recently they can be readily obtained, and 
thus there is less need of a detailed account of them than in the 
case of works which are more difficult of access. 
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289. The preceding chapter contains an account in chrono- 
logical order of the writings of commentators on Jacobi’s memoir ; 
the present chapter consists of some miscellaneous articles bearing 
on certain parts of Jacobi’s memoir. 

In Art. 228 we have given Jacobi’s remarks on the shortest 
line that can be drawn on a surface ; these remarks are connected 
with those in Art. 225. We have also intimated that some of the 
commentators on Jacobi’s memoir have considered these parts of 
it ; see Arts. 265 and 283. There is a note by J. Bertrand entitled 
On the shortest distance between two joints on a surface^ which was 
published in 1855 in the second volume of the third edition of 
Lagrange’s Micanique Analytique, pages 350 — 352. We will give 
this note in the next article. 

290. When a material point moves on a fixed surface, and 
has an initial velocity but is acted on by no force, Lagrange proves 
that its velocity is constant and the curve which it describes is the 
shortest that can be drawn between two of its points. In order to 
prove this proposition the illustrious author shews that the varia- 
tion of the arc / ds is zero, and therefore there is either a maximum 
or a minimum ; but he says there cannot be a maximum and there- 
fore there must be a minimum. This manner of reasoning is in- 
admissible, because we know that the variation of an integral may 
be zero while the integral is neither a maximum nor a minimum. 
However in the particular case in question Lagrange’s statement 
is exact, as we may shew in a few words. 
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The differential equation which expresses that the variation of 
the integral fds is zero proves, as is well known, that the oscu- 
lating plane of the curve is at every point normal to the surface. 
But if we suppose the two extremities of the arc considered to be 
indefinitely close, among all the arcs drawn on the surface joining 
the extremities, the least, that in fact which differs least from the 
chord, will evidently be the arc which has the least curvature, 
that is, the arc which has the greatest radius of curvature. But 
the arcs which unite two points of the surface indefinitely close 
may be considered as having the same tangent, and therefore, by 
the well-known theorem of Meunier, that of which the osculating 
plane is normal to the surface has the greatest radius of curvature, 
and is consequently the shortest. 

The proposition enunciated by Lagrange is exact as we have 
just seen for any indefinitely small arc, but it would cease to be 
so if we considered an arc of finite size. There exists a curious 
theorem on this subject enunciated by Jacobi without demonstra- 
tion, which gives a general method for determining with respect 
to every line traced upon a surface and satisfying the conditions of 
a minimum, the limits between which it is really the shortest 
line. 


Let AMA' he such a line ; proceed along this line from the 
point A which is fixed towards the folhwing points of the curve. 
If we take one of these points as a second limit it may happen that 
between this point and the first another curve can he drawn which 
satisfies the analytical condition for a minimum as well as the first; 
then the line considered will cease to he a minimum between the 
point A and the second extremity considered, at a point for which 
the second line coincides with (se confond) the first. 


This theorem has not been demonstrated by the mathematicians 
who have explained the celebrated letter in which it is enunciated. 
We think that it will be useful to indicate briefly how it follows 
from the analysis of Jacobi. 


The integral considered being jf(f9 variation 

takes the form J Vlydx, V being the function which by being 
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equated to zero furnishes by integration the solution of the pro- 
blem. 


That there may be a minimum, the function ^5 must remain 

constantly positive during the limits of integration. This con- 
dition will certainly be fulfilled whatever the limits may be, be- 
cause we have seen that there is always a minimum between any 
two limits whatever if they are sufficiently close. Besides this we 
must have according to Jacobi’s analysis another condition ful- 
filled. Let y denote the expression deduced from the equation 
Fs= 0, then y contains two constants a and I suppose ; let a and 
P be two other constants, and let 




Then the other condition is that it must be possible to take the 
constants a and so that the expression 


( dy 1 d:^fdu\ 

\dy dy' u dy'^ dx) 


may not become infinite between the limits of integration, or, 
which comes to the same thing, u must not vanish between these 

limits. Hence it is clear that for each value of ^ if the expression 


for u becomes zero in two points of the minimum line furnished 
by the Calculus of Variations, then between these two points we 
can aflSrm that the integral is a minimum. Now two such points 
will possess the property indicated by Jacobi, that is, it will be 
possible to draw between them two lines indefinitely close, each 
of which has the minimum property. For we observe that the 
expression 


u 




is the general integral of the linear equation SF= 0, in which iy 
is the unknown quantity. (See Jacobi’s Memoir.) If then we 
put instead of y the value y 4* w, where a and are so chosen as 
to make u indefinitely small, which is allowable, the expression F 
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will vanish, because by supposition y makes it vanish and the 
indefinitely small increment u renders its variation zero. 

Thus there are two lines indefinitely close joining the same 
two points, for which the relation F= 0 is fulfilled, that is, two 
lines which equally satisfy the conditions of minimum. 

The proposition thus demonstrated is not identical with that of 
Jacobi, but it is perhaps allowable to suppose that the illustrious 
author went a little too far in the rapid sketch which he gave of 
his results ; it is clear, for example, that the conditions found by 
him are sufficient but not necessary for the existence of a minimum. 
There is therefore no ground for affirming that the minimum ceases 
to exist because the function u becomes zero; but this would be 
necessary in order that the enunciation should take the completely 
affirmative form given above. 

We may observe before closing this note that Jacobi’s memoir 
contains the enunciation of another very remarkable theorem ; if at 
every point of a surface the two curvatures are in opposite directions 
the line which satisfies the analytical conditions of a minimum is 
always really the shortest. We confine ourselves to recalling this 
theorem to the attention of mathematicians ; a more detailed dis- 
cussion of the geometrical problem which is the object of this note 
would be out of place here. 


291. Bertrand in the first paragraph of his note says that 
Lagrange is right in asserting that there is necessarily a minimum 
in the case considered ; in the third paragraph of his note he says 
that Lagrange’s statement is not necessarily exact except for an 
indefinitely small arc. 

The remarks which Bertrand then makes on Jacobi’s theorem 
coincide in substance with those of other writers on this subject ; see 
for example Mr Jellett’s treatise, pages 90 and 98. These remarks 
depend on the following consideration ; Jacobi’s method reduces the 
unintegrated part of the terms of the second order to the form 


1 idf /I du rfSyV 

2 ^ 


dXy 


and thus we cannot be sure of a minimum if u vanishes between 
the limits of integration. Bertrand, however is alone in pointing 
out that this does not prove so much as Jacobi asserts in the 
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particular problem under consideration, for Jacobi asserts that there 
will not be a minimum ; and Bertrand conjectures that Jacobi here 
overstated his results. But it has since been shewn by Ossian 
Bonnet that Jacobi was quite correct; the proposition to which 
Bertrand calls attention at the end of his note is also proved by 
Bonnet. 

Two notes have been written by Bonnet on the point we are 
considering. The first note is entitled On some properties of geo- 
desic lines. It was published in the Comptes Rendus de 

V Academic des Sciencesj Vol. 40, 1855, pages 1311 — 1313. We will 
give it in the next article. 

292. A line traced upon a surface is called a geodesic line^ 
when its osculating plane is always normal to the surface. 

An arc of a geodesic line is the shortest line that can be 
drawn on a curved surface between its two extremities, provided 
the arc be comprised within certain limits which have been fixed 
by Jacobi in the following manner. Consider a geodesic line AM 
which starts from the point A, and let A be the point where this 
line is met by another geodesic line AM' which also starts from 
the point A and is indefinitely close to AM. Between the points 
A and A' the line AM will always be a minimum line ; but beyond 
the point A' the line AM will generally be neither a maximum nor 
a minimum. Assuming this, let p denote the variable distance 
MM' between two indefinitely close geodesic lines AM and AM'. 
By a formula due to Gauss, p considered as a function of the 
arc AM will satisfy the differential equation of the second order 

where AM^ s, and jB, B' are the principal radii of curvature of the 

surface, and in addition, when a = 0 we have p — 0 and ^ = the 

angle dd between the geodesic lines AM and AM', which will 
completely determine p. Now suppose that the smface is of 

opposite curvatures ; will be negative, and we can assume 

1 1 
RB^ a” 

where a is a real constant. 


d'f 

da^ 
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Let ns take the equation 



and integrate it so that when « = 0 we may have p,=0 and 

=id6', we shall obtain 
da 


But from a theorem demonstrated by M. Sturm in his excellent 
Memoir on differential equations of the second order, it is known, 
that for any interval whatever starting from 5 = 0, the value of 
must vanish at least as often as that of p ; but never does 

vanish, and so p cannot vanish. Thus in a surface of opposite 
curvatures a geodesic line is always a minimum throughout its 
length. This beautiful theorem was enunciated by Jacobi, but 
it had not been demonstrated up to the present time so far as 
I know. 

Suppose in the next place that is positive and less than ^ . 
Consider the equation 


^'+£^ = 0 
^ a* 


and integrate it so that when s=0 we may have />, =0 and ^ = 
we shall obtain 




adO sin - . 
a 


But, from a second theorem demonstrated by M. Sturm, it is 
known that, starting from 5 = 0, ^ will vanish before p,\ but 
vanishes when a = ira, therefore p vanishes before a = ira. Hence 
we infer that, in the case considered, a geodesic line cannot be 
generally a minimum line throughout a greater length than wa. 
Consequently the shortest distance between any two points on a 
convex surface is less than ira where a* is a number greater than 
the product RE of the principal radii of cm-vature for all points 
of the surface. 
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293. The theorem due to Gauss which Bonnet quotes in the 
preceding article is contained in the Disquisitiones generates circa 
superficies curvas. This memoir was presented by Gauss to the 
Royal Society of Gottingen on October 8th, 1827, and was published 
in 1828 in the sixth volume of the Commentationes Recentiores of 
that Society. This memoir is reprinted in Liouville’s edition of 
Monge’s Application de V Analyse h la O^miikrie, 

The theorem in question is also proved by Ossian Bonnet in 
his memoir on the general theory of surfaces in the Journal de 
VEcole Polytechnique, Cahier xxxil, 1848. 

The memoir by Sturm to which Bonnet refers will be found in 
the first volume of Liouville’s Journal of Mathematics. 

The second note by Bonnet is entitled Secotid note on geodesic 
lines. It was published in the Comptes Rendus 41, 1855, 

pages 32 — 35. We give it in the next article. 

294. In a note presented to the Academy on the 18th of June, 
I established some general properties of geodesic lines. My in- 
vestigations depended on the following theorem due to Jacobi. 

Let AM he any geodesic line which starts from the point A, and 
suppose A to he the point where this geodesic line is met hy a geodesic 
line which also starts from the point A and is indefinitely near to 
the first; then the line AM will he a minimum between the points 
A and A, and will cease to he a minimum beyond the point A, 

Jacobi did not demonstrate his theorem; he merely said that 
it might be easily deduced from the general rules which he gave 
for distinguishing maxima from minima in questions which de- 
pend upon the Calculus of Variations. M. Bertrand has given a 
proof of the first part of the theorem in the notes which he has 
added to his excellent edition of the Micanique Analytique; that 
is, he has proved that between the points A and A the line AM 
is a minimum. In the mode of proof M. Bertrand has followed 
the indications of Jacobi. With respect to the second part of the 
theorem M. Bertrand thinks that it may not be exact, and that 
at all events the method of Jacobi is not competent to decide the 
point. It is in fact certain that the general conditions found by 
Legendre and completed by Jacobi, for distinguishing between 
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maxima and minima in problems which depend upon the calculus 
of variations are sufficient but not necessary. I have succeeded 
in proving by particular considerations both parts of Jacobi's 
theorem. I request permission from the Academy to communicate 
my demonstration, which thus removes the difficulties which re- 
late to an important question, and at the same time gives more 
precision to the residts of my previous investigations. 

Let AMB be an arc of a geodesic line which starts from A 
and ends at B. (The reader is requested to make the figure for 
himself.) Draw any line AMJB indefinitely close to AMB and 
having the same extremities. I proceed to estimate the difference 
of the lengths of AMB and AM^B as far as small quantities of the 
second order ; for this purpose I draw through the different points 
of AMB geodesic curves normal to AMB^ and I denote in general 
by © the portion of these curves comprised between AMB and 
AM^B. Suppose the element MN of AMB = and the corre- 
sponding element MJUT^ of AMJB =* da^ ; then 

Pbeing the point in NN^ such that NP=MM^. But 

and J^Pis, by a theorem due to Gauss, the integral of the equation 
dPu u 

which for o> s 0 satisfies the conditions u — ds, ^ = 0. Therefore 

ao) 

if we neglect powers of ® above the second. Therefore 
or more simply, to the order of approximation which we want, 
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Therefore the difference between AM^B and AMB^ that is the 
second variation of the integral /is, will be 




We see immediately that if RB! be negative this second varia- 
tion is always positive ; this proves the first theorem which I have 
established in another manner in my first note ; in any surface of 
opposite curvatures a geodesic line is a minimum throughout its 
length. 


Now let us call p the distance comprised between the line AMB 
and another geodesic line indefinitely close to it which also starts 
from -4, so that we have 


, p _ 


MR 


= 0 , 


and when a = 0 we have ^ = 0 and ^ = the indefinitely small angle 

d6 between the two geodesic lines ; the expression (1) can be put 
in the form 



But, if p does not vanish within the limits of integration, 



for ft) is zero at the limits ; thus the second variation is reduced to 



that is, to a positive result. I conclude therefore, that so long as 
the extremity B is not beyond the point A' where the line AMB is 
met by the geodesic line indefinitely close to it which also starts 
from the point A, the arc AMB of the geodesic line is a minimum 
between the point A and the point -B; this is the first part of 
Jacobi’s theorem. 
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If the point B is "beyond A\ then, since © is only subject to the 
condition of vanishing at the points A and 2?, we can take for © a 
value which satisfies an equation of the form 


da) 


d^o) ^ ( 1 n . 

where h is real, and which is such that © = 0 and ^ when 
a = 0. This follows from the fact that in an equation of the form 


when O is diminished continuously the roots of the equation ^ = 0 
increase continuously, {p and ~ retaining the same values for 5=0). 
We have then for this particular value of © 


but, since © is zero at the limits, we have also 


therefore 




Thus the second variation of the integral fds can become nega- 
tive, and the arc AMB is neither a maximum nor a minimum 
between the point A and the point B. The second part of Ja- 
cobi’s Theorem is thus established. 


We have said above that when once Jacobi’s Theorem is fully 
.demonstrated we can give more precision to the enunciation of the 
results contained in the note of the 18th of June. In fact we can 
say that if in any convex surface the product RE of the principal 
radii of curvature is less than the constant a*, the shortest distance 
from one point to another upon the surface will always be less 
than ira. Hence it follows that every convex surface in which 
the principal radii of curvature do not become infinite is neces- 
sarily a closed surface. 
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295. Although so many proofs have been given of Jacobi’s 
theorems that it may appear superfluous to present others, yet the 
following proofs are of interest as they depend on the principles of 
the Calculus of Variations itself. They were published in an 
article entitled Observatiom on Jacobi* s Memoir on the Calculus of 
Variations^ by E. Heine, in Crelle’s Mathematical Journal, Vol. 54, 
1857, pages 68 — 71. They will occupy our next two articles. 

296. The proposition which Jacobi published in the 17th 
volume of Crelle’s Journal and which was proved by Lebesgue and 
by Delaunay in the 6th volume of Liouville’s Journal may be 
demonstrated also, without much trouble, in the following way, 
which depends on very different principles. 

Let A be any given function of a?, u any function of a?, and 
let u\ m", ... denote the differential coefficients of u with respect 
to X. Put 

2Z= (- (1), 

J*u 

where stands for ^ ; then 
hZ= (- 1)" 

Now by integrating by parts in the ordinary way hZ can be 
separated into two portions, namely, one which is free from the in- 
tegral sign, and which we will call L, and another portion which 
remains under the integral sign, namely. 

Let y denote any given function of a?, and put u^yt^ so that 
thus 

BZ=L+jy ^’‘^^f') Btdx ( 2 ). 

Now we must obtain an equivalent value for SZ if we first 
put yt for u in (1), and then effect the variation; the^m how- 
ever of the expression for BZ will differ from that in (2) ; and 
this difference in form accompanied with equivalence of value will 
give a proof of Jacobi’s Theorem. 
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Put yi for w, then tt*"* takes the form 

a«***^+ ... + o,^/ + aj., 

where a, or^, ... are simple functions of y and therefore functions of 
a?. Thus Au^**^u^*** will consist of a series which we may denote by 
where the indices m and p may take all values between 0 
and w, and the functions denoted by will be like a, , given 
functions of x. Put this expression for in (1), then we 

shall shew that 2Z can be put in the form 

2 Z=M+ 0/t’+ C'/r-...± (3), 

where M contains no integral sign, and C[,, Cj, ... are given func- 
tions of X. 

For X consists partly of terms for which m =p, which 

thus have already the form in (3), and partly of terms in which m 
and p are different. Suppose then p greater than m, and first let 
pssm+1; for such terms 

and thus we obtain again terms of the form in (3). Next suppose 
p^m greater than unity ; then by using the following formula 

j^rH^'^dx = dx - dx, 


as often as necessary, we shall obtain terms in which the indices of 
$ are either equal or differ by unity ; and thus finally we obtain 
terms of the form in (3). 

Now take the variation of Z expressed as in (3) ; then by the 
ordinary formulae of the Calculus of Variations the term in SZ 
which remains under the integral sign is 
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The expression (4) must therefore be equal to the integral 
in (2) ; thus 

^ dor “^ 0 *+ dx ^ da^ 

The quantity is equal to y — ^ n ' • For since u=^yt, we 


«<•' = y’f + Y y"‘ V + . . . ; 


thus the term 


£«(^) 

^ dx' 


is the only term which can contribute any portion to Oji, and 
thus obviously 

d^ • 

We can now prove Jacobi’s Theorem. 

Let A,u + + ... + 

where ... are given functions of x. Put u =yt where y is a 

given function of x ; then from what has been proved 

^'^=^0*+-^+ + d^ ’ 

where are known functions of a;, like (7©, Cj, ... were. 

A.» 

thus when y is so chosen that it is an integral of the differential 
equation Z7= 0, we have = 0 ; and then 

as Jacobi’s Theorem asserts. 

Remarh. In order practically to determine the values of j5,, 
J?j, ... which do not come into consideration in Jacobi’s memoir, 
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the meihod maj be modified by first integrating by parts and thus 
reducing to J« P’^t l^for «, and then 

we have to consider integrals of the form and not as be- 

fore integrals of the form 

297, Jacobi published another proposition in his Memoir, of 
which Delaunay has given a long demonstration in the place already 
named. This is the proposition ; 

let J = jf(x, y,y\ ... y**') dx, 

then %J consists of a part free from the integral sign together with 
the integral j VSydx, where 

r./w-^ + ...±2a!Q. 


dx 


dal^ 


This is well known; then Jacobi asserts that SV may be put in 
the form 

+ 


dx" 


.( 6 ). 


We proceed to prove this. Let 8 and ff be symbols of variation 
which are independent of each other ; then the double variation 8 6J 
will be equal to 

S //'(y'"*, y") (Sy'"' By^ + ^<«'8y<«) dx ( 7 ), 

where the sign of summation refers to all values of m and which 
are comprised between 0 and n. But on the one hand this expres- 
sion must be of the form 

Z + j8V0ydx; 

for if we vary J with the symbol 0 we should obtain an integrated 
part and the nnintegrated part jv0ydx] and if we now vary the 
result with the symbol 8 we obtain for the nnintegrated part 
j8V0ydx. 
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Moreover the expression given above for 30/ can be put in 
the form 

... ± dx (s), 

as we shall shew presently. Now by the ordinary method of 
integrating by parts the unintegrated part of the last expression is 

found to be J WOtfdx; and thus 

BV^W, 

which was to be proved. 

We have then only to shew that B OJ really has the form (8). 
The terms in (7) for which m —p have already the required form ; 
suppose then greater than m, and first let /) = w + 1. Then it is 
plain that by single integration 




is referred to the form 




It p be greater than m + 1, then by single integration we make 


J iS dx 

depend on 

j /3 dx 

and 

J ^ dx ; 

and by proceeding thus we shall ultimately arrive at the form 
in (8). 


298. There is an article by Minding entitled, On the trane^ 
Jinmatione which serve Jbr distinguishing maxiim from minima in 
the Ccdculus of Variations. It was published in Crelle’s Mathe- 
matical Journal, YoL 55. 1858, pages 300—809. The object of 
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this article is to demonstrate two theorems used in Jacobi's memoir; 
namelj, the theorem in Art. 222 in the form in which it is ^ven 
in Arts. 229 and 231, and the theorem respecting the form of SV 
in Art. 223. The demonstrations are somewhat complex, but per- 
fectly satisfactory; as they consist however almost entirely of 
ordinary algebraical transformations it will be unnecessary to enter 
upon them here. 

299. We will close this chapter by giving two examples of 
the investigation of a maximum or minimum value. 

For the first example we will apply Jacobi’s method to the 

expression J Vdx where 7"= ^ a? + (2c + cy^) x. This is in 

fact the example given on page 108 ; the quantities which were there 

denoted by r, p, ^ are now denoted respectively by a?, y, p. The 

expression of the second order which determines whether there is a 
maximum or a minimum is here 

Jjx (^)* + 2^^ i) 

Let ^ = + 

therefore S/3 = cxSy ~ ® ^ > 

therefore j S/3Sydx = j cx {Syydx -j ^ 

= - 0 % + J c® (Sy)* <& + ^ (a%) 

= - a% (^ + ^) +/|® (^)*+ %)*| ^ 

Thus we see, since the limits are supposed fixed, that the terms 
which we have to examine can be put in the form j Sfifydx; this 
is in accordance with Jacobi’s theory^, 
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Now Jsj3Sydx=juSj3^dx, where u is at present undeter- 
mined ; also if u be properly determined we shall have 



f 


for this only requires that 



that is, we must have 



Suppose then that u is taken to satisfy this differential equation ; 
then we get 

neglecting the terms free from the integral sign, which vanish at 
the limits if no infinite quantities occur. 

Now u is such a quantity that if put for Sy in 8j3 we get 
Sj3 = 0; hence the value of u is known by Jacobi’s theory ; see 

Art. 220. The value of y which makes sjvdx = 0 is in the 

present case to be obtained by finding ^ from the value of z on 
page 108, and then changing r into a?. Thus it is 


and therefore the value of u is in the present case of the same form, 
with A and B replaced by new constants. The second constant 
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must be supposed zero in order that u may not be infinite when 
x = 0; hence finally 

u = af cos axils), 

*'0 

where a is an arbitrary constant. 

This value of u however vanishes when a? = 0, so that the ex- 
pression under the integral sign in the value of jsfiSydx becomes 

infinite when a? = 0. Hence we are not certain that in this case we 
really have obtained a minimum. 


300. The next example is intended to draw attention to the 
case in which we have to discriminate between the maximum and 
minimum of a function when the limits are not fixed. Writers on 
the calculus of variations appear frequently to intimate that the 
fact of the limits being variable does not really render the problem 
more difficult ; this however does not seem correct. 

Let us consider the problem of the brachistochrone in which 
the moving particle is to pass from one given curve to another, 
starting with an assigned velocity. Take the axis of x vertically 
downwards ; let h be the height due to the initial velocity, and x^ 
the abscissae of the starting-point and the final point respectively. 

Then we have to find the minimum value of I Fdx, where 

J 

and/> = ^. We shall treat the problem in 

what seems the best way ; we shall attribute no variation to the 
independent variable x but shall obtain the requisite generality in 
our formulas by changing the limits of the integration. Suppose 
then that p receives the variation and that the limits x^ and x^ 
become respectively + dx^ and a?, + dx^. In consequence of the 
change in^ and x^ a change takes place in F, and to the second 
order F becomes 
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Hence the variation of the integral is 
J Si ^ dsi J Si 

the limits in the last line being + dx^ and a;, + dx,. 

Now we observe that if in an integral j *^{x)dx the upper 

J Si 

limit is increased by dx^ the integral is increased by 

to the second order ; and if the lower limit is increased by dx^ the 
integral is diminished by 

(»i)> 

to the second order. Thus the above variation becomes to the 
second order 

F.efo>,-F,cfe, + iF;(^^*-J F.'(tfeO* 


+i/r{y 


where F' stands for the complete differential coefficient ^ , and 

the suffixes 1 and 2 indicate that x is made equal to x^ and x^ 
respectively. 

By reducing the second of the above three lines the variation 
becomes to the second order 

F.^. -v,dx, + l f; 1 F/ 
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The term 
by parts 


'dV, 


^ of the variation becomes by integration 


dV 


Hence we infer that we must have ^ equal to a constant, in 
order to obtain a minimum. 

We have now to examine the remaining terms of the variation. 
We shall first transform and 

Suppose ^^e equation to the upper limiting curve, and 

y^’^ipo) the equation to the lower limiting curve. Then the 
co-ordinates y^ satisfy the latter equation, and so also must the 
co-ordinates of the new extreme point which is obtained by changing 
the curve and the limits. The abscissa of the new extreme point 
is ajj + dbjj ; the ordinate of the new extreme point will be found 
by changing into x^ + dx^ in the function y^ + so that it 
will be 

in which we must suppose x put equal to a;,. Thus to the second 
order the ordinate in question is 

{y + % + + 1 Wg}.i 

and this must be equal to ((fi + dx^ estimated to the second 
order. Hence we get 

8y. = + 1 "(«) - W*- 

A similar expression holds for 

With these values of Sy, and 8y^ we shall find that the variation 
reduces to the following terms of the first order, 


- 1}.“^- (f). <*> - 

+ - FA + ; 
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together with the following terms of fhe second order, 

- 1 (f). (*" W - . (*’■>* + (f). 5 W 

The interpretation of the terms of the first order is well known, 
hut we will give it here to render our investigation complete. 

Equate to zero the coefficient of dx^; thus 

dV 

substitute the values of V and , and we obtain 

f pir'(x) + 1 I 

Ml +y)V(* 

Thus (sc) + 1}, = 0, which shews that the curve described 
cuts the lower limiting curve at right angles. 

Next equate to zero the coefficient of <2a;,; thus 

Now ^=» — and by supposition ^ is equal to 

, , h+x—x. , . 1 a 

ence p — f^ — h—x+x^* ^ a—h—x+x^' 

Vo 

2(a — A— a!+aj,)J(A + a!— asj)*’ 


Thus 
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and 

Hrace 


f das aa — 1 

~ V«V(A+»— »,) *” 


«, (toj Va\Pi Pj/ 


Thus onr equation 1)ecome8 


that is 



Therefore + 1 = 0, and thus the tangents to the limiting 

cuires at the points where the described curve meets them are 
parallel. 


We have now remaining in the variation only terms of the 
second order; by reduction they become 

- S}.«‘ 

+ \ KW - \ F;'(efo,)*+ - i^idas,)' 





Now it is by no means evident that the above expression is 
necessarily positive, so that we are not sure of the existence of a 
minimum as asserted by Legendre ; see Art. 203. Nor do Jacobi’s 
investigations give us here any assistance. The above expression 
shews that cceteria paribus the suppositions that [x^ is positive 
and that negative are favourable to the existence of a 

minimum. This makes the lower limiting curve convex to the 
axis of X and the upper limiting curve concave to the axis of x at 
the points where the described curve respectively meets them; and 
it is obvious from a figure that these circumstances are favourable 
to the existence of a minimum. 



CHAPTER XII. 

MISCELLANEOUS MEMOIRS. 


301. The present chapter contains an account in chronological 
order of various articles, memoirs, and treatises, connected with the 
Calculus of Variations. 


302. Poisson, Mimovres de V Institute 1812, page 224. 

Poisson here finds the differential equation to the surface of con- 
stant area which makes J j v^(l + j*) ^ cfo rfy a minimum, 

where p and p' are the principal radii of curvature at the point (a?, y, z) 
of the surface. He adds that the equation obtained would also be 

obtained if we required that ^ (p should 

be a minimum, or that JJv(l +P* + 2*) ^2 + ^ should be a 

L ; for JJs dx dy vanishes, so far as the terms 


minimum : 


under the sign of double integration are concerned. There are 
two misprints in Poisson’s remarks, but there can be no doubt 
that his meaning is what we have here given. 


303. Bodrigue. Bulletin dea Sdencea par la SocUti Fhih* 
matiqm de Paris^ 1815, pages 34 — 36. 

This paper is on certain properties of double integrals and of 
the radii of curvature of surfaces. It is stated that the variation 


of the double integral (p, g) dxdy 


contains only terms 
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relative to the Umite. This may be verified without much di£Ei- 
culiy ; that is, we can shew that the part of the variation under the 
double integral sign is identically zero. Hence we see that this 
statement is an extension of that quoted in the preceding article 
from Poisson. 

304. Poisson. Bvlletin dee Sdencea par la SocUti Philoma- 
tigue de Paris^ 1816, pages 82 — 86. 

This paper is on the Calculus of Variations with respect to 
multiple integrals. Poisson refers to the difficulty which Lacroix 
had found in the variation of a double integral, which led him to 
infer that must be supposed a function of x only and Zy a func- 
tion of y only ; see Art. 40. Lagrange adopted the same h 3 rpothesis 
as sufficient for his purpose without asserting its necessity; see 
Micanique Analytique^ 8rd edition, Vol. I. page 92. Poisson re- 
moves the difficirity by giving the correct expressions for Sz,, ... 
instead of those given by Lacroix. The substance of this paper 
was given by Lacroix in his third volume, pages 717 — 720 ; and it 
was afterwards incorporated by Poisson in his memoir on the Cal- 
culus of Variations. See Art. 102. 

305. Choisy. Essai Histcrique sur le probUme des maonmums 
et minimums et sur ses applications h la micanique par J. D, Choisy^ 
Gieneva, 1823. 

This work consists of 66 quarto pages. It is divided into two 
parts. The first part is on the abstract problem of maxima and 
minima; this contains five chapters; (1) Preliminary considerations, 
(2) Elementary and synthetical methods, (3) Analytical methods 
up to those of the Bemouillis inclusive, (4) Methods of Euler, (5) 
Methods of Lagrange. The second part is on the applications of 
the theory of maxima and minima to Mechanics ; this contains six 
chapters ; (1) On the use of indeterminate coefficients in the appli- 
cations of the Calculus of Variations to Mechanics, (2) On the 
principle of least action, (3) On the Cycloid, (4) On the Catenary, 
(5) On elastic curves, (6) Cb equilibrium. 

At the end of the work is a list of authors on the subject ; this 
list does not seem to contain anything of importance in addition to 
the usual references. 
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The present writer has never seen Choisy’s work ; for the above 
notice of it he is indebted to a friend, who at his request examined 
the cop 7 in the Bodleian Library at Oxford. . 

306. C. H. Graeffe. Ccmmmtaiio Hiatoriam Calculi Variof 
tionum inde ab crigine Calculi Differentialia atque Integralia uagua 
ad nostra tempera compUctena. 

This essay obtained a prize from the University of Gottingen 
in 1825; the adjudicators however state that it is defective in 
giving so little information on the more recent investigations re- 
lating to the Calculus of Variations. The author in his preface 
states his intention of going further into the subject in a future 
essay ; this intention however does not appear to have been ever 
carried out. 

The essay occupies 60 quarto pages ; it traces the history of the 
subject from its origin until the time of Lagrange. The essay thus 
goes over the same ground as the well-known work of Woodhouse. 
It is however not so fall as the work of Woodhouse ; it sometimes 
merely states that certain results were obtained, without explaining 
the method by which they were obtained. 

The essay does not bear upon the subject of the present volume, 
because it scarcely alludes to anything after the works of La- 
grange. A few lines are given to Dirksen, a few to Ohm, and a few 
to Buquoy ; the latter two are not highly estimated by Graeffe. 
Thus he says : Conatus quos Ohm ad hunc calculum stabiliendum 
publicavit parvi momenti sunt...,” and “... ad calculi variationum 
principia fundanda Comitem de Buquoy etiam, quanquam frustra, 
vires tentasse ; non est tamen meum propositum hos conatus scien- 
tism non augentes accurate explicare.” Graeffe refers to Lacroix in 
the following terms: “...inter eos qui libros quibus doctrinas 
matheseos exponuntur perscripserunt, Lacroix calculum variationum 
diligentissime tractasse.” 

These extracts are all taken from the last two pages of 
Graeffe’s work. The present writer has never seen the work of 
Buquoy to which Graeffe refers; its title appears to be Eine 
eigmo Daratellung der OrundUhren der Variationa-rechnung^ and 
the date 1812 is ascribed to it in a bookseller’s catalogue. 
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307. Minding. OrelU^s Mathematical Journal^ Yol. 5, pages 
297 — ^304, 1830. This article is entitled On curves of shortest 
perimeter on curved swfaces; it contains a discussion of a problem 
proposed in the third volume of Crelle’s Journal by Crelle himself. 
The problem is to find the shortest curve which can be drawn on 
a given surface so as to include a given area. Minding obtains 
the following results. If the given surface be a sphere the required 
curve is a plane curve, and therefore a circle. He obtains the re- 
quired curve when the surface is a right cone. He remarks that 
if the surface be any developable surface, the required curve must 
be such as will become a circle when the surface is developed; 
this follows from the known fact that of all plane figures a circle 
is that of least perimeter which bounds a given plane area. 

Minding also establishes the following result. Whatever be 
the surface the curve required has this property ; the cosine of the 
angle between the osculating plane of the curve at any point and 
the tangent plane of the surface at that point is proportional to 
the radius of curvature of the curve at that point. This property 
has since been proved by other writers who have discussed the 
problem, namely, Delaunay, Bonnet, Jellett, and Schellbach. 

The last five pages of the article are occupied with an investi- 
gation respecting another property of the curve ; Minding appears 
to have here fallen into an error, and some detail will be required 
to illustrate the point. 

A geodesic line is a curve drawn on a surface so that at every 
point its osculating plane contains the normal to the surface at 
that point. Now suppose a series of geodesic lines starting from 
a common point on a surface, and let a series of curves be drawn 
cutting these geodesic lines at right angles. The latter curves 
may be called geodesic circles^ because it can be proved that the 
length of the geodesic line drawn from the common starting-point 
to any point of one of these curves is constant. This property of 
a geodesic circle from which its name is derived is proved by 
Minding, although he does not use this name. The name 
is used in Price’s Infinitesimal Calculus^ Vol. ii. and the pro- 
perty is there proved; see also Bonnet’s Memoir on the general 
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theory of surfaces in the Journal de VEcole Polytechnique^ Cahier 
32, page 74. 

The property then which Minding considers that he proves is 
that the curve of least perimeter which can be drawn on a given 
surface so as to include a given area is a geodesic circle. This is 
in fact true for any developable surface in virtue of the remark 
already made ; but it does not appear to be generally true. It is 
however remarkable that Bonnet and Schellbach, who both seem to 
allude to Minding’s solution, take no notice of this part of it. 

We will indicate the grounds for considering this part of 
Minding’s article to be erroneous. Let p be the radius of curvature 
at any point of the required curve, 6 the angle which the osculating 
plane at any point of the curve makes with the tangent plane to 
the surface at that point. Then the characteristic property of the 

required curve is that = a constant. If then Minding’s result 

were correct it would follow that this property must necessarily 
belong to a geodesic circle. Suppose, for example, that we consider 
an ellipsoid ; let the semiaxes be a, 6, c in descending order of mag- 
nitude ; and suppose we require the curve of least perimeter which 
can be drawn on the surface so as to enclose an area equal to half 
that of the ellipsoid. It would appear obvious that the required 
curve must in this case be the ellipse which has h and c for its 

cos 0 

semiaxes ; for this curve satisfies the condition = a constant, 

P 

since cos 0 = 0, and it encloses an area equal to half that of the 
ellipsoid. It is however also obvious that this curve cannot be 
a geodesic circle, for if it were, the pole of the circle must be the 
extremity of the longest axis of the ellipsoid, and the lengths of 
geodesic lines from this point to the ellipse in question are not all 
equal. 

We will however examine Minding’s solution. Let a series of 
geodesic lines be drawn on a given surface all starting from a fixed 
point. Let s denote the length of a portion of one of these 
measured from the fixed point, the angle which the selected 
geodesic line makes at starting with some fixed line on the surface; 
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thus 8 and yjr serve as co-ordinates to determine a point on the 
surface. 


Now let <l> be such a function of s and yjr that represents 
the length of an element of the geodesic circle which passes through 
the point (a, yjr); then ^ will be a known function because the 
surface is supposed a given surface. With this notation it will 
readily follow that the length of the perimeter of any curve is 


expressed by the integral JV + (c&)® between suitable limits; 
and the area of the enclosed surface is expressed by jj(f)dylrds 


between suitable limits. Hence by the usual considerations we 
have to find the minimum of 


h {dyjry^ + (cfe)® + jj dsf 

where h is a constant. 

Minding then proceeds thus. We have for determining the 
curve of shortest perimeter the equation 

hS J ^ sJJ (fx^yfr ds = 0. 


For brevity put dP^ - {d'^Y {ds)\ and suppose that only ylr 

varies since it is known that the two equations which arc obtained 
by varying s and yjr must coincide ; thus we obtain 

this gives the following as the difierential equation of the curve of 
least perimeter, 



This equation will be satisfied by the supposition ds = 0, as it is 
easy to see. For it follows from this supposition that dF= <f>dylry 


so that the differential equation becomes 



this is identically true, whether <f> depends on yfr or, as in some 
cases may happen, is independent of 
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This is Minding’s process. It appears from this process that 
when we take the variation of the proposed expression, the term 
remaining under the integral sign is 

Hence the equation for determining the required curve is 

Minding in effect multiplies the expression on the left-hand side 
of this equation by ^ , and then puts ^ = 0 as a solution. This 
is of course unsound. 

We may put the solution in a slightly different form. Minding 
really takes s as the independent variable; it is however more 
natural to take yjr as the independent variable. The double integral 

may be reduced to a single integral by supposing the 

integration ^<^d$ effected ; denote J(f>ds by v, where v will be a 

function of s and 's/r. We have then to find the minimum of 


/jA/y/ +v^d^. 
Hence in the usual way we obtain 



Now this equation cannot be generally satisfied by supposing 
^ = 0 ; for this supposition leads ^ “i" ^ ^ 

^ + A ^ = 0 ; and since <f> is a function of s and this equation 

connects s and yjr, and shews that ^ is a function of so that 
ds . 

-yt- is not zero. 

dy 
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308. Goldschmidt. Determinaiio superjiciei minimm rotatime 
mrv(B data dm puncta jurigentis circa datum axem otUb. Auctore 
Benjamin OoldschmidU Gottingen, 1831. 

This essay obtained a prize from the university of Gottingen in 
1831 ; it occupies 32 quarto pages. The problem discussed is to 
find the curve joining two given points which by revolving round 
a given axis will generate a minimum surface. The problem is 
solved in three different ways by using different formulae for the 
area of a surface of revolution, and the result is, as is well known, 
that the surface is in general that obtained by the revolution of a 
catenary round its base. The author then investigates the pos- 
sibility of drawing a catenary which shall have a given base and 
pass through two given points. The conclusion is that sometimes 
two such catenaries can be drawn, sometimes only one, and some- 
times no catenary. When no catenary can be drawn it is inferred 
that the surface consists of two planes formed by the revolution 
round the axis of the perpendiculars from the given points on the 
axis; these planes may be supposed connected by means of the 
portion of the axis which they intercept between them. There 
is no investigation of the terms of the second order to shew that a 
minimum really is obtained. 

In the course of the essay some interesting properties of the 
catenary are noticed ; thus on page 17 is given a simple geometrical 
method of drawing a tangent to a catenary ; on page 18 it is shewn 
that all the curves formed by varying the parameter c in the equa- 

X _ X 

tion 2y = c (e* -f 6 ®) touch two straight lines passing through the 
origin ; on page 26 is given a simple geometrical method of deter- 
mining the vertices of the two catenaries which have a given axis 
and pass through two points equally distant from that axis. 

A short account of Goldschmidt will be found in the Monthly 
Notices of the Royal Astronomical Society. Vol. 12, page 84. 

309. Poisson. Crellds Mathematical Journal, Vol. 8, pages 

361, 362. 1832. 

This article is entitled Note on the surface of which the area 
between given limits is a minimum. We give a translation of it. 

One of the first applications which Lagrange made of the Cal- 
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cuius of Variations was to determine the surface of which the area 
between given limits is a minimum. This was a very favourable 
example for shewing the advantage of his new calculus over the in- 
genious methods which had preceded it; for it would have been 
difficult to extend these methods to the maxima and minima of 
double integrals, and therefore to questions concerning surfaces. 
The equation which Lagrange found is, as is well known, a partial 
differential equation of the second order. Monge integrated it in 
a finite form, but by considerations which appeared inadmissible, 
and which gave rise to long discussions between him and Laplace. 
Legendre afterwards obtained the same integral by a transforma- 
tion applicable to a large class of equations of the second order, 
so that no doubt remained as to the con-ectness of the result. 
(Lacroix, Differential and Integral CahuluSy VoL 2 , page 622 .) 
Unfortunately no advantage could be drawn from this integral, 
which involved imaginary quantities and was expressed by a 
system of three equations between two auxiliary variables and the 
current co-ordinates of the surface. But besides the difficulty 
which results from this form of the general integral, in which it 
appears, to say the least, very difficult to determine the arbitrary 
functions, there is another difficulty arising from the number of 
these functions which the question can admit. 

In fact the problem of a minimum area comprises two dis- 
tinct questions ; either two closed curves are given and we require 
to connect them by a zone of surface of which the area shall be 
the least possible, or else only one closed curve is given and we 
have to find a surface such that the area of the portion bounded 
by this curve shall be a minimum. When, for example, an aper- 
ture is made in the surface of a vessel which contains a fluid, the 
area of the surface by which we must multiply the velocity and the 
time of the movement in order to calculate the volume of the fluid 
discharged is precisely the minimum area corresponding to the 
second case of the problem, which thus presents a useful application. 

In the first case the question and the complete integral which 
has been found have the same degree of generality, and the two 
given curves determine implicitly the two arbitrary functions which 
this integral includes. In the second case, on the contrary, the 
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given curve can only serve to determine one arbitrary function. 
One of these functions will then remain undetermined, and the 
integral will thus have more generality than the question which 
it serves to solve. If the given curve is plane the surface required 
is the plane of this curve. If it is a curve of double curvature this 
surface is not known h priori, but it ought to be some definite 
single surface, and the problem is not solved so long as there 
remains anything undetermined in the equation. 

In order to resolve this diflSculty I have considered specially 
the case in which the required surface does not deviate much from 
a given plane. By putting the integral of the partial differential 
equation under a form which differs from that hitherto used, I have 
found that the expression of one of the current co-ordinates as a 
function of the other two contains terms which become infinite at a 
point of the minimum area, in the second of the two cases of the 
problem ; and these must be suppressed as foreign to the problem. 
In the first case these terms retain a finite value through the whole 
extent of the zone of surface which is to be determined, so that 
while they are to be suppressed in the other case they are to be 
retained in this. By this means the expression for the ordinate 
of any point of the surface has in each case the degree of gene- 
rality which the question requires. Then, by the method which I 
have used in other memoirs, all the arbitrary quantities which 
enter into this expression are determined, by means of the two 
limiting curves of the minimum zone in the first case, and by 
means of the single curve which bounds the minimum area in the 
second case. 

In this manner the solution of the problem is completely 
finished in the two parts which it presents, and which form two 
distinct questions with reference to the determination of the arbi- 
trary functions, although they depend upon the same differential 
equation. 

The Memoir from which this note is extracted will appear in 
another number of this Journal. 

[The memoir in question seems never to have been published.] 

310. Pagani. CreWa Mathematical Journal, Vol. 15, pages 
84—99, 1836. 
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This article is entitled Solution of a problem relating to the 
Calculus of Variations, The problem considered is that which was 
solved by Gauss ; see Chapter iii. Before considering the problem 
Pagani gives a brief investigation of the variation of a multiple 
integral. He arrives at the formulae contained in Ostrogradsky’s 
Memoir ; see Art. 128. He then gives some remarks on the inte- 
gration of the expressions when the number of the variables does 
not exceed three. The Memoir contains nothing that will not be 
found in Ostrogradsky, and from its brevity it would be diflScult 
for a student who had not access to other works on the 
subject. 

311. Bjorling. Calculi Variationum Integralium Duplicium 
Exercitationes, Auctore Em, Oahr, Bjorling, Upsal, 1842. 

This treatise contains 57 quarto pages. The author refers to 
the memoirs by Poisson and Ostrogradsky, and expresses his 
surprise that neither of these mathematicians applied his general 
formulee to the question of determining the surface of minimum 
area. He proposes to consider this problem. He gives by way 
of introduction an investigation of the variation of a double inte- 
gral, with some remarks on the limiting equations which must be 
satisfied in order that the variation may vanish. This part of the 
treatise is taken from Ostrogradsky. This introductory part occu- 
pies the first 19 pages. 

The author then proceeds to the problem of the surface of 
minimum area, and he arrives at the well-known result that such 
a surface must be determined from the equation 

(1 +y) t - 2pqs-}r (1 + 5 ®) r = 0, 

where the usual notation is adopted. Before considering this equation 
generally he gives two special examples in which it is satisfied ; one 
example is a surface of revolution, and the other a ruled surface. The 
discussion of these examples occupies pages 20 — 28. Then pages 
29 — 50 are devoted to the solution of the general partial differ- 
ential equation given above. Bjorling quotes Monge’s solution; 
but by means of transforming the variables he obtains the solution 
under another form, which he considers more suitable than that of 
Monge when we have to determine the arbitrary functions involved. 
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The author refers for Monge’s solution to Monge’s Application de 
V Analyse h la OiomUricy and to Lacroix, Trait6 du Calc. Diff. et 
Integ. Vol. 2, page 630. Monge’s result is also established in 
De Morgan’s Differential and Integral CalcultLSj pages 473, 474. 

The last seven pages of the treatise form an appendix in which 
the author briefly discusses a particular case of the problem of 
determining a solid which has a maximum volume while the area of 
the surface is given. 

It will be seen from this account of the treatise that it con- 
tains very little which strictly belongs to the Calculus of Variations; 
in fact it should rather be considered as an essay on the integration 
of the partial differential equation given above. We may observe 
that the part of the treatise which relates to the integration of the 
equation is reproduced by the author in an article in Grunert’s 
Archiv d&r Mathematik und Physik^ Vol. 4, pages 290 — 315, 1844. 

The following four points of interest may be noticed in the 
treatise. 

(1) The author before considering the general problem takes 
the case of a surface of revolution ; he then arrives at the known 
result that the surface must be that which is formed by the 
revolution of a catenary round its base. Supposing that the 
surface is to connect two given circles which have their planes 
perpendicular to the axis of revolution and their centres on this 
axis, he obtains equations for determining the constants involved 
in the equation to the catenary. He then asserts that the surface 
thus obtained is that which has the minimum area out of all 
possible surfaces that can be drawn so as to connect the two given 
circles, and not merely the minimum area out of all surfaces of 
revolution. He does not explain this remark. Perhaps he means 
that we are first to conclude that in the case considered the surface 
must be one of revolution ; suppose, for example, we divide it into 
two parts by a plane containing the axis, then if the two parts are 
not symmetrical one of them will generally be of greater area than 
the other, we can then replace the part which has the greater area 
by a part symmetrically equal to the other part, and thus obtain 
a less total area than that which was assigned as the minimum. 
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Or perhaps the author argues that as the surface of revolution 
which he has obtained satisfies the general partial difierential 
equation of the problem, and also satisfies the limiting conditions, 
it must be the surface required. 

(2) BjSrling discusses another particular example before con- 
sidering the general equation, namely, among all surfaces which 
can be formed by the motion of a straight line which always 
remains parallel to a fixed plane, to determine that of minimum 
area. 

Take the plane of (a?, y) as that to which the generating line 
is always to be parallel ; then we have to find a relation between 
a?, y, and a, so that the following partial differential equations may 
be satisfied, 

— 2;pq8 •\‘pH = 0 , 

(1 - "Ipqs + (1 + 2*) r = 0. 

The result is 

a; — a = (y - 5) tan • 

This result is however more general than appears from Bj5rling’s 
treatise. It has been shewn by Catalan that out of all ruled sur- 
faces the surface determined by the equation just given is the only 
one which satisfies the condition for a minimum area; see Liou- 
ville’s Mathematical Journal^ Vol. 7, pages 203 — 211, 1842. This 
theorem is also proved by Bonnet in the Journal de VEcoU Poly^ 
technique, Cahier 32, page 134, 1848; it is there ascribed to 
Meunier. 

(3) In the appendix which extends from page 51 to the end, 
Bjorling considers the following problem; among all surfaces of 
revolution to find that which has a given area and includes a 
maximum volume. He obtains the differential equation to the 
generating curve, and shews that this curve is that which is traced 
out by the focus of a conic section when the conic section is made 
to roll on a fixed line. This result he states is due to Delaunay; 
and he refers to the Journal called L'Institut, Number 394, 1841. 

(4) On page 4 of his treatise Bj5rling points out an important 
misprint in Poisson’s Memoir ; see Art. 107. 
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812. Bertrand. Liouville’s Mathematical Joumaly Vol. 7, 
pages 55 — 58, 1842. 

This article is entitled Note on a point in the Calculus of 
Variations. 

Suppose we have to find the maximum or minimum of j Udx, 

while j Vdx is to remain constant ; then the rule which was given 

hy Euler is that we must find the maximum or minimum of 

J(V-h cC) dx where c is a constant. Bertrand’s object is to prove 

this rule. He says that his proof is not so simple as that which is 
commonly given, and which involves no calculation ; but the com- 
mon proof appears to him unsatisfactory, for it only shews that the 
solutions obtained do satisfy the conditions of the problem, but not 
that they are the only possible solutions. 

Suppose then that f Udx is to be a maximum while f Vdx 
J a J a 

rb 

remains constant,* then we know that the variation B I Udx 

must be zero whenever the variation 8 j Vdx is zero. Sup- 
pose for simplicity that the terms outside the integral signs in 
the ordinary expressions for these variations vanish. Then 

J ecu dx must vanish whenever J cov dx vanishes, where u and v 

are certain functions derived in the well-known manner firom U and 
V respectively, and <o admits of all values. 


Now it is obvious that we can satisfy this condition by putting 
u^cvy where c is a constant; for then the two integrals have a 
constant ratio whatever u may be, and therefore they vanish 
simultaneously. But we wish to prove that this relation u = cv ia 
not only sufficient but necessary. 


Suppose then that ~ is not a constant, and let ^ ) then 

we shall shew that there cannot be a maximum. For we shall 

rb 

shew that it is possible to take a> such that I eovdx vanishes while 
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rb 

I (ovf{x) dx does not vanish. For we may suppose that a> is zero 

J a 

for all values of x except when x lies between and A, or between 
A, and A^ ; then we can take <a such that 



0 . 


For we can suppose that Aj— Aj is so small that the sign of v 
does not change while a? lies between \ and A^: and also that A^— A3 
is so small that the sign of v does not change while x lies between 
A3 and A^ ; then we can make x have an unchangeable sign during 
each interval, and choose the same sign or contrary signs for the 
two intervals according as v has contrary signs or the same sign. 
By properly choosing andA^ we can ensure that /(a?) does 

not change sign while x lies between A^ and Aj or between A3 and A^, 
and that the value of f(x) throughout one of these intervals is 
always greater than throughout the other. Thus 


^G)V f ix) dx + ^a>vf{x) dx 


will not be zero when the values of to are adopted which we have 
supposed used to make 



zero. Thus there is not a maximum. 


Therefore there cannot be a relative maximum or minimum 
unless ~ is constant. 

V 


Bertrand then considers the case in which the terms outside the 
integral sign in the two original variations do not vanish. It is 
however unnecessary to notice this part of his article ; for what has 
been already given shews that there cannot be a solution at all of 


the problem proposed unless ^ is constant, and the ordinary 
method shews, as Bertrand himself admits, that we can get a solu- 


tion by supposing ~ constant. 
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313. Bertrand. Liouville’s Mathematical Journal^ Vol. 7, 
pages 212 — 214, 1842. 

This article is entitled Note on a Theorem in Mechanics, The 
following theorem is proved; let there be two curves with their 
concavities downwards and terminated at the same extremities; 
then a particle moving under the action of gravity will take a 
longer time to describe the upper curve than the lower curve, 
the initial velocity being supposed the same in the two cases. 

Take the axis of y vertically downwards, and the origin so that 
V2^ may be the velocity when the ordinate of the particle is y. 
Then the time t of describing the arc is determined by the equation 



Now from the usual expression for ht we shall obtain by re- 
duction 

Now y'* is positive because the concavity of the curve is sup- 
posed downwards ; and since we pass from the upper curve to the 
lower by assigning a positive value to Sy, it follows that in pass- 
ing from the upper curve to the lower ht is negative. Thus the 
time of motion is diminished in passing from one curve to another 
which is infinitesimally lower; and therefore h fortiori the time of 
motion is diminished in passing from one curve to another which 
is at a finite distance below the first, provided the passage can be 
eflfected through a series of curves indefinitely close to each other 
all having their concavities downwards, that is, provided the two 
extreme curves themselves both have their concavities downwards. 

Bertrand uses the same method to shew that a convex arc is 
shorter than another which encloses it ; and he intimates that the 
same method may be applied to shew that the area of a convex 
surface is smaller than the area of another which has the same 
boundary and which encloses the first. 

314. Delaunay. lAouvttte^s Mathematical Journal^ Yol. 8, 
pages 241 — 244, 1843. 
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This article is entitled Note on the line of given length which 
includes a maximum area on a surface^ The area is supposed to 
be bounded on three sides by curves which project on the plane of 
(a?, y) into straight lines, two of them parallel to the axis of y and 
the other parallel to the axis of x ; the fourth boundary of the area 
is supposed to be the curve required, which is to have a given 
length and to include with the other boundaries a maximum area. 

The integral to be a maximum is therefore J dx J rfy 

where the superior limit in the integration relative to y is the 
ordinate for any point of the required curve. Moreover the length 
of the curve is supposed given. 

Thus the problem coincides with that discussed by Minding 
and others ; see Art. 307. 

315. Bonnet. Journal de VEcole Polytechniqm. Cahier 32, 
pages 1 — 146, 1848. 

This Memoir is entitled On the general theory of Surfaces. 
It contains many interesting results with respect to geodesic lines, 
but it is not very closely connected with our subject; there are 
however three points which may be noticed here. 

(1) On pages 37 — 39 the equation to the geodesic lines on any 
surface is obtained by means of the Calculus of Variations. 

(2) On pages 44 — 46 the problem is solved by means of the 
Calculus of Variations which had been considered by Minding and 
Delaunay ; see Arts. 307 and 314. 

(3) On pages 134 — 136 is a note relative to the ruled surface 
which has at every point its principal radii of curvature equal and 
of opposite signs. It Is stated that Meunier was the first person 
who proved that the hUigoide gauche is the only ruled surface which 
has the property in question. Eeference is made to solutions by 
Legendre and Olivier ; and it is stated that other solutions have 
been given by writers in Liouville’s Journal. Bonnet then gives 
a geometrical proof of the theorem originally established by 
Meunier. 

Bonnet’s treatment of the problems (1) and (2) by the Calculus 
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of Variations is very interesting, but it is too closely connected 
with the notation and results of his Memoir to be extracted. 

316. Homstein. Disseriatio de Maximis et Minimis integra^- 
Hum multiplicium guam pro gradu Doctoratus in celeherrima Uni- 
versitate Bonnensi conseguendo elaboravit auctor (7. Hornstein. 
Vienna, 1850. 

This treatise consists of 26 quarto pages. No reference is given 
to preceding writers, but the treatise is obviously constructed under 
the guidance of the memoir by Cauchy which we have described 
in Chapter viii. Homstein adopts that modification of Cauchy’s 
notation which we have given at the bottom of page 214. 

The treatise consists essentially of two investigations. (1) An 
investigation of the variation of a double integral : this is such an 
investigation as we have given in Arts. 183 and 184. Homstein 
gives completely the terms which arise from differential coefiicients 
up to the second order inclusive, and indicates some of the terms 
which arise from differential coefiicients of a higher order. (2) An 
investigation of the variation of a triple integral ; Homstein gives 
completely the terms which arise from differential coefficients up to 
the second order inclusive. This is similar to the investigation 
which we have given in Art. 195, so far as the terms arising from 
differential coefficients up to the first order inclusive. 

The investigations are given very clearly, and the complicated 
expressions which necessarily occur have been very accurately 
printed. 

317. Ostrogradsky. Mimoire sur les Agnations diffirentielles 
relatives an prohUme des Isopirini^tres. 

This Memoir was read to the Academy of Sciences at St 
Petersburg, on November 29th, 1848, and was published in 1850, 
in the Memoirs of the Academy. The volume which contains the 
memoir belongs to the sixth series ; it is the fourth volume of the 
department of mathematical and physical sciences, and the sixth 
volume of the combined departments of mathematical, physical, and 
natural sciences. The memoir occupies pages 385 — 517 of the 
volume. 
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Suppose F to be a function of an independent variable and of 
the variables ... which are supposed to be functions of t, 

and of the differential coefficients of these functions with respect to 
t. Moreover suppose that V involves differential coefficients of 
each function ... up to that of the order inclusive. If 

J Vdt is to be a maximum or minimum 3 j Vdi must be zero. 

By the known principles of the Calculus of Variations this leads 
to m differential equations each of the order denoted by 2w. 
Now it is shewn by Ostrogradsky that these differential equations 
are equivalent to a certain set of partial differential equations 
of the first order. The object of the first part of Ostrogradsky’s 
Memoir is thus the same as that which was afterwards considered 
by Clebsch in the first part of his second Memoir ; sec Art. 286. 

Ostrogradsky then enters at great length into the subject of the 
integration of the equations which are thus obtained, and the 
consideration of some remarkable properties connected with the 
equations. 

The memoir is rather difficult and not very correctly printed. 
It is very slightly connected with the Calculus of Variations ; its 
proper place is among the series of modem researches on the 
equations of Dynamics, and on the theory of the variation of the 
arbitrary constants ; to these subjects Ostrogradsky often alludes. 

The following points of interest may be noticed. In pages 
419 — 430 Ostrogradsky makes some observations on that part of 
the M6canique Andlytique in which Lagrange deduces the equa- 
tions of motion in Dynamics from the principle of Least Action 
combined with the principle of Vis Viva. Ostrogradsky says that 
Lagrange’s analysis is inexact (page 424). The principle on which 
Ostrogradsky founds his objection is, that by virtue of the equation 
of Vis Viva there is a relation between certain variations which 
Lagrange assumes to be independent (page 423). The part of the 
Micanique Analytiqm to which Ostrogradsky refers is that on page 
296 and the following pages of the first volume; in one place 
Ostrogradsky refers to page 229, which must be a misprint for 
page 299. 
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In pages 472^480 Ostrogradsky applies his general theory to 
some examples ; these are of great use as illustrations of his theory. 
In a note he says that he omits other illustrations because he has 
found during the printing of his memoir that it was possible to 
generalise and simplify these applications, and also that the general 
theory could be simplified and receive some development ; this he 
promises to shew in a future memoir. 

On page 512 Ostrogradsky indicates an important application 
of a formula originally obtained by Poisson, which application 
Poisson himself appears not to have observed. 

318. Schellbach. CrelUa Mathematical Journal^ Vol. 41, 
pages 293 — 363, 1851. 

This Memoir is entitled Prohlema of the Calculus of Variations. 
The author states that students of mathematics often find the 
Calculus of Variations a diflicult subject ; he accordingly considers 
some problems which are usually treated by the Calculus of Varia- 
tions and solves them without using the methods of that Calculus. 
His processes resemble those which were used by the early writers 
who solved such problems before the Calculus of Variations was 
reduced to a system. The memoir is interesting and instructive, 
especially for a student who is examining the foundations of the 
subject. 

The memoir consists of 35 sections; we will indicate briefly 
the contents of these sections, and then give some specimens of the 
investigations. 

(1) The ordinary formulas for solving problems of maxima 
and minima are quoted firom the Differential Calculus. (2) A curve 
of given length is to be drawn between two fixed points so as 
to include with the axis of x and the bounding ordinates a 
minimum area. The problem is solved by first considering the 
case of a polygon, forming the necessary equations by (1), and 
then proceeding to the limit. (3), (4), (5) contain other solutions of 
the problem in (2). In (6) the problem is modified by supposing 
that the ends instead of being fixed are to lie on given curves. 
(7) The problem we have solved in Art. 99 after Poisson. (8) To 
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find the curve which joins two given points and by revolution 
round an axis in its plane generates a minimum surface. (9) To 
find the curve which by revolution round an axis in its plane 
generates a maximum or minimum volume, the ends of the curve 
lying on given curves. (10) A general discussion which amounts 
to finding the usual equation for a maximum or minimum in any 
integral expression with one dependent variable. (11) To find a 
curve such that the area between the curve and its evolute may be 
a minimum. (12) The solid of revolution of least resistance. (13), 
(14), (15), (16) and (19) The brachistochrone and allied problems. 
(17) The problem discussed by Minding and others; see Art. 307. 
Schellbach states that it has been discussed by another mathe- 
matician besides Minding and Delaunay, but he does not give 
a precise reference. (18) A curve of given length is drawn on a 
given surface ; find the curve so that the volume determined by the 
curve and its orthogonal projection on one of the co-ordinate planes 
may be a maximum or minimum. (20) A problem which we shall 
consider presently; see Art. 320. (21) The curve which has its 

centre of gravity at a maximum depth. (22) The curve which 
bounds an area having its centre of gravity at a maximum depth. 
Sections (23) — (29) contain investigations which are not very closely 
connected with the Calculus of Variations; we shall recur to them 
again; see Art. 322. (30) To find a surface having a given 

boundary and a minimum area. (31) General investigation of the 
maxima and minima of double integrals. (32) General investi- 
gation of the maxima and minima of triple integrals. (33) and (34) 
The problem which Poisson quotes from Euler, and the problem 
which Poisson himself considers; see Arts. 118 — 120. (35) The 

transformation of the equations of motion in Dynamics given by 
Lagrange in the Mecamque Analytique; see De Morgan’s Differ^ 
ential and Integral Calculm^ page 520. 

319. As an example of Schellbach’s solutions we will take the 
problem of determining the brachistochrone when a particle moves 
in a resisting medium under the action of gravity ; see section (14) 
of the memoir. 

Instead of supposing the particle to describe a curve we will 
suppose it to describe a polygon of n sides, each side being ulti- 
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xnatelj made indefinitely small. Take the axis of x horizontal, 
and that of y vertically upwards. Let x^, be the co-ordinates 
of the initial point ; a?, , the co-ordinates of the beginning of the 
second side of the polygon; y, the co-ordinates of the begin- 
ning of the third side of the polygon ; and so on. Let Ss^ be the 
length of the first side of the polygon, the velocity, supposed 
uniform, with which it is described ; let Ssj^ be the length of the 
second side of the polygon, the velocity, supposed uniform, 
with which it is described ; and so on. Then the whole time of 
motion is 


Ss^ I I I 

% ^1 ^ 



We have then to make this time of motion a minimum. 


We must first however determine the connexion between the 
velocity at any point and the co-ordinates of that point, by me- 
chanical principles. Suppose a particle to be moving on a curve ; 
let p denote the reaction of the curve, gw the resistance where w is 
any function of the velocity ; then the equations of motion are 
d*x dy dx dx dy 


Eliminate p from these equations ; thus 

dv^^ — 2gdy — 2gw ds. 

Assume — 2guy so that 

rfy + t4?(&=0 (1). 

Now let us return to the supposition that the motion is to take 
place on a polygon and not on a curve ; then from the equation 
last written we obtain the following n equations, 

«i +yi -Vo + = 0 1 


«« - + y. - y..-, + M’.-j = 0 J 

The expression to be made a minimum is 

i5i+i2i + 


( 2 ). 
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which we shall denote by T. Then we may consider T as a function 

of 2n unknown quantities, namely , 

and we must determine the values of these quantities so that T may 
be a minimum. Now by the ordinary principles of the Differential 
Calculus we may use the method of indeterminate multipliers in 
order to take account of the conditions expressed by the equations 
(2). So that we may consider we have to find the minimum value 
of where 


= Wr+i - Wr + 3^r+i " ^5, , 

Xy is a constant, and the summation indicated by X extends from 
r = 0 tor=w— 1 both inclusive. We shall now differentiate 
T+ X\M^ with respect to each variable, and equate each differ- 
ential coefficient to zero. Let us take for example the variables 
Xr and y,.; each of these occurs in and in ; for 

= K - !»,_,)*+ (y, - 

and (&,)’ = (xr^^ - av)* + (y,+, - y,)’ ; 


moreover y,. occurs explicitly in and in Thus by differ- 

entiating with respect to we get 

Sxr 1 1 SXf. 

. A 9/9 ■ r A. 9/7 ■ j;- — * 






where Sa;r_i ia put for x, — Xr_^ and Sx, for a!,+, — a;,. 
The above equation may be written 


S 


, S ^-1 ^r-i ^^r- i _ ft . 

Vm,_, . &r_i ^»r_i 


therefore by proceeding to the limit and integrating we obtain 
1 dx , . dx 

W’ 

where a is a constant. Here we have dropped the suffix r — 1, that 
dx 

is, we use w, X, ^ , as representing any one of the corresponding 
quantities with its appropriate suffix. 
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la the same manner bj differentiating with respect to we 
obtun 




_1 ^ L 

V«r.i &r-i VWr ^ 
this equation may he written 


O^r-i 


therefore by proceeding to the limit and integrating we obtain 

( 4 ). 


4 f! + X„f + X=.}, 

as as 


where i is a constant. 

Equations (3) and (4) are the differential equations of the 
problem ; they agree with the results obtained by the ordinary 
methods ; see for example Mr Jellett’s treatise, pages 298 — 300. 

From (3) and (4) eliminate X; then with the help of (1) we 
shall obtain 



du 


f d\ 


W 


As w is supposed a given function of u we obtain from these 
two equations x and y as functions of an auxiliary variable u. 


320. In Schellbach’s twentieth section the following problem 
is proposed. The ends of a string of length I are fastened at the 
points A and B ; the ends of a string of length X are fastened at the 
points A* and J^. The four points -4, B, A\ B* are not supposed 
to be all in the same plane. A straight line passes from the 
position AB to the position AB* so that it moves over the threads 
I and X in the same time with unifonh velocity, and thus describes 
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a developable surface. Bequired to determine the forms of the 
strings so that this surface may be a maximum or a minimum. 

This problem requires some observations. 

It is no doubt meant that the straight line is to pass from the 
position AA' to the position BB\ and not, as it is stated above, from 
the position AB to the position A*B\ 

The meaning of the problem is best understood by examining 
the process of solution which the author adopts. Let P, Q denote 
adjacent points of one of the strings, and P', corresponding 
adjacent points of the other string. Let a generating line be 
drawn from P to P' ; let the end at P be supposed fixed, and let the 
line turn round this end remaining always in contact with P' ; 
thus an indefinitely small conical element is generated. Next let 
the end of the line at Qf be supposed fixed, and let the line turn 
about this end remaining always in contact with PQ ; thus another 
indefinitely small conical element is generated. Now it is the sum 
of all these pairs of elements which the author proposes to make a 
maximum or minimum. These elements do not form a continuous 
developable surface in the ordinary meaning of such a term ; for 
that would require that the following three lines should be in one 
plane, the line PQ, the tangent to the guiding curve at P, and the 
tangent to the guiding curve at Q, and there is nothing in Schell- 
bach’s solution to secure this. Moreover there is nothing in the 
solution corresponding to the condition of moving with uniform 
velocity over the two curves, which occurs in the statement of the 
problem; the connexion between the lengths of the two curves 
described by the moving line in passing from its initial position to 
any other position is in fact one of the things sought in the 
solution. 

Let aj, y, « be the co-ordinates of one end of the moving line, s 
the length of the portion of the string which has been described ; 
let f, rj, f be the co-ordinates of the other end of the moving line, <r 
the length of the curve which has been described. Let r denote 
the distance of (a?, y, z) from (f, rj, f) ; if the first end of the line 
moves over an arc ds while the other end remains fixed, the area 
of the element of surface generated will be ultimately 
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similarly if the second end of the line move over an arc dTo- while 
the first end remains fixed, the area of the element of surface 
generated will be ultimately 

Thus since the lengths of the guiding curves are to be constant, 
we have, by the usual considerations, to find the maximum or 
minimum of 

where m and /x are constants. Schellbach then expresses r, 

dv* d/f* » • • 

^ ^ ^ terms of a?, y, 0, >7, ? and their differentials ; 

then by equating the coefficients of the variations to zero in the 
usual way he obtains equations for determining the required curves. 
The equations he obtains are susceptible of integration to a certain 
extent, but the problem cannot be completely solved. 

Schellbach next considers a modification of the problem; he 
supposes that one of the curves is replaced by a straight line of 
given length and position, and that the other curve is to be deter- 
mined so as to make the area a maximum or minimum. The solu- 
tion of the problem in this form can be carried a little further than 
the solution of the original problem. 

321 . In his twenty-first section Schellbach suggests a problem 
which it will be instructive to examine. 

ACB is a string of given length which is fastened at A and B; 
see figure 9 ; A! G'B' is another string of given length fastened at A 
and B\ CD O' is another string of given length, the ends of which 
are constrained to lie on the former strings. Each string is supposed 
uniform, but the weight of a unit of length is not necessarily the same 
for all the strings. Eequired the forms of the curves in order that 
the centre of gravify of the system niay be at a maximum depth. 
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We know from Statics that the curves will all be portions of 
catenaries ; and from Statics we can obtain certain equations for 
determining the constants involved in the equations to the catenaries. 
But the point of interest is to deduce these equations by means of 
the Calculus of Variations. 

Take the axis of y vertically downwards, and put^ for ^ . Let 

^3 weights of a unit of length of the strings ACB^ 

AG'B\ GDC respectively. Then we require that the following 
expression should be a maximum, 


V(1 +i>*) dx + Wj Jy V(1 +p*) die + Wj jy V (1 + J>*) die, 


where the three integrals extend respectively over all the elements 
of the tliree curves. And the length of each curve is a constant. 
Hence the following expression is to be added to the former, 


J v'(l + /) dx + a^j ^/{l + y) dx -f a^j v/(l +y) efe ; 


and the whole made a maximum, being constants, and the 

three integrals extending over all the elements of the three curves 
respectively. 

We then make the variation of the whole vanish. This varia- 
tion consists as usual of terms under the integral signs and terms 
outside the integral signs. 

The terms under the integral signs vanish if we suppose equa- 
tions to hold of which the type is 

{wy + a) V(1 + constant, 

that is, 

= constant. 

V(1 +/) 

In this equation w and a are to have the specific value belonging 
to the specific arc we are considering ; the constant is not necessarily 
the same throughout, but will generally have five different values 
corresponding to the five arcs, 

AC, CB, A'C, O'B', CDO\ 
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The general relation just obtained shews that each of these five arcs 
is a portion of a catenary. 

Now consider the terms outside the integral signs. We adopt 
the usual supposition that both x and y vary, and we denote by 
Sx^ and Sy^ the variations of the point C. Then Sx^ and Sy^ will 
occur in three ways, arising from the three curves which meet at G 
The complete term involving Sy^^ will be 


i curves 


where i, M, N are respectively the values at the point G of the 
expression of which the type is > obtained from the < 

AC^ OB, CD respectively. 

Thus the equation 


agrees with what we should obtain from the statical principle of 
equating the sum of the vertical tensions at G of the two upper 
curves to the vertical tension of the lower; for the value ofj> found 
from the curve BG at (7 is negative. 

Similarly by equating to zero the coeflBcient of Sx^ we shall 
obtain an equation coincident with that which we should obtain 
from the statical principle of equating the sum of the horizontal 
tensions of the curves BG and CD at G to the horizontal tension 
of the curve CA. 

We have theoretically enough equations to determine the con- 
stants. For we have five constants from the general relation which 
we have found above when it is applied to the five arcs, and five 
more constants would be introduced by integrating that general 
relation; we have also the three constants thus there are 

thirteen constants on the whole. Now we have found two equa- 
tions among the constants from the conditions which subsist at C, 
and similarly we should obtain two more equations from the con- 
ditions which subsist at (7'; the four fixed points A, B, A\ B\ 
furnish four equations; the known lengths of the curves furnish 
three equations; the fact that three arcs intersect at G furnishes 
one equation, and the fact that three arcs intersect at (7' furnishes 
one equation. Thus on the whole we have thirteen equations. 
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322. From page 336 to page 347 of Schellbach’s memoir is 
occupied with the investigation of some simple maxima and minima 
problems in mechanics and optics ; this part of the memoir is 
interesting, though very slightly connected with the Calculus of 
Variations. The following example may be taken as a specimen 
of these investigations. Suppose we require the form of a solid of 
revolution of given mass which shall exert the greatest attraction 
in a given direction on a given particle, the attraction varying as 
any inverse power of the distance. 

Take the given particle as the origin and the given direction 
as the line from which to measure angular distance ; let r, Q be the 
polar co-ordinates of any point in a fixed plane passing through 
the given direction. Then if the attraction vary as the w*** power 
of the distance the attraction of an element whose co-ordinates are 
T and 6 may be denoted by and the resolved part of this at- 
traction in the given direction will be cos 0. Hence the equation 

cos 0 = constant 

represents a curve such that a given element placed at any point 
of it will exert the same attraction on the given particle. Hence 
this equation represents the curve which by revolving round the 
fixed direction will generate the required solid of maximum 
attraction, the constant being determined so as to give to the 
solid the prescribed volume. It is obvious that such is the case 
because the surface we thus obtain separates space into two parts, 
and any particle outside the surface exercises a less attraction than 
it would if placed within the surface, n being supposed negative. 

The result we thus obtain may of course also be obtained by the 
ordinary methods of the Calculus of Variations. 


323. In pages 357 — 360 of the memoir we have an interesting 
application of the Calculus of Variations which Schellbach states 
that he has taken from a memoir by Jacobi in the 36th volume of 
Crelle’s Mathematical Journal. We will explain this application 
rather more fully than Schellbach does. 

Suppose in the triple integral jJJ Gdxdydz that is a function 
of a?, y, ^ ^ ^ ; where v is a function of a?, y, «. Now 
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suppose that x, y, z are expressed in terms of new variables /a, v 
by means of the equations 

^ “/i (^> A*. »') . y =fi /*.»')> * =/a (^> *') ; 

then V becomes a function of /a, y, which we shall denote by (f), 
and G becomes a function of X, /a, i', ^ ^ ^ , which we shall 

denote by F. Then by the known theory of the transformation of 
multiple integrals we obtain 

jjjodxdydz=jjjrnd\dfjLdv ( 1 ), 

where 11 is a known expression which involves the differential 
coefficients of a;, y, z with respect to X, /i, v, so that 11 is in fact a 
known function of X, /i, v. Now take the variations of both mem- 
bers of this equation ; these variations will be equal, and the unin- 
tegrated portions will be separately equal. Thus we obtain the 
result 

JJJ Q Sv dx dy dz JJJit S<f> dX dyi. dv^ 

where Q is an expression derived in the well known way from G^ 
and B, is similarly derived from FIT. Now change the variables 
in the integral on the left-hand side of the equation ; thus 

JJJ (jn hvdXdfidv — JjJ-S dX dfi dv. 

Now Sv is the same thing as and is perfectly arbitrary, so 
that we obtain from the last equation 

qh^r. 


This equation written at full becomes 


< dv dx 


d / dG 


^ jj dr d / Tidr \ d /TldTX d / HdT 

3 ? 
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This transformation will sometimes be of use ; and it is obvious 
that we might proceed in a similar way with a multiple integral of 
any order as we have proceeded with a triple integral ; or we might 
suppose differential coeflScients of a higher order than the first to 
occur in Cr. 


For an example we will apply the formula to the transformation 

. , . d\ d% d\ 

01 the expression • 

I-' 

oj = \ COS /i, y = \ sin /A cos i/, « = \ sin /a sin v. 


Then, using v instead of its equivalent (f>, we have 


dv _^dv dx ^ dv dy ^ dv dz 
dX'^ dx dX^ dy dX^ dz dX 


dv 


dv . 


dv . 


-a ^ cos /A ^ sm /i cos ^ gin sin v, 

dv ^dv dx dv dy ^ dv dz 
dfi dx dfM ^ dy dfu dz dy* 

dv ^ , dv ^ , dv ^ 

= — ^ X sin /A + ^ X cos /A cos 1/ + ^ X cos /Lt sin Vy 

dv __ dv dx dv dy dv dz 
dv ^ dx dv^ dy dv ^ dz dv 

dv ^ . , dv ^ , 

= — ^ X sin /i sin 1/ + ^ A sin /A cos v. 


Thus we obtain 


\dX/ ^ X* \dfij ^ X® sin®/x 



And in the present example H =X®sin/A; thus we obtain from ( 1 ) 


///{(s)’+(|)’+(a)’}*‘'J'* 




^in fidXdfidv. 
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Then from the general formula (2) after division by sin/t we 
obtain 


dS d^v d\ 
da? ^ dfy’* dz^ 


1 f ^ A® • dv\ , d f , dv\ d ( \ rfvNi 
\* sin |rf\ \ ^ dTj djz \ ^ dfjt) dv \sin /x dvj) 

— . 1 ^ , 1 d^v 

V dX \ d\) X* sin fi dyi* \ ^ dfi) \* sin * /a di? 


d ( . dv\ 


. d\ 

"T“ivfi *a 7Q* 


^l d*(Xt?) 

X cZX* X*sin fi dfjL ^ dfi) ^ X* sin* fM dv^ * 

Thus we obtain the well-known transformation first given by 
Laplace. 

As another example let it be proposed to transform ^ 

into an expression involving r and where a? = r cos ^ and 
y = r sin 0. 

Tj dz dz dx dz dy ^dz • ^ dz 

dz dz dx dz dy • ,^dz ^ dz 

:i^='3~:72 + :r“:^ = ""^sma3- + rcos^3-. 

d0 dx d0 dy dO dx dy 

Therefore as in (1) 

//{(s)'+ ©] *’‘'i'=//{S)+KS)] 

Then as in (2) we obtain 


d^z d?z _ 1 f / dz\ . d ^ ^ ^ 

da? dy ^ "" r \dr \ dr) dd \r dd)) d? r dr r* d6? * 

Thus, as Schellbach observes, the transformation used by 
Poisson can be readily efiected. See Art. 119. 
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324, Spitzer. Granert’s ArcMv der Mathematik und Physik^ 
Vol. 23, pages 125, 126. 1854. 

This article is entitled Note on the shortest lines on curved 
surfaces. 

When a curved surface can he divided by a plane into two 
symmetrical portions the intersection of the plane and surface, when 
an intersection exists, is in general a line of minimum length on the 
surface. 

The proof is very simple. Suppose in fact that the equation 
to such a surface, which is divided symmetrically by the plane 
of xz, is 

z^F{x,f). 

For a minimum line on the surface we must have the integral 

8 = j^{dx^ + dy^ + dz^) 

a minimum. Put then dz == pdx + qdy^ so that 
8=:J y/{dx^ -f df + (pdx + qdy^j 

= Jv{i + y’ + (i» + 2y’)’l ; 

then the condition for a maximum or minimum is 


^V{i+.y'*+(/>+gyr} 

dy 



this gives 


Vli+y'’+(i'+2yn Lvti+y’+Cp+gy')’} 


:0; 


this may be reduced to 

[y" + 2 (y + 2y')'] V{i + y”* + (y + 2y')*} 

= [y' + (y + 2 y') 2 ] CV{i + y"* + (y + 2yT}]'* 

This equation is satisfied when y^O; for if y » 0, so are also 
y'*0, y"=»0, and jaaO. 
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As a sphere is divided symmetrically by any plane which 
passes through its centre, any great circle of a sphere is a line of 
maximum or minimum length. 

325. Heine. Crelle’s Mathematical Journal^ Vol. 64, page 
388. 1857. 

This article is entitled Lagrangie Theorem. It consists of 
a proof of Lagrange’s Theorem by the method previously used 
by the author for establishing Jacobi’s Theorems; see Articles 
296, 297. 

Let y-h.f{^)=x (1); 

let ^^(x) =z denote any function of x, and denote the differential 
coefficients of z with respect to x by z', z'\ 

Then 

^{x-hnx)]=z-\z‘f{x) +^z’'\f[x)y- 

If then <f> (x) be any function of x whatever, 

j^<f,(x)ir{x-Af(x)}dx=j^4>(x) j»-Y«y(a!) + 

( 2 ). 

Put y for X on the left-hand side of (2) ; then it becomes 
J^<p(y)ir(y-h/(y)}dy, 
and therefote by (1), 

r6 

and therefore 

Jj(y}z^dx, 

where a = a — A/(a), = J — h/(b). 

If h be small enough, at least a portion of the interval between 
a and J will coincide with a portion of the interval between a and /3. 
Let z be so varied that within this common interval Sz may have 
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any arbitrary value and be zero beyond it. The variation of the 
right-hand member of (2) will consist of terms free from the integral 
sign together with 

J £Szdx, 

where 

^ +x:2 ^ 

And since we must have within the common interval 
lBSzch! = fSz^^(2,)du>, 

therefore <f> (y) = B. 

This is in effect Lagrange’s Theorem. 

326. Giesel. Geschichte der Variationsrechnung. Einladung* 
schrift zu der Feier des ScJiroderschen StiftS’-Actua im Gymnaaium 
zu Torgau am 5 April, 1857. Torgau, 1857. 

This is the first part of a History of the Calculus of Variations. 
It occupies 45 quarto pages, and details the history of the sub- 
ject from its origin until the publication of Lagrange’s memoir in 
the Miacellanea Taurinensia in 1762. It is a valuable work, and 
contains numerous quotations and exact references to the original 
sources. It resembles in some degree the well-known work of 
Woodhouse, but it is less didactic and more purely historical. 

There is a brief notice of this treatise by Schlomilch in the 
ZeitacJirifi fiir Maihematik und Phyaik, 1857, Liter aturzeitung, 
page 60. Schlomilch commends the treatise highly. 

327. Loffler. On the Method of finding the greatest and hast 
values of undetermined integral eapreaaiona. 

This article is printed in the 34th volume of the Bitzungaherichte 
of the Academy of Sciences at Vienna, 1859. It occupies 30 octavo 
pages. The article consists principally of remarks on the brachi- 
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stochrone problem ; the remarks appear of no value, but seem to 
indicate that the writer has imperfectly grasped the subject. 

328. Lindeloef. New demonstration of a fundamental theorem 
of the Calculus of Variations. 

This article was published in the Comptes Rendu8...de V Academic 
des Sciences. Vol. 50, 1860, pages 85 — 88. 

The fundamental theorem referred to is one given by Ostro- 
gradsky, which was also proved by Cauchy; see Arts. 127 and 
190. The object of Lindeloef ’s article is to establish this theorem 
by the method used by Poisson, in the case of two independent 
variables: see Arts. 102 and 103. We will give a translation of 
Lindeloef ’s article. 

It is known that the variation of an integral can be presented 
under two forms, according as we do or do not vary the inde- 
pendent variables as well as the unknown functions. We propose 
to establish the first form, using only the principles of the differ- 
ential calculus. 

We adopt the method which Euler introduced into the calculus 
of variations, and thus regard every unknown function as involving 
an arbitrary parameter «, and the variation of the function means 
its differential coefficient with respect to this parameter. We re- 
gard the variables a;, y, as unknown functions of other inde- 

pendent variables f, 97, f, ...t, and of the parameter f, and the 
variations of cc, y, z,...t^ mean their differential coefficients with 
respect to the parameter t. 

Thus any unknown function u of the variables a:, y, 2;, ... t, is 
susceptible of two kinds of variations, since it depends upon the 
parameter i directly as well as by means of these variables, and it 
is advisable to distinguish them by a difference of notation. The 
‘ partial differential coefficient of u with respect to i we shall call the 
proper variation of u, and we shall denote it by iu ; the total dif- 
ferential coefficient of u with respect to i we shall call the total 
variation of w, and we shall denote it by Du. This distinction 
does not exist with respect to the variables a?, y, «, ... and we 
might use either symbol jD or S for their variations; we shall 
adopt the latter symbol. 
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We now propose to investigate the variation of a multiple 
integral 

jjj.,.vdxdydz ... 


when the limits are variable but continuous. For this purpose we 
first replace the variables a?, y, , by others 9 ;, ?>•••> which 
we suppose connected with the first by the differential equations 


dx = a^d^ + a^drj + a^d ^+ ... + 
dy = + h^dtj 4* h^d^ 4* • • • + h^dT f 

dz = Cjd^ + c^dff 4" Cgrff 4" • • • 4" c^^dT , 


di = h^d( + A^dr; 4- A^d^'h ... 4 A^dr, 

Denote for shortness by the letter T the determinant 
2 (i ... Aft) 

formed firom the coefficients in these equations ; then the integral 
may be transformed into 

VHd^dridt.. 

With respect to the limits of the two integrals, if the first is to 
extend over all the values of a;, y, , which render a certain 
function L negative, the second should extend over all the values 
of f, 17 , Si ..., which render A negative, where A is what L becomes 
by the change of the variables. 

As we suppose the limits of the proposed integral to be variable, 
L is a function of a;, y, is, ... the form of which changes with the para- 
meter «, which gives rise to the proper variation SZr. But we can 
dispose of the arbitraiy functions 3a;, 3y, 3;!;, ..., so as to render the 
total variation of L zero, so that 
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Under this condition the limits of the new integral S' will 
not change with i; its total variation will therefore be 

{TDV+ VI)T)d^dr,d^..., 

and it only remains to develop DT. We observe then that the 
partial differential coefficients a, c, with which the determi- 
nant T is made, must be of the nature of the preliminary functions 
y) > fro™ which they spring, and they must consequently be 
regarded as functions of f, f, , varying with the parameter i. 
We have therefore immediately 


cTT, 


In order to determine the sum S ^ Ba, we introduce n auxiliary 
quantities a^, a,, ag, ... a„, by the equations 


+ • • • + ^»a» = 0, 

Oj® J "b 0g®3 +•••“}■ Cf^(Xf^ = 0, 


+^a®a +^8®a + • • • + = 0. 

Solve these with respect to ; thus we obtain 
«jT = 2(±5,c,...A,), 

which shews that the product a^T does not involve any of the quan- 
tities a. We can prove the same thing with respect to the products 

From the identical equation 
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we obtain immediately 





On the other hand, if we regard Sx, 8y, 82;, ..., as immediate 
functions of a?, y, , we shall evidently have 

dSx . , dSx . dBx . . - dSx 


^2; 

dBx 


dt 

dBx 


^ dBx j dBx . 14/WU j VbVU/ 

rf.- + - +^* -rfT » 


^ dBx f dBx wvfM/ . 


dBx 


dBx 

^~dt^ 


Ba^ = a, 


c?8aj 

efo; 


-f 


dBx . c?8aj 


c?y 




dz 


+ . . . + ^, 


dBx 

~df* 


By means of these developments the sum 

dT , ^dT . . <?r . , , . 


da. 


da^ 


dan 


reduces to 


S^Sa = ^T. 
OM ax 


A similar process would give 


s5»=f!T, 

aJ ay 


and so on. Hence finally 


2)T = 


'6?8a? eZSy ^ dBz ^ 
^dx dy dz 



If we put this value in the expression D 8 and restore the original 
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yariables we have definitely for the variation of the proposed 
integral 

z-s.///... ... 

This formula is due to M. Ostrogradsky, who established it 
by the infinitesimal method ; afterwards M. Cauchy arrived at it 
by other considerations. As to the demonstration just proposed, 
which depends essentially on a change of yariables, it is right to 
remark that the same expedient had been already employed by 
Poisson, when he investigated the variation of a double integral. 

[The part of the preceding article in which it is inferred that 
the limits of do not change with t seems difficult; and it 
might with advantage be replaced by the method of Poisson given 
in Art. 86.] 



CHAPTER XIIL 

SYSTEMATIC TREATISES. 

329. We shall now give an account of the works which 
have been published as systematic treatises on the whole subject. 
There are three which from their extent and importance demand 
particular notice ; these we shall describe in the present chapter. 
In the next chapter we shall take the remaining works. In each 
chapter we shall follow the chronological order. 

330. The first of the three treatises is that by Dr Or. W. 
Strauch. Its title is Theorie und Anwendung des aogenannten 
VariatiomcalmVs. Zurich, 1849. 

This work consists of two closely printed volumes of large 
octavo size. The first volume contains 499 pages, and the second 
788 ; the first volume also contains a preface of 32 pages. 

The Preface begins with a sketch of the history of the subject 
from the earliest period until the publication of Lagrange's Thlone 
dea fonctions analgtiques in 1797 ; this sketch is furnished with 
references to the original memoirs. The remainder of the preface 
is devoted to an account of the contents of the work and an 
indication of the points in which the author believes that he has 
improved or corrected the methods of his predecessors. Of the 
writers in the present century, Strauch mentions Lacroix, Gergonne, 
Dirksen, Poisson, Ohm, and Ostrogradsky. It is remarkable 
however that he takes no notice of Jacobi's theorems, nor does 
he refer to the memoirs of Gauss, Delaunay, Sarros, and Cauchy, 
which we have described in preceding chapters. 
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331. The work may be divided into four parts. The first 
part occupies pages 1 — 356 of the first volume ; these pages con- 
tain all the ordinary theoretical investigations of the subject, 
exclusive of those which refer to double or multiple integrals. 
The second part occupies the remainder of the first volume, and 
consists of the solution of 60 problems of maxima and minima, 
in which neither integrals nor differential coefficients appear ; these 
problems are in fact almost entirely examples of the ordinary 
theory of maxima and minima values which is given in the 
Differential Calculus. The third part occupies pages 1 — 211 of the 
second volume, and consists of the solution of 93 problems of the 
maxima and minima values of expressions which involve dif- 
ferential coefficients but not integrals; these problems thus re- 
semble that which we have given in Art. 3, from Lagrange. 
The fourth part occupies pages 212 — 739 of the second volume, 
and consists of the solution of 135 problems respecting the maxima 
and minima values of expressions which involve single or double 
integrals. The remainder of the second volume forms a supple- 
ment which is chiefly devoted to the theory of relative maxima 
and minima values. 

332. Strauch may be considered as the successor of Ohm, 
whose methods he chiefly follows. The most valuable part of 
his work is that which we have called the fourth part. The 
problems there given are discussed with great fulness and clear- 
ness, and the terms of the second order are almost always com- 
pletely exhibited in order to discriminate between maxima and 
minima values. Strauch is however content with Legendre’s treat- 
ment of the terms of the second order, that is, he generally as- 
sumes that certain differential equations can be solved, and that the 
solutions of such differential equations will not introduce quan- 
tities that can become infinite ; see Art. 5. In a few simple cases 
however Strauch actually solves the equations which are analogous 
to equation (2) of Art. 5. With the single exception of the 
general problem of the shortest line on any surface, all the great 
problems of the Calculus of Variations occur in Strauch’s collec- 
tion; and although he has not given the shortest line on any 
surface, he has given cases of the shortest line on specific surfaces. 
The problems are always accompanied by excellent historical 
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accounts of their origin and progress. On the whole, although 
the work contains much that is superfluous, and much that is 
of very inferior interest, and very little so far as the theory 
is concerned which had not appeared before, yet the large collec- 
tion of carefully solved examples which it contains, recommends 
it to the notice of every student of the Calculus of Variations. 
The work is distinguished for remarkable accuracy, both in the 
investigations and in the printing. 

333. We proceed to give a more detailed account of the 
contents of these volumes. We begin with the first volume. 

The first section occupies pages 1 — 8 ; it is entitled Propositions 
which belong to the Differential Calculus, These pages contain 
nothing of importance; they are principally explanatory of the 
notation wliich the author adopts for distinguishing differential 
coefficients formed on different suppositions, such as partial and 
complete differential coefficients. The second section occupies 
pages 8 — 13; it is entitled Propositions which belong to the Integral 
Calculus. These pages contain nothing new; they principally 
refer to the differentiation of an integral with respect to any 
parameter which may occur in the expression to be integrated. 
The third section occupies pages 13 — 20 ; it consists of an investi- 
gation of the conditions under which certain homogeneous func- 
tions will retain an invariable sign. For example, consider the 
expression 

Ap^ + 2Bpg + C(f + ^Dpr + 2Egr + 

and suppose that -4, 5, (7, J?, -B, F are fixed quantities, and that 
q, r are variables which may have any value ; then Strauch 
investigates the conditions that must hold among -4, 5, (7, 2>, F 
in order that the expression may be of invariable sign. The fourth 
section occupies pages 20 — 69; it treats of the development of 
a function in powers of a variable, the function being connected 
with the variable by means of an unsolved equation. Thus, for 
example, on page 44, Strauch proposes to express in a series 
of ascending powers of v, the equation which connects u and v 
being 


— ^nuv -f V® = 0. 
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From this equation three series are deduced for u. For it is 
shewn that we may have 

u = + - 4 , 0 * + - 4 , 0 * + - 4 , 0 ^^ + ... 

where 4[j, -4,, -4,, -4,,... are successively determined, and each has 
only one value. Or we may have 

u = + B^v^ + B^v^ + J?,o* + ... 

where J?,, jB,, B^^... are successively determined. In this case 
it is found that B^ may have two different values, and as the 
subsequent coefficients B^,... are found in terms of ■Sx, 

each value of B^ gives rise to a series for u, so that we have two 
different series for u. Thus, on the whole we have three forms 
for the expansion of u in terms of o; this might of course have 
been anticipated from the fact that the original equation is of 
the third degree in w, and therefore furnishes three values of u. 

The method used by the author throughout this section is 
that of indeterminate coefficients. He is very careful in his ex- 
amples to obtain all the different expansions which his expressions 
will furnish; and he has thus given a more complete exemplifi- 
cation of the method of indeterminate coefficients than is usual 
in works on algebra. The subject however is not very closely 
connected with the Calculus of Variations ; and the chief use of 
this section is in relation to the first series of examples in the 
book, which as we have said belong to the ordinary theory of 
maxima and minima. 

Thus the first four sections of the work are only introductory 
to the Calculus of Variations. 

834. The fifth section occupies pages 69 — 131 ; it is entitled 
Theory of the so-called Calculus of Variations. In this section 
Strauch explains what is meant by a variation, and shews how 
to find the variations of different expressions. He objects to the 
word variation as not sufficiently distinctive, since the notion of 
variables runs through the whole of the Differential Calculus; 
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moreover the word mriatton is used in a peculiar sense in algebra. 
Accordingly he adopts the word mutation instead of variaiion. 
We shall however generally retain the usual word. His definition 
of a variation coincides in fact with that which has been adopted 
by Euler^ Lagrange and Ohm ; see Arts. 22, 15, 55. Let y stand 
for ^ [x ) ; then he supposes ^ {x) changed into ^ (x, #c), and ^ (x, k) 
expanded in powers of k by Maclaurin’s Theorem ; this expansion 
he denotes by 

y + % + ^ S*y + ^ %+ ... 


Then supposing k indefinitely small the series 

is called the variation of y. The quantity k is considered indepen- 
dent of X \ thus the variation of ^ is 

dx^ dx dx ' 

and by differentiating this series with respect to x we obtain the 
variation of ^ , and so on. 


Strauch lays great stress on the view he takes of a variation, and 
asserts that the common method of denoting the variation of y by 
a single term as iy or /cSy leads to a number of absurdities and con- 
tradictions. This assertion seems however quite arbitrary, and a very 
careful examination of his theory and problems has not afforded 
any confirmation of it. On the contrary, his method leads to a 
great and needless complexity in the exhibition of the terms of 
the second order in the variations of expressions, with the view 
of discriminating between maxima and minima. The student of 
Strauch’s work will effect a great simplification, without any loss, 
by supposing that such expressions as S‘y, ..., are all zero, so 
as to reduce each variation to its first term. 
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In the latter part of his fifth section Strauch explains a dis- 
tinction on which he also lays great stress. A function is said to 
experience a mixed mutation when some of the variables undergo 
that kind of change which the Calculus of Variations contemplates, 
and others that kind of change which the Differential Calculus 
contemplates. We can illustrate this by considering an Integral, 
although Strauch himself does not introduce Integrals until the 
next section of his work. In varying an integral then he does 
not ascribe any variation to the independent variable, but makes 
changes in the limits of the integration. Thus he calls the whole 
change in the integral a mixed mutation^ since it partly consists 
of an ordinary change of value of the limits of the independent 
variable, and partly of a change of form of the dependent variable 
which is strictly a variation or mutation. This restriction of 
variations to the dependent variables seems to possess all the ad- 
vantages which Strauch claims for it. 

The sixth section occupies pages 132 — 165 ; it treats of some 
special points in the theory of variations. This section presents 
nothing remarkable or important ; it is chiefly occupied with in- 
ferences which follow from the view the author takes of a variation 
as consisting of an infinite series of terms. 

335, The seventh section occupies pages 165 — 356 ; this con- 
tains the general theory of maxima and minima values. This 
section is divided into three parts ; in the first Strauch considers 
expressions which involve neither integrals nor differential co- 
efficients, in the second expressions which involve differential 
coefficients, in the third expressions which involve also single 
integrals. 

Some general remarks and definitions are given on pages 
165 — 171, and then the theory of the maxima and minima values 
of functions involving neither integrals nor differential coefficients 
occupies pages 171 — 231. This part of the book contains the ordi- 
nary theory of maxima and minima values which is explained in 
treatises on the Differential Calculus; the language is rather 
different from that which is usually employed and the various 
cases which occur are treated separately with great care ; nothing 
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however is given which might not be obtained from the ordinary 
treatises on the Differential Calculus. This part of the work is 
illustrated by a series of sixty problems occupying pages 357—480 
of the first volume. These sixty problems are all, with the 
exception of the last six, ordinary problems of maxima and 
minima ; the last six are of a slightly different character. Take 
for example problem 55. Let a be a given quantity, and let it be 
required to determine the function <f> so that the following ex- 
pression shall be a maximum or a minimum, without assigning 
a specific value to x, 

c? — {<l> (as)}® + 2^ (as) <j> (a) — {(f> (a)}* — 2as ^ (as) — 2a ^ (a). 

Let y stand for ^(as) and for ^(a), and denote the expression 
by U\ then 

SC7’=-2(3^-y„ + a!)Sy-2(y»-y + o) Sy.. 


Thus 8 Z7 will vanish if 

= 0 andy„-y + a = 0. 

These lead to as = a; this however is inconsistent with the 
supposition that x is not to have any specific value. Suppose the 
problem then limited by the condition that y^ is always to be 
invariable. Then to make 8 U vanish we only require y — y* + a? = 0. 
Suppose as = a in this equation ; thus y* — + a = 0 ; therefore 

a = 0. So the problem does not admit of a solution in the limited 
sense unless a be zero. In this case the only term of the second 
order is — (8y)*, indicating that there is a maximum. 

It is known that a function of any variable may be a maximum 
or minimum when its differential coefficient with respect to that 
variable is infinite as well as when it is zero ; Strauch accordingly 
in his examples takes account of such infinite values very care- 
fully. 

The second part of the seventh section occupies pages 231 — 274 ; 
it investigates the conditions for the maxima and minima values 
of expressions which involve differential coefficients. We take 
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his first case for an example. Suppose V a given function of 

Xy jfy and py where p stands for ^ ; and let it be required to find 

y in terms of x so that U may be a maximum or minimum. If we 
regard y and j? both as variable, then, since the Variations of y and 
p are independent, we must have in order that the variation of U 
should vanish 



and -7- = 0. 
dp 


If we can find y in terms of x so as to satisfy simultaneously 
these two equations, we obtain a maximum or a minimum value 
of U provided that 




is of invariable sign for all indefinitely small values of Zy and hp. 


Also solutions may sometimes be found by taking y so that 
simultaneously 

dU ^ .dU 

^.0, aia-^=.«, 

,dU .du ^ 

or so that = 00 , and -7- = 0, 
dy ^ dp ^ 

^dU , dU 

or so that = 00 , and -7- = oo . 
dy dp 


But we may if we please modify our original problem thus ; 
required the relation that must hold between x and y in order that 
for a given value of y we may have U a maximum or minimum. 
That is, we may suppose p susceptible of variation but not y. In 


this case we have to find y from the equation Mid then we 

d^U , 

have a maximum or minimum according as -n* is negative or 
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positive. And a solution may sometimes be found by supposing 


dp 


QO. 


Or we may suppose y susceptible of variation but not^; and 
then we have to seek for solutions from the equations 



.dU 

and -r- = oo . 
dy 


Strauch then proceeds to the case in which Z7 is a given 
function of x^y^p^ q, , and is to be made a maximum or a mini- 
mum ; then to cases in which such an expression is to be made 
a maximum or a minimum, while at the same time one or more 
relations are to hold between x^ y^p^ q^ ... . Then follow similar 

cases in which CT is a given function of y, ^5, ^ ^ , ... . 


Lagrange first considered a problem of the kind to which 
Strauch devotes this part of his seventh section, and Ohm first 
treated the subject in detail; see Arts. 3 and 56. The subject 
is neither difficult nor important. In his second volume Strauch 
illustrates this part of his work by a series of 93 examples, which 
occupy pages 1 — 211. One of these examples is that given by 
Lagrange, and three are taken from Ohm; the remainder are 
supplied by Strauch himself. See his preface, page xxix. Most 
of these examples are fully worked out, but a few are left with 
only indications of the steps. 

The third part of the seventh section occupies pages 275 — ^356 ; 
this contains such investigations as are usually comprised in the 
Calculus of Variations, so far as single integrals are concerned. 
Strauch proceeds in the same way as Ohm, beginning with simple 
cases and gradually rising to the more complex cases ; see Art. 57. 
In order to distinguish between maxima and minima values he 
adopts Legendre’s method, without any attention to the imper- 
fections of the method indicated by Lagrange and others; see 



382 


SYSTEMATIC TREATISES. 


Arts. 5, 6, 219. He considers the case in which the integral in- 
volves more than one dependent variable, and he adapts Legendre’s 
method to the discrimination of the maxima and minima values. 
This extension of Legendre’s method he attributes to Ohm ; see 
Strauch, Vol. i. page 311. 

336. We now come to the most valuable part of Strauch’s 
work, namely, the collection of problems relating to the maxima 
and minima of integrals; this occupies pages 212 — 739 of the 
second volume. 

The problems which relate to single integrals occupy pages 
212 — 562 ; these are all examples of the theory which is developed 
in the third part of the seventh section. There are 95 problems 
according to the author’s enumeration, but this number is obtained 
by counting as different problems many which are only varieties 
of one problem. Strauch says that he has taken 32 of these 
problems from Euler’s Methodus Inveniendi,.. ^ and 14 of them 
from the writings of Lagrange ; see Strauch’s preface, page xxix. 
The problems are very carefully solved by Strauch ; the various 
limiting cases that can occur are fully distinguished, and the terms 
of the second order are almost always investigated. Valuable 
historical notes are added to the discussion of the problems which 
have been proposed by the great writers on the subject. 

The problems which relate to double integrals occupy pages 
562 — 739. There are 40 problems according to the author’s enu- 
meration. These are principally strictly examples; but a few of 
them are theoretical investigations of the variations of double in- 
tegrals, which Strauch had not previously considered. The theo- 
retical investigations are given in his usual way by Strauch ; he 
begins with the more simple cases and proceeds to the more 
complex. Thus on pages 674 — 676 he gives an investigation like 
that we have given in Art. 59 from Ohm ; Strauch however sup- 
plies an investigation of the terms of the second order. Then on 
pages 713 — 717 he gives a similar investigation for the case in which 

the function under the integral sign involves a?, y, ^ ^ 
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dxdy 

terms of the second order. This investigation on pages 713 — 717 
does in fact sum up all that Strauch accomplishes with the varia- 
tion of multiple integrals ; his result coincides with that which we 
have already given after Sarrus ; see Arts. 183, 184. 

Strauch, as we have already stated, docs not refer to some of the 
writers whose works had preceded his own ; see Art. 330. He is 
consequently disposed to claim as new investigations which had 
already been made. Thus on his page 574 he supposes that he 
is the first to investigate the terms of the second order in a cer- 
tain double integral; Brunacci however had preceded him; see 
Art. 213. Again, on his pages 737, 738 he institutes a comparison 
between his own results and those of Poisson and Ostrogradsky ; 
and he justly states that his own are in some points more gene- 
ral. But, as we have stated above, Sarrus had preceded him in 
the investigation which really involves all that he accomplishes. 
See Art. 138. 

We will now consider some special points suggested by the 
work of Strauch. 

337. We have spoken above of the extreme accuracy of the 
work in general ; we will here indicate a few points which appear 
to be incorrect. 

On page 438 of Vol. il. a case of the brachistochrone is discussed ; 
a heavy particle is supposed to be constrained to move on a fixed 
plane, and there is a resistance which varies as the square of the 
velocity. Here Strauch obtains the result that the curve becomes a 
straight line. But he has interchanged the values of the quantities 
which he obtains from his equations xxiv. and xxxi. ; and he does 
not observe that the true values render his F{y) infinite and vitiate 
his solution. He does not observe also that we can resolve the 
force of gravity into two components, one in the fixed plane and the 
other perpendicular to it, and then neglecting the latter component 
the problem is the same as if the particle moved in a vertical 
plane. The latter remark applies again on page 454. 


and ^ ; here he does not supply an investigation of the 
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On page 445 of Vol. ii. Strauch is discussing a problem given by 
Euler; the curve is required down which a heavy particle must move 
so as to acquire the greatest velocity, supposing a resistance varying 
as the square of the velocity. Strauch exhibits some investigations 
for discriminating between a maximum and a minimum. His equa- 
tion XXV. cannot however be allowed, because his equation xxiv. 
from which he deduces it, is true for the curve which the particle is 
supposed actually to describe, but not true necessarily for any other 
curve. 


On pages 461 and 462 of Vol. ii. he attempts to shew that it is 
possible that always be equal to a constant J?, and 

yet L vanish when a? = a. This is impossible, for always 

finite, and is less than X.. In fact his equation xxviii. 

shews that y is impossible when a? = a if j5 is not zero. The only 
conclusion is that 5=0; then ^ = 0, and the curve becomes a 
straight line, as might have been anticipated. Similar remarks 

apply to page 466 ; it is impossible that 5^ = 0 and = a 

constant, unless that constant is zero. 


338. Suppose we require the maximum or minimum value 
of an expression Jtfxlx, where ^ involves x, y, and the differen- 
tial coefficients of y with respect to x. Now the well-known 
process is to obtain Js<f> dx, and to reduce this expression as 
much as possible by integration by parts until it takes the form 
L + JjifSy dx, where M contains no variation ; then we put -3f =a 0. 

Strauch has a very singular notion on this subject. He says it 
cannot be proved that we must have if = 0 ; although he allows 
that we do get solutions of our problem thus. Accordingly he pro- 
poses to try if solutions cannot be obtained by putting S</> = 0 . See 
his Preface, pages xxv. and xxvi. Thus he frequently tries two 
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processes of solution of his problems. It maj be safely asserted 
that the ordinaiy view of the necessity of the equation Jif=:0 is 
sound; supposing that whatever series of values ^ can assume 
it can also assume the corresponding series of values numerically 
equal but of opposite sign, without changing the limiting values 
of the variations. And on examination it will be found that nothing 
is gained in any part of Strauch’s work by paying attention to 
what he considers a second solution of some of his problems. Let 
us take for example the case which he himself brings forward 
in the preface. Bequired the maximum or minimum value of the 
expression 

I (y* - 2ay + 2^) -f) dx. 

J a 

The ordinary method iumishes the equation 


that is, 

w- 

And we have also the limiting equation 

(1 -i»). - (1 -i>). - 0 (2). 


Strauch then proposes the following as another solution. The 
variation of the proposed expression is 

J 2{(y-x)Sy + 2(l -jp)^}dx. 

Without effecting anj reduction by integration by parts, make this 
expression vanish ; this we can do by supposing 

, — aisO and 1— psO (3). 

The second of equations (3) is in this case consistent with the 
first, so that we do get a solution. This however is not a new 
solution; it is comprised in (1) ; for y is a particular solution of 
the differential equation (1); and if=x also satisfies (2). Thus 
Strauch’s supposed second solution is really induded, as it should 
be, in the ordiiuuy solution. 
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Before leaving this part of our subject w’e will offer some re- 
marks with the view of guarding against a possible misconception 
of the principle of equating separately to zero the two parts of the 
variation of an integral, in order to obtain a maximum or minimum 
value of the integral. Consider the problem of finding the curve 
which with its evolute includes a minimum area. Let p denote the 
radius of curvature at any point of the curve, s the length of the 
arc of the curve measured from any fixed origin up to this point ; 


then we require that 



ds should be a minimum. 


Let p receive 


the variation Sp, and let and receive the increments ds^ and ds^ 


respectively ; then the change in the integral is 


I ^Spds+p^ds^-p^ds^. 

J Sn 


Here the coefficient of Bp under the integral sign is unity, which 
cannot be made to vanish ; so that it might perhaps be supposed 
at once that the solution of the problem is impossible. 

But the fact is that we cannot prove in such a case that in 
order to obtain a solution we must make the integrated part and 
the unintegrated part separately vanish. For when we take the 
arc s as the independent variable, and pass from one curve to an 
adjacent curve the length of the arc will in general be changed ; 
and if we make any change in that part of the variation of an 
integral which remains under the integral sign, the part outside 
the integral sign also undergoes a change. In other words, 
the two parts which constitute the whole variation of a proposed 
integral are nM independent^ so that we are not compelled to make 
them separately vanish in order that the whole variation may 
vanish. If we can make them separately vanish we obtain a solu- 
tion of the problem, subject of course to an examination of the 
terms of the second order ; but we are not certain that this is the 
only solution. And if we cannot make them separately vanish we 
must not therefore conclude that the problem is impossible. 

The point we are now considering is perhaps sufficiently obvious; 
but as it is sometimes a source of difficulty to students it may be 
useful to refer to two other examples. 
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Suppose we require a curve which has the property of making 

a minimum, the ends of the curve being supposed 

fixed ; 0 is a constant and r is the radius vector drawn from a fixed 
pole. The problem is thus equivalent to the following ; assuming 
the principle of least action in Dynamics, and the ordinary law of 
attraction, determine the curve which a particle will describe. The 
result ought to be a conic section, and we shall obtain this result 
if we adopt the usual independent variable 0, and put 

But no result will be obtained by attempting to determine r as 
a function of 8 and operating in the usual way immediately on 

Again, suppose we require to describe on a given chord a curve 
of given length, such that the area included by the curve and the 
chord may be a maximum. This can be easily solved in the usual 
way by taking x as the independent variable ; the result is that the 
curve must be a circular arc. But suppose we take 8 as the in- 
dependent variable, and take a fixed point as pole. Then the 
polar area between the curve and the extreme radii will be 



and as the triangle included by the given chord and the extreme 
radii is itself constant, we have to make the above area a maximum ^ 
also the length of the given curve is to be constant. Thus in the 
usual way we have to make the following expression a maximum, 



where c is a constant. Proceeding in the usual way we shall have 
the equation 
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+ constant, 


therefore 



where a is some constant. 


Therefore 



that is, 1 + r* 





therefore 



1 


From this we should obtain for the required curve a circle 
passing through the arbitrary pole; and this is inadmissible, be- 
cause the circle is determined by the fact that it is to pass through 
the ends of the given chord and that its arc cut off by the chord 
is to have a constant length, so that it cannot in addition be made 
to pass through an arbitrary point. 

If p denote the perpendicular from the pole on the tangent to 

the curve, the problem amounts to requiring that j(p-^c) d$ shall 

be a maximum ; and in this form we see at once that no solution 
oan be obtained by the ordinary method if we keep 8 as the inde- 
pendent variable and endeavour to determine^ as a function of s. 


We have hitherto spoken only for simplicity of the use of the 
arc s as an independent variable ; but our remarks apply also to the 
use of the arc s as a dependent variable. Thus, taking the example 
already used, we have 


/f \/^ - (I) + “ /f + ^ I) 5 

but if we adopt the right-hand form and thus treat r as the inde- 
pendent variable we shall arrive at the same untenable solution as 
before. The objection to the process is easily seen. Suppose we 
draw one curve through two fixed points, and then draw an adjacent 
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curve by changing every a into a + &, and also pass from the first 
curve to a third curve by changing every a into a --Sa; then if we 
make the second curve to have the fixed initial and final points, the 
first and the third curves will not in general have the same final 
points. That is, we cannot change the sign of Sa arbitrarily, and 
therefore we have no right to conclude that the coefficient of Sa in 
the part remaining under the integral sign in the variation of the 
integral must be zero. 

We may add that the fact that when we use the ordinary 
variables sc and y we must equate to zero the coefficient of the 
variation under the integral sign, seems more obvious when we 
ascribe a variation to the dependent variable only than when we 
also vary the independent variable ; this is an additional argument 
in favour of an opinion already expressed. See Art. 204 . 

339. Problems of maxima and minima which involve the 
product or quotient of integrals are sometimes incompletely solved. 
Strauch has given some examples for the purpose of drawing at- 
tention to the point which is liable to be overlooked; see his 
Preface, pages xxx. and xxxi. This deserves to be illustrated 
fully, and we will accordingly give two problems in addition to his. 

I. Determine the form of a curve symmetrical with respect to 
its axis such that when suspended by its vertex the time of a small 
oscillation of the segment cut off by the ordinate which corresponds 
to a given abscissa may be a minimum. 

Take the vertex as the origin, the tangent at the vertex as the 
axis of y and the axis of x vertically downwards ; let c denote the 
given abscissa. The area cut off by the ordinate which corresponds 
to c is supposed to oscillate about an axis through the origin per- 
pendicular to the plane of the curve. Then by the principles of 
mechanics the length of the equivalent simple pendulum is 





and tiiis ezpiession must theiefore be a minimum. 
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Denote the numerator and denominator of this fraction hy u and 
V respectively. Then that ^ may be a minimum we must have 

8u uSv ^ ^ 


therefore 
that is, 


V * 


f (l/^ + ^ ^ydx — ~ f x8ydx = 0. 

Q ^ J A 


Now let - be denoted by 1; then Hs a constant for our purpose, 
so that the last equation may be written 

f (y* + aj’ — 7aj) Sydx == 0. 

•'0 

Hence in the usual way we infer that 
+ a?* — & = 0, 

and so we apparently obtain a circle as a solution of the proposed 
problem. 

The solution however w not yet completed; for we require 
that ~ should be equal to Z. Substitute for y its value in terms 
of X which has just been obtained ; then we require that 


i /* (& + 2af) — a?) da? 

±L2 

re 

I a?V(i!a? — a^) da? 

0 


IJ a? V(^ — a?*) da? 

I x^(lx---id)dx 
0 


27 

3’ 


therefore 
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therefore 


thafc is, 


f {s^ — lx) V(& — 05*) cZr = 0, 
•'0 

— f (?a; — 03*)^ = 0. 

o 


This is impossible ; so that the proposed problem does not admit 
of a solution. 

In fact in this problem as there is no limitation about the area 
we can suppose it to diminish down to an indefinitely small area 
in the neighbourhood of the origin, and so make the time of a small 
oscillation indefinitely small. 

In such a problem as the above, the investigation as to whether 

such a condition as that denoted by ~ = Z can be satisfied, is some- 

times omitted ; in the present case it appears that this condition 
cannot be satisfied. We will now give a problem of the same kind 
which does admit of a solution. 

II. A given volume of a given substance is to be formed 
into a solid of revolution, such that the time of a small oscilla- 
tion about a horizontal axis perpendicular to the axis of the 
figure may be a minimum ; determine the form of the solid. 

Take the axis of x coincident with the axis of figure, and the 
axis of y coincident with the line about which the body is to 
revolve; let be the abscissa of the lowest point of the body. 
We have to find the equation to the curve, which by revolution 
round the axis of x will generate the required solid ; we suppose 
the curve to lie in the plane of {x, y). By the principles of 
mechanics the length of the equivalent simple pendulum is 

f ^xix 
^ 0 

this expression must therefore be a minimum, while tt I y^dx ii 

•'o 


13 
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to be equal to a constant, namely to the given volume. Hence, 
by the usual principle we must have 



a minimum, where ^ is some constant. 

We will at first vary y, and afterwards examine the terms 
which arise from a change in the limit of the integrations. Let 
u and V denote the numerator and denominator respectively of the 
fraction which occurs in the above expression ; then in order that 
the expression may be a minimum, we must have 

theiefote 

5u — ^ S» + /3vS J 'y =s 0, 

that is, 


J *(y* + 2ya?)Sydaj — ' 2yz^dx+/3vJ *2y8yd« = 0. 


Now let - be denoted by I, and /3vhy /S'; then I and /3’ are 

V 

constants for our purpose, so that the last equation may be 
written 

(y* + 2ya;* — 2Zya: + 2/3'y) tydx^O. 

J 0 

Hence, we infer that 


y* + itfo? - 2Zy» + 2/8'y = 0, 

so that 

^+2a^'-2& + 2^«0 (1). 

This indicates that the generating curve is an ellipse with the 
axes in the ratio of 1 to The solution however is not yet 
completed; for we must shew that the relation just found will 
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make g = 21 Thia we will shew presently ; bat we will previoosly 

advert to the terms which arise from a change in the limit e, of 
the integrations. Suppose then that becomes x^+dx^, then 
to the first order the following is the increment of the expression 
which we have to make a minimum, 





where the subscript denotes that » is to be made equal to a;,. In 
order that this increment may vanish, we must have either 
y,=0, or 

(^ + a!'-& + /8')^ = 0, 

and the latter combined with the general rdation (1) leads also 
to y, — 0. Thus at the lower limit the generating curve meets 
the axis of figure. 

We have now to shew that it is possible to have 



when y is determined by equation (1), and is such that y 
vanishes when x=‘X^. 

We have from (1) 

let a and an/i be the semiaxes of the ellipse determined 1^ this 

p 

equation ; then ^ — 2;8' » 2a*, and (1) becomes 


2a*. 
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This eqoRtioQ indicates that the centre of the ellipse is at the 
distance 4 from the origin. Assume = c, then 

m 

I 

- = a5,-a = a-c. 


Hence we have to shew that 


when 

We have 
therefore 



^• + 2 (aj — a+c)®=2a*. 

^ =a 4ac — 2c* + 4® (a — c) — 2a!* ; 


( 2 ); 


^+^a!* *= jy*(^ + 4a!*) = |2ac— c* + 2®(a — c)| —a* 
= (2ac — <^* + 4a!(2ac— <?) (a — c) +4a!*(a— c)* — ®*. 
Integrate from ®asO, to® = 2a— c; thus we obtain 


^ (2a - c)* + 2c (a - c) (2a - c)* + | (a - c)* (2a - c)’ - 1 (2a - c)'. 
And 


c (2a— c)*+| (a— c) (2a— c)’ — i (2a — c)*. 


Thus the left-hand member of (2) becomes 

<? + 2c (a -c) + 1 (a -c)*- ^ (2a -c)* 


I 
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that is 


and (2) becomes 


therefore 


4 (c^ + ae -f 4a*) 

6 (o + 2a) ’ 

2 (<? + 0(5 + 4a?) 

6(c + 2a) 

7(?+7ac-2a* = 0. 


This equation famishes one positive value of it is ap- 
proximately equal to ^ . 

Then /S' is to be found in terms of a from the equation 

|;-2^ = 2a*} 

this gives a negative value for /S', as should be the case, because 
from (1) -we obtain y* = -2/3' when a5»0. The constant o is to 
be determined from the given volume, that is by means of the 
equation 

2 {a* - (a? - a + c)*} dx » the given volume. 

To shew that we have reallj obtained a minimum we should 
investigate the terms of the second order in the variation of - ; 

V ' 

to this we shall now proceed. The variation of ^ arises partly 

from the change of y into y + Sy, and partly from the change 
into x^ + dx^. We shall first shew that by reason of the suppo- 
sition that y vanishes when the change in or t; arising 

from the change of a?, into x^ + dx^ may bo disregarded. For 
example, consider v; the change in v produced by the change 

is I sad asy itself is indefinitely small for values 

J 

of a? lying between a, and 4- , the above integral may be 

considered of the Aird order fk smaU quantities. Similar remarks 
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hold with respect to the change of ». Thns to the second order 
we may say that the complete variation of - is 


f *(y+^)*<w& I ‘y*axiag 

Jq Jo 

P u 

Thus to the second order we obtain — , where 

V V 

■P- 5 + J /^*V + W <Z»+ 5 1*' + a?) 

and Qs 2 l + - f*'^xSydx + -f '(Syyaedx. 

VJa VJq 


This {^ves for the variation the following terms of the first order, 


-J (y* + 2y»*)8y<&!--^ j yxhydx, 
together with the following terms of the second order, 

\ /*' + a^) %)* <*» - p ^ *’) (/*‘(y* + 2y»^ % *») 

“ 5 /f’ a*** + 7 (f ^ *’) • 

We shall denote the terms of the first order by if, and those of 
the secondorder by ii^; so that if the complete variation of ^ to the 
second ordw be denoted W 8 we have 

V 


(s). 

Now since the volume is to be constant we have 

£'‘(y+*y)*<fe-/'V<*»-o, 
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that is 2 J y8y<Za ;+ J «■ 0 (4). 

Multiply (4) by /3 and add to (3) ; thus 
= + dx + M, + 0 

V Jq 

And Jf, + 2^9 Tanishes by (1) ; thus 

V 

that is S^ = ^J*‘^^ + ii^-b!+/3'J(Sy)*de 

“ |r (f ^ (J"'^ - ^) ^ «*») » 

that is 

This value of 8 ^ is time to the second order, that is, no term 
of the second order has been omitted. 

But from (4) we see that f*'ySydx is itself of the secoud order, 
J 0 

so that the latter of the above two terms is really of the tiird order. 
Hence finally to the second order 

S;-j/V(W&! 

and as the right-hand member of this equation is jponlive we have 
obtained a minimum value of - . 

V 

840. The criticisms which Strauch offers on preceding writers 
ate sometimes of a very trifling character; we have already seen an 
instance in Art. 29, and we will now notice two others. 
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In the problem solved hj Poisson which we have reproduced in 
Art. 99, Poisson’s own result has 0 instead of 9 + -4; that is, Poisson 
has not explicitly introduced the constant A in his last integra- 
tion. Strauch refers to this slight omission in such a manner as 
almost to lead a reader to suppose that Poisson’s investigation must 
be altogether unsatisfactory. See Yol. ii. page 504. 

On pages 747, 748 of his second volume Strauch solves a 
problem of a relative minimum as an example of Euler’s method. 
Bequired a curve such that the area bounded by the curve the 
axis of X and ordinates at fixed points of this axis shall be constant, 
and at the same time the centre of gravity of this area at a mini- 
mum distance from the axis of x. 

Let the abscissas of the fixed points be a and a ; then 

. . . 

is to be a minimum while J ydx is constant. •' ® 

lot +£ ['yic (I), 

where X is a constant ; and let J ydx he denoted hy A. 

JV'fe fa f. 

Then SZ7=s — ^ 23« — j + fydx (2). 

Nowpnt J i^dasy=‘Cj ydx (3), 

then (2) maj he expressed thus, 

0+2AL)Sydx. 

Thus 2y- C+2ulX = 0 (4), 

so that we obtain a straight line parallel to the axis of x for the 
required curve. Then from (3) we uhtain 
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[ 2 j(a-a) = C (a-o), 

therefore C = 2AL or = — 2AL ; the former by (4) gives the in- 
admissible result the latter gives y^G. 

Now let the constant area be denoted by then since 
fydx 

J a 

we obtain C?(a — a)=^. 


Strauch now proceeds to investigate the terms of the second 
order ; he arrives at the result that the sign of these terms is the 
same as that of 



and he says that as we cannot assert that the sign of this expression 
is positive we are not justified in concluding by this method that 
there is a minimum, although it is obvious from statical consider- 
ations that our result does give a minimum. He therefore con- 
cludes that Euler's process is defective. The answer is obvious. 

Since the area is to be constant J Sydx is absolutely zero, so that 


we are sure of a minimum from Strauch’s own process. It will be 
found on examining Strauch’s investigation of the terms of the 
second order that he has in effect in one place himself recognized 


that 


J Sydx i 


IS zero. 


The whole solution is more laborious than 


was necessary ; for since 


ydx is constant we might instead of 


Strauch’s value of U have used the more simple value given by 


U—j y^dx + zj ydx. 


Strauch's objections to the methods of Euler and Lagrange 
for solving problems of relative maxima and minima seem imim- 
portant ; and his own method is unnecessarily complex. See Vol. i. 
pages 339—355, and Vol. ii. pages 740—763. 
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841. It will be oonrenient to notice in connexion with the 
work of Strsnch an elaborate memoir which he presented to the 
Academy of Sciences at Vienna in 1856, and which may be re- 
garded as a contmnation of his work. The title of the memoir is 
Anwendmg dea aogenamten VariatidnacaleuVa auf ztmjhche und 
dreijacha Integrale; it was published in 1859 in the 16th volume of 
the Benkachrifien, of the Academy. The memoir occupies 156 large 
quarto pages, and is remarkable for the accuracy and beauty of 
the printing. 

The introduction refers to the memoirs of Delaunay, Sarms 
and Cauchy, which we have described in Chapters vi, Vli, Till. 
Strauch considers that these memoirs do not really effect what was 
required by the Academy of Sciences at Paris when they proposed 
their prize subject; see Art. 133. Accordingly he undertakes in 
the present memoir to investigate the variations of double and 
triple integrals. 

After some explanatory remarks respecting his notation he 
proceeds to the variation of double integrals ; this subject occupies 
pages 8 — 78 of the memoir. This part of the memoir contains 
little more than the author had already given in his work, for the 
most general investigation which occurs is that which we have 
already stated to be the most general investigation in his work ; 
see Art. 336. The methods are the same as in his work ; he 
begins with simple cases and proceeds to those which are more 
complex; he gives a full account of the various suppositions which 
can be made respecting the limits of the integrations, although his 
statement of the manner in which the arbitrary functions or con- 
stants must be determined is too vague and general to be of much 
value. He usually investigates the terms of the second order, but 
in transforming these terms he is content with imitating the method 
of Legendre. The variation of triple integrals occupies pages 
79 — 132 of the memoir, and is treated in his usual manner by 
the author. The most general investigation which is completely 
worked out is the variation of a triple integral in which no 
differential coefficient occurs of an order higher than the first; 
some more general investigations am partially worked out. Four 
problems occur as examples in this part of the memoir. The first 
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ia to find to so that the following triple integral may have a maxi- 
mum or minimum value, 

where ^ is a constant, and the limits of the integrations are all 
constants. The other three problems are modifications of that 
which we have given from Sarrus in Art. 180. 

The pages 133 — 154 of the memoir contain some remarks on 
the memoirs of Sarrus, Cauchy and Delaunay. Strauch quotes 
at full the result which Sarrus obtains for the problem which we 
have explained in Art. 194, and compares this result with that 
which he obtains by his own processes and in his own notation. 
Strauch gives that result from Cauchy’s memoir which we have 
investigated in Art. 192, and compares it with that which he 
obtains by his own processes and in his own notation. In his 
remarks on Delaunay he intimates that some terms are omitted 
by Delaunay in his formulas ; see pages 147 and 148 of the memoir. 
There is however no error in Delaunay’s formulas; the terms in 
question do not appear because the problem which Delaunay con- 
siders is not the most general that could be proposed, as we have 
already stated in Art. 138. 

Again on page 149 Strauch intimates that Delaunay has only 
two equations for determining certain arbitrary functions, while 
fmr are required, which he has himself supplied ; Strauch’s four 
equations would however reduce to two in the particular case which 
Delaunay considers. 

342. The next of the three comprehensive treatises is Mr 
Jellett’s, entitled An elementary treatise on the Calculus of Variatims 
hy the Rev, J. H, JelleU, Dublin 1850. It is an octavo volume 
of 377 pages, with a preface and introduction of 20 pages. 

This valuable work constitutes the only complete treatise on 
the Calculus of Variations in the English language, and will neces- 
sarily be studied by all who wish to pass beyond the rudiments 
of the subject. A brief outline of the work with some remarks on 
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a few incidental points is consequently all that will be required 
here. 

343. The introduction contains a sketch of the history of the 
subject; it appears that the author had studied the memoirs of 
Poisson, Ostrogradsky, Jacobi and Delaunay, but had not seen that 
of Sarrus. The first chapter is entitled Definitions and Principles) 
it occupies pages 1 — 10, and explains what is meant by a variation. 
A very important remark occurs on page 5, “ .... many writers on 
the Calculus of Variations have been led into considerable difficul- 
ties by an unsteady use of the symbol 3, a symbol which they 
employ sometimes to express the increment which a function 
receives in consequence of a change of form only^ and sometimes to 
express the increment which it receives from the variation, not only 
of its form, but also of its independent variables. We shall then 
use the symbol S to denote that species of increment which is 
peculiar to the Calculus of Variations, that, namely, which a function 
receives in consequence of a change in its form only. We shall, 
as in the Differential Calculus, denote by the symbol d that incre- 
ment which a function receives in consequence of a change in the 
magnitude of its independent variables.’* 

Accordingly in Mr Jellett’s work the independent variable is 
not supposed to undergo variation. It has already been stated in 
the course of the present work that this appears the best method 
of treating the subject. 

344, The second chapter is entitled Functions of one indepeU’-^ 
dent variable; it occupies pages 11 — 30. It contains the ordinary 
investigations and transformations of the variation of a single in- 
tegral so far as terms of the first order, and also an investigation 
of the terms of the second order; the usual expression second 
variation is adopted for these terms, but a good note is given on 
page 355 respecting the ambiguity of this expression. The third 
chapter is entitled, Maxima and minima of indeterminate junctions 
of one independent variable; it occupies pages 31 — 136. This 
chapter contains the ordinary investigation of the equation or 
equations which must hold in order that an integral may have a 
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maximum or a minimum value. Jacobies theoiy for distinguishing 
between a maximum and a minimum is fully developed ; the author 
here follows the guidance of Delaunay, see Arts. 230 — ^236. This 
chapter contains a very important discussion as to the number of 
constants which can occur in the solution of a certain problem, 
and as to the number of them which are indeterminate. Let it be 

r^i 

required to make the integral I Vdx a maximum or a minimum, 

where V contains a?, y, «, and the differential coeflScients of y and z 
with respect to x ; while at the same time a relation L = 0 is always 
to hold among these quantities. The following is the conclusion. 
Suppose that V contains y and its differential coefficients as far as 
that of the order n inclusive, and z and its differential coefficients 
as far as that of the order m ; suppose that the equation L = 0 is of 
the order n' in differential coefficients of y and of the order m' in 
differential coefficients of z. Then 

(1) If m be greater then m and n greater than n! the order of 
the final differential equation will be the greater of the two 
quantities 

2 (m + n) and 2 {m! + w), 

and there will be a sufficient number of ancillary equations to de- 
termine the arbitrary constants which enter into its solution. 

(2) The same conclusion holds for the case in which m is 
greater than rn! and n less than n . 

(3) If m is greater than m and n greater than n, the order of 
the final equation will be in general 

2 {m + n ') ; 

and its solution may contain any number of indeterminate constants 
not exceeding the lesser of the two quantities 

2 {rn! — m) and 2 {v! — n). 

Mr Jellett points out that a remark made by Poisson in the ninth 
section of his memoir is inconsistent with these results. 
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The whole of this chapter is illustrated by examples which are 
fully solved. 

345. The fourth chapter is entitled Application of the Calculus 
of Variations to Geometry. I. Theory of Curves; it occupies 
pages 137 — 202 . This chapter consists of a collection of problems, 
including those of historical celebrity ; they are all fully solved. 
The fifth chapter is entitled On multiple Integrals in general; it 
occupies pages 203 — 218 . The sixth chapter is entitled Functions 
of two (yr more independent variables; it occupies pages 219 — 238 . 
The fifth and sixth chapters contain the variation of multiple inte- 
grals ; the methods are those of Ostrogradsky and Delaunay. The 
most general result obtained is equivalent to that which we have 
given in Art. 144 after Delaunay. The seventh chapter is en- 
titled On maxima and minima of functions of two or more inde^ 
pendent variables; it occupies pages 239 — ^ 275 . This chapter 
illustrates and applies the results of the preceding chapter ; several 
examples are discussed in order to shew the treatment of the 
limiting equations. 

346. The eighth chapter is entitled Application of the Calculus 
of Variations to Geometry. II. Theory of Surfaces; it occupies 
pages 276 — ^ 286 . The ninth chapter is entitled Application of the 
Calculus of Variations to Mechanics ; it occupies pages 287 — 334 . 
This chapter besides the usual examples contains a section on the 
application of the Calculus of Variations to the deduction of equa- 
tions of equilibrium and motion. The tenth chapter is entitled 
Application of the Calculus of Variations to the integration of 
functions of one or more independerd variables; it occupies pages 
335 — 354 . This chapter investigates the conditions of integrability 
of various expressions. Tlie remainder of the work consists of notes. 

347. It may be of service to students into whose hands the 
work under consideration may come, to advert to some points which 
may occasion a little difficulty ; and on this ground we shall now 
venture to offer some remarks. 

348. In the fourth chapter of .Mr Jellett’s treatise many of the 
problems are solved by using the arc a of a curve as the inde- 
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pendent variable ; the method however is free from the objection 
stated in Art. 338. There is an example on page 138 and the 
following pages. In the course of the solution a constant a occurs, 
and it is stated that the “ existence of the arbitrary constant a is 
an ambiguity necessarily introduced by the selection of s for the 
independent variable.” A reason is then assigned for making a « 0 ; 
but the reason does not seem satisfactory. It appears that the 
term fif^dsQ is omitted in the discussion of the limiting 

terms on page 141. The whole expression relative to the upper 
limit should be 


then giving to the same meaning as Mr Jellett does, we have 

+ <*>■ 


By means of (1) the expression relative to the upper limit 
becomes 


Hence 


and 



Substitute from (3) in (2) ; thus 



therefore = 

This proves that a = 0 ; since the book proves that \ =« /a + a. 


349. We have stated in the preceding Article that it appears 
that /Ltj d8^ — ds^ is omitted in the discussion of the limiting terms. 
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In support of this remark we may advert to Art. 152 of the present 
work. There by taking account of certain limiting terms we 
obtain the equation 


X ^ 7 dy 


dz 

Ta* 


this equation does not occur in Mr Jellett’s investigation. The 
truth of this equation is confirmed in Art. 157 by its agreement 
with a result obtained by Delaunay. 


There is a difference in the methods we have used in Arts. 
152 and 348. In Art. 152 we followed the ordinary method and 
ascribed a variation to the independent variable a ; in Art. 348 we 
do not ascribe a variation to a. The final results will agree in the 
two methods, but the processes will differ. Thus in Art. 348, if we 
follow the ordinary method the whole expression relative to the 
upper limit will be 


'‘A [(S). {*». - (S).*'.}] ■ 


instead of what we have given ; and instead of (1) we shall have 


Thus the expression above becomes 

+ + (!)]«*. 


and from this we obtain as before 


On the other hand, suppose that in Art. 152 we follow the second 
method. Then instead of the term 






which is there given, we should have simply Vda. But now the 
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variations of the limiting co-ordinates will not be simply Sa?, By, Sz, 
as in Art. 152, but 

^ + ^ds, B^ + %ds, Bz + ^ds 

respectively ; and these must vanish at the limits, since the limits 
are supposed fixed. Thus we shall obtain finally the same result 
as before. 

Of the two methods which can be used, Mr Jellett has decided 
in favour of that which does not ascribe a variation to the indepen- 
dent variable, see Art. 343. But it would seem that in the fourth 
chapter of his work he has not adopted uniformly the consequences 
which follow from this decision. 

350. Eemarks similar to those already made apply with respect 
to pages 153, 155, 178, 181, 183 and 299 of the book. 

Again, on page 170 it is remarked, “ and the remaining con- 
stant, a, depending upon the given length of the curve....” Nothing 
however has been previously said respecting the given length ; and 
it appears here as before that ds^ — ds^ should be added to the 
limiting terms if we adopt the method of Art. 349. Or if we adopt 
the method of Art. 152 we must add 

(/4 - \ - (/4 - \ + y!p)^ Ss^. 

Again, on page 175 it is stated, ‘‘ the superfluous constant a will 
be determined by expressing the area as a function of that constant 
and equating its difierential to zero.” This reference to the 
ordinary Differential Calculus is unnecessary ; for the Calculus of 
Variations supplies sufficient conditions for determining the con- 
stants. The problem under discussion is, to find a curve of given 
length such that the area bounded by the curve itself, its two 
extreme radii of curvature, and the arc of the evolute between them 
may be a minimum. This problem is solved in most elementary 
treatises, and the result obtained is that the curve must be a 
cycloid; this result is obtained by the ordinary processes of the 
Calculus of Variations. In fact if we adopt the method of Art. 152 



408 


SYSTEMATIC TREATISES. 


we shall find that the following limiting terms have been omitted 
in the book, 

(/A ~ X + /a'p) j - (/i - X + Ss ^ , 

where /a' = 1 and » p + a constant. 

From considering these we find that we must have 
Xj = 0, and X^^O, 

since pj and vanish. Then by page 168 of the work, we have 

dx . 


for it is shewn on page 169 that 5 — 0. Thus and must 

vanish. Then by page 174 since yj = 0 and = 0 we have e=0; 

and this is the result which is established in the book by appealing 
to the Differential Calculus. 


351. On page 165 some results are given without demon- 
stration. The results refer to a segment of a sphere which is 
required to have a maximum or minimum volume, while the surface 
is given. Let a denote the radius of the sphere, h the height of the 


segment, then the volume of the segment is tt 



Since 


the surface is given, ah is equal to a constant, which we will denote 
by A*. Let y denote the radius of the plane base of the segment ; 
then 


therefore A* = 2A* — y*. 

Thus the volume = w V(2A* — y*) — | = T suppose. 

Now y is supposed to be an ordinate of a given curve, and V is 
to be made a maximum or a minimum by properly choosing this 
ordinate. Let x denote the abscissa corresponding to the ordinate y. 
Then we have 
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dy 


IT 


f -Tdy 

tV(2**-y*) 


+ 


yV(2A*-3^} = 


V(2**-3h’ 


therefore 

theretore dx‘ 

We have now three cases to examine, namely 

g = 0, y = A,y = 0. 


(1) If y itself be a maximum or minimum F will be a maxi- 
mum or minimum respectively provided — y* be positive, and a 
minimum or maximum respectively provided — y* be negative. 


(2) The value y^h makes zero, and makes negative 
provided ^ be not zero ; thus in this case F is a maximum. If y is 


itself a maximum or minimum when y = then changes sign 

when y = and so F is itself a maximum or minimum respect- 
ively. 


(3) With respect to the case of y = 0 we must remark that 
the question does not suppose that y is capable of becoming 
negative. If the given curve touches the axis of x then the value 

y = 0 occurs simultaneously with ^ = 0, so that y is then a mini- 
mum and so is F. 


These results do not agree with those in the book. The case 
in which y = A seems there overlooked. 

If y = i we have And it may be seen that the 

relation on the 14th line of page 165 of the book may be satisfied 
by supposing a = y and the angle CPY zero. 


352. On page 365 the following problem is suggested ; to con- 
struct upon a given base a curve such that the superficial area of the 
surface generated by its revolution round AB may be given, and 
that its solid content may be a maximum. 
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Take the axis of a? as that of revolution; then adopting the 

usual notation we require that tt should be a maximum 

while 27r Jy V(l+P*) ^ is given, the limits of a? being supposed 

fixed. Thus if a be a constant we have to find the maximum 
value of 


+ 2ay ^(1 + i>*)| <&• 


d 


Hence we must have y + a \/(l +i?*) = ^ 
this we know leads to 


( 1 ); 


therefore 


2ay 


2ayp* 

V{i+/) 


+ 5 , 


where i is a constant. 




Then since y is to vanish at the two fixed points we have 5 = 0, 
and then by completing the solution we obtain a semicircle for the 
required curve, and therefore a sphere for the solid generated. 

Mr Jellett points out that this solution is unsatisfactory, because 
the superficial area of a sphere described upon a given diameter is 
a determinate function of that diameter, and cannot therefore be 
made equal to any given quantity. Mr Jellett proceeds to remark 
that the process of the Calculus of Variations fails in this case. 

We suggest the following as a solution of the problem. 

Let the figure A OEDB consist of two straight lines A (7, BD 
perpendicular to the axis of x, and of the arc CEB which satisfies 
the differential equation (2) ; see figure 10. Take A as the origin ; 

let AB^x^. 

Then the volume of the figure formed by the revolution of 

ACEDB round AB is tt / y^dx\ and the surface, including the 
J 0 

circular ends, is 
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Now suppose that y is changed into y + Sy, then the variation 

of the volume is 2w f ‘y^dx, and we have to make this zero for 
•^0 

sucli variations as leave the surface unchanged ; that is, for such 
variations as make 

Sy^ + 2iry„ Sy, + 27r 8 f y V(1 +!>*) = 0 (3). 

Jo 

Thus if a represent a constant we must make 


The part under the integral sign vanishes because we suppose 
equation (1) satisfied. So that we only require in addition 


This leads to = + co and = — oo ; that is, the curve must 
join on continuously to the straight lines at C and D, Then it 
appears from (2) that y^ = 6 wbenj? is infinite, so that AO^BD. 


The constants a and &, and that which would arise from in- 
tegrating (2), must then be determined so that y* = J when cc = 0 and 
when 03 = ccj, and that the surface may have the given value. 


Suppose however the circular ends are not to be included in the 
given surface. In this case y = — a furnishes a solution. For the 
terms + ay^ iy^ do not now occur in (4) ; and the value 


makes 


d 


y + aV(l 


apy 


dx VU +p*) 


vanish, and it gives = 0 so that also vanishes. Thus 

we obtain a cylindrical surface ; a will of course be negative, and 
will be determined by the condition that - 27rax^ must be equal 
to the given surface. 
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353. A mistake occurs on page 376 of the book which may be 

noticed. The integral f tajx*0 sinffdff is made equal to a finite 
J 0 

negative value, the fact being overlooked that tan*^ becomes 
infinite between the limits of integration. And the same mistake 

occurs on page 377 where the integral taken between 

limits which include^ = 0 and make the integral really infinite. 


In concluding we may strongly recommend the student of the 
Calculus of Variations to master this important volume. A trans- 
lation of it into German has been advertised, but the present writer 
has not had the opportunity of consulting it. 


354. The last of the three comprehensive treatises is by 
Dr Stegmann, entitled Lehrluch der Variationsrechnung und Hirer 
Anwendung hei Untersuchungen vher das Maximum und Minimum. 
Kassel, 1854. It is an octavo volume of 417 pages with a preface 
of 16 pages. 

In the preface the author states that he had long been of opinion 
that the Calculus of Variations was treated in a meagre and un- 
satisfactory manner in elementary treatises, and had resolved to 
undertake the task of producing a more complete work on the 
subject. The work of Strauch had not appeared when first this 
resolution was formed; after it was published the question arose 
with Stegmann whether he should continue his design, since he 
had no intention of ofiering to his readers such a rich collection of 
problems as Strauch had supplied. Ultimately he resolved to 
complete his original design. 

In addition to the works of Dirksen, Ohm and Strauch, Steg- 
mann refers to the memoirs of Poisson and Ostrogradsky. He has 
discussed numerous problems as illustrations of his theory, but he 
does not present his work as a collection of problems, for the 
development of the general theory has been his main object. In 
solving his problems he has imitated Ohm and Strauch in investi- 
gating the terms of the second order so as to discriminate between 
maxima and minima values. 
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355. The work consists of six chapters and two supplements. 

The first chapter is entitled On variations generally; it occupies 
pages 1 — 11. The following is Stegmann’s view of a variation; 
let y denote any function of x as /(a?), and let ^ (aj, t) be any 
function of x and t which reduces to f[x) when < = 0 ; then the 
variation of y is denoted by where 



the suffix 0 indicating that t is to be made zero after the differ-* 
entiation. 

On page 7 we have the usual geometrical illustration of the 
relation dhy = My. 

In the first four chapters of the work no variation is supposed 
ascribed to the independent variable, and no change of value is 
made in the limits of the integrals which occur. 


356. The second chapter is entitled Variations of expressions 
in which Functions of one independent variable occur^ hut no 
Integrals; it occupies pages 11 — 84. 


This chapter gives that portion of the subject which has been 
developed by Ohm and Strauch ; see Arts. 56 and 335. The theory 
is illustrated by the discussion of the problem originally given 
by Lagrange; see Art. 3. Stegmann also gives four problems 
which are to be found in the volumes of Strauch, namely those 
numbered 1, 76, 85 and 86 by Strauch. Stegmann indicates on 
page 60 another problem of the same kind as Lagrange’s, namely, 
to find a curve such that the product of the perpendiculars let fall 
on any tangent from two fixed points shall be a maximum. It is 

supposed as in Art. 3 that at any point ^ alone is susceptible of 


variation. The result is that the curve must be an ellipse or 
hyperbola of which the two fixed points are the foci. 


On page 68 Stegmann discusses another problem of this kind, 
namely, to find the curve for which yp shall be a maximum or 
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minimum, the variations of y and p being so taken that at any 
point considered y ~^) shall undergo no change by variation. 
Thus with the usual notation we must have 


p8y + y8p = 0 (1), 

and = 0 (2); 

from these equations we obtain 




therefore - , therefore y = ^ , where Ais Sk constant. 

X ^ A" 

Now let us retain the terms of the second order in order to 
ascertain whether the result gives a maximum or a minimum. 
Let U^ypi then accuratelj 

iU^iy^ty) + -pp=pSp+yS^ + SySp, 

and (y + Sy) a; — ^ ^ accurately. 

Multiply the last expression by \ and add it to S?7; thus 
SJ7 = ply + y^ + 8y ^ 



where the omitted terms are of the third and higher orders. 
Assume X such that 

p + x ( a !-^)=0 ( 4 ); 

then by means of (3) and (4) the terms of the first order disappear 
from SET; also we get X = —-2. ^ the second order 
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Thus supposing x positive we have obtained a minimum. 

357. The third chapter is entitled Variations of single Integral 
expressions with one independent variable; it occupies pages 84 — 165. 

This chapter contains the ordinary theory of the maxima and 
minima values of Integrals, illustrated by four examples; it also 
contains an investigation of the criterion of integrahility of an ex- 
pression, and an investigation of Jacobi’s method of distinguishing 
between maxima and minima values. 


The examples discussed are the following; (1) The shortest 
line between two given points. (2) The brachistochrone between 
a fixed point and a fixed horizontal line ; the cycloid is obtained 
as the general solution, but it is shewn that in the particular case 
when the position of the lower limiting point is not fixed on the 
fixed horizontal line the result becomes a vertical straight line. 

(3) The maximum or minimum value of 

(4) The curve which with its evolute includes a minimum area. 
In all these examples the terms of the second order are examined. 


In investigating Jacobi’s method Stegmann proves the first 
part of the theorem of Art. 222 universally, that is, he proves that 
a certain expression is integrable ; his proof depends on his previous 
investigation of the condition of integrahility. With respect to the 


second part of the theorem he confines himself to proving that 
JyUdx has the required form when jB, is the last of the series of 
terms jB, jB^, JB,,...; and he exhibits completely the values of 


JB, and B^. He gives an investigation similar to that in Art. 224, 


and as in that Article he preserves the terms which are outside the 
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integral signs. At the bottom of his page 163 he makes a certain 
expression to be zero which should be equal to a constant ; there 
seem indications however on the last page of the chapter that he 
had perceived some inconsistency in this proceeding with respect 
to the number of constants involved; see Art. 232. 

368. The fourth chapter is entitled, On the determination of 
the maximum or minimum in oomhinationa of simple integrals^ or 
when certain conditions are prescribed; it occupies pages 165 — 265. 

This chapter contains the following subjects: (1) Relative 
maxima and minima problems or isoperimetrical problems. (2) Pro- 
blems in which the limiting values are subject to certain con- 
ditions ; here Stegmann draws attention to the terms of the second 
order, and he keeps them all in, so that he has terms outside the 
integral sign besides the terms under the integral sign which may 
be supposed treated by Jacobi’s method; see pages 187 — 196 of the 
work. (3) Maximum or minimum of an integral which involves 
more than one dependent variable, with or without a given equa- 
tion connecting the variables. (4) Maximum or minimum of an 
integral which involves a?, y, differential coefficients of y, and also Z 
where Z is an integral expression involving a?, y, and the differential 

coefficients of y. (5) Maximum or minimum of Jvdx, where V is 

supposed determined by a differential equation. (6) Maximum or 
minimum of an integral involving a?, y, z and the differential 
coefficients of y and z, where the limiting values of y and z and 
their differential coefficients occur in the integral. 

This chapter contains the following examples. (1) To find the 
curve of given length joining two fixed points which with the ordi- 
nates of the two fixed points and the axis of x includes the greatest 
or least area. (2) The curve of given length fastened at its ends to 
two fixed points, which has its centre of gravity lowest. (3) To 
find the shortest line that can be drawn between two fixed lines 
perpendicular to the axis of or, under the condition that the 
product of the extreme ordinates shall have a prescribed value. 
In these three problems the terms of the second order are ex- 
amined« (4) The shortest line on a curved surface ; the general 
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differential equation is obtained and then particular applications 
are given; for example, the case of the ellipsoid is examined. 
(5) Of all curves which have the property that the normal plane 
passes through a fixed point, to find that which has the least 
length between two fixed parallel planes ; this is in Strauch, Vol. Ii. 
pages 379 — 381. (6) The brachistochrone in a resisting medium. 

(7) The minimum value of f where Z= f dx* 


(8) The curve down which a body must fall in a resisting medium 
so as to acquire the greatest velocity. (9) To find the minimum 




dx, under the conditions that ^^^=1 and that 



(10) The problem we have enunciated in para- 


graph (3) of Art. 311 ; Stegmann does not however allude to 
the difficulty which occurs in the particular case which we have 
examined in Art. 352. 


359. The fifth chapter is entitled On Mixed Variations with 
simultaneous changes of the independent variable^ it occupies pages 
265—327. 

In all the investigations hitherto given in the book the limits of 
the integrations have been supposed fixed and the independent 
variable unsusceptible of variation ; Stegmann proceeds in the pre- 
sent chapter to give that extension to his formulas which they 
require in order to apply to problems in which the initial and final 
values of all the quantities which occur are changed. He now 
adopts the common method of ascribing a variation to the indepen- 
dent variable. Suppose x the independent variable and y the 
dependent variable, let these become by variation aj + &» and 
y + % respectively ; then Stegmann obtains a relation denoted thus 

This result might be presented as a definition, namely, let 
— ySa? be denoted by (8)y, and then it might of course be 
considered absolutely true. Stegmann however adopts a different 
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method ; he defines (S) y and by means of geometrical considerations 
establishes the truth of the relation as far as the first order of small 
quantities. 


It is then necessary for him to shew that 




d{h)y 

dx 




where 


^ dx dod * 


and generally that 



Sx. 


His method is the following, 


^ ^^dy _ dxdZy’-dydZx _diy dhx 

rlm^ //'y* ^ H/tl ^ 


dx^ 


dx 


dx 


put (S)y + 2 ?Saj for iy and qdx for dp, thus 


^=r 


my 

dx 


+ qfix\ 


this may be written ^ = (8)^ -f ^x. 


Stegmann subsequently gives the common geometrical illus- 
tration of the relation hdx = dZx. 

The above investigation of the value of ^ cannot be regarded as 
absolutely true, but only as true to the first order. 

Suppose now that J Vdx, and that the variation of TJ is 

required ; Stegmann proves that the result obtained when x was 
supposed unsusceptible of variation, so far as terms of the first 
order are involved, requires only the following modifications; 

have to be changed into (S)y, (8)^, .... respectively, 
and the following limiting terms added, ^8^— F^8a. Two proofs 
are given of this statement. 

The formulas are illustrated by discussing the problem of the 
brachistochrone in the case where there is no resistance, and also in 
the case where there is, and the problem of the shortest line. In 
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both these problems various suppositions are made with respect to 
the limiting conditions and carefully examined. For example, 
take the problem we have considered in Art. 300; Stegmann adopts 
the suppositions there made and arrives at the results there ob- 
tained by interpreting the terms of the first order. Then he makes 
another supposition ; let the limiting values and x^ be connected 
by the relation 

ajj, — ajj = a constant, 


then dicj = and instead of the two equations obtained by 
equating to zero the coefficients of dx^ and dx^ we have now the 
single equation 


( pyft' (a?) -f 1 

|\/(1 


-®.)L i 


F)C i^) + 1 






*.dV 


<fe = 0; 


this reduces to 


+ _ J /J: _ i'\ ^ 0 

1 i'Va )a 1 i’V" J, »/a\p» pj ' 

therefore (a?^) = (a?J ; 

thus the tangents to the limiting curves at the points where the 
described curve meets them are parallel. 

Stegmann also considers briefly the subject of the discrimina- 
tion between maxima and minima values when the independent 
variable is supposed to undergo a variation. Here of course allow- 
ance has to be made for the circumstance that some of the formulae 
employed were only true to the first order. He illustrates his 
remarks by considering the problem of the shortest line between 
a given point and a given curve. 

On the whole the chapter appears to be a good exhibition of 
the method which the author selects, but the method seems far 
less simple and satisfactory than that of not allowing the inde- 
pendent variable to undergo variation, but obtaining the requisite 
generality by changing the limits of the integrations. 

Two other subjects may be mentioned which are introduced 
into this chapter. On pages 278, 279 Stegmann proves the theorem 
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which we have expressed in Art. 93 thus, Hy* + Kz* =? 0 ; the proof 
does not depend on the Calculus of Variations. On page 292 
Stegmann considers the case in which the function under the in- 
tegral sign maj itself involve the limiting values of the variables 
or differential coefficients ; he points out however that the limiting 
values of the highest differential coefficient when there is only 
one dependent variable must not occur ; because if in such a case 
we wish to make the integral a maximum or a minimum we have 
in general more conditions than disposable quantities. A similar 
remark holds when there is more than one dependent variable. 

360. A supplement to the third, fourth, and fifth chapters 
occupies pages 327 — 338; it draws attention to the method of 
solving problems in this subject which was adopted by the early 
writers, and refers to the memoir of Schellbach, Stegmann solves 
two problems by this method. (1) To find among all curves of 

given length that for which J db? is a maximum or a mini- 
mum. (2) The shortest line on a surface of revolution, 

361. The sixth chapter is entitled, On the variations of func- 
tions of two independent variables; it occupies pages 338 — 395. 

On page 11 of his work Stegmann seems to indicate that mixed 
variations occur only in the fifth chapter, but we find them again in 
the first section of the sixth chapter. 

Suppose z any function of x and y, say z =/(a:, y) ; let ^ (a?, y, t) 
denote any function of a?, y, and which reduces to /(a?, y) when t 
vanishes. In <f> (a;, y, t) change x into x + Sx, y into y + 3y, and t 
into < + 3^; then a result is obtained which is denoted thus, 

or by supposing t = 0, 
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Then since this is true whatever function of x and y is denoted 
by z, Stegmann says we have 


d(S)z ^ ^ , d^z ^ 


dxdy 


and so on. 


5. (S) « ^ d^z ^ 


This method seems however an unsatisfactory proof of these 
formulas; see Arts. 102 and 124. 

Stegmann next refers to questions similar to that in Art. 3, 
but involving more than one independent variable. He solves 
the following problem ; to determine a surface having the property 
that the sum of the squares of the intercepts cut off from the 
co-ordinate axes by the tangent plane at any point shall be a 
minimum. Thus in the usual notation 


(yg*+i>*+g*) (jj-px-qy)' 

ft 

is to be a minimum. Here p and q axe supposed susceptible of 
variation; the result is that the required surface is determined 
by the equation 

aji -f-yf +«* =a^, 

Stegmann now proceeds to the variation of a double integral; 
here he restricts himself to supposing 8x and Sy to be zero, and 
he gives the complete development of the variation as far as terms 
of the first order, supposing that no differential coefficient occurs 
of a higher order than the second. As Sx and 8y are supposed 
zero, and no change is made in the limits of the integrations, 
the investigation is less general than that which we have given 
in Arts. 143 and 183. Stegmann illustrates this investigation by 
the following examples. (1) To find the minimum of 



(z + ap + yp^) dydx\ 


this example is taken from Strauch, Yol. li. page 579. 


(2) The 
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curved surface of minimum area between given limits. In this 
case Stegmann obtains the ordinary differential equation and then 
gives a long investigation by which he arrives at Monge’s integral ; 
see Art. 311. Then as an example, he shews that the particular 
surface considered by Bjorling and others is included among the 
general class of surfaces which is required ; see Arts. 311 and 315. 
With respect to this example however, he states more than he has 
proved; see his page 377, He states that if the surface is to 
be bounded by two fixed straight lines -4(7, BD and two fixed 
curves AB^ CD which constitute a closed four-cornered figure, 
then the particular surface referred to does possess the least area. 
Now he has not examined the terms of the second order so as 
to ascertain that there really is a minimum, and moreover his 
solution does not shew that the particular surface referred to is 
the only surface that will satisfy the conditions of the problem 
so far as making the terms of the first order vanish, but the only 
surface out of all those which can be generated by a straight 
line which moves so as always to be parallel to a fixed plane. We 
shall hereafter see that Stegmann has stated more than is true. 

The last three sections of the sixth chapter are devoted to the 
consideration of the modification of the formulae for the variation 
of a double integral which is produced by supposing that hx and 
hy are not zero. Stegmann refers to Poisson and Ostrogradsky; 
but it appears probable from coincidence in notation that he has 
chiefly followed Bjorling ; the latter however, as we have stated, 
may be considered to have only reproduced Ostrogradsky’s method. 
In illustration of the formulas Stegmann considers three particular 
cases ; these are all included in those results of Poisson which we 
have given in Arts. 113 and 114. 

362. A supplement on the use of variations in Mechanics 
occupies pages 396 — 417. 

Stegmann shews here how certain mechanical problems may 
coincide with problems of the Calculus of Variations. For ex- 
ample, the principle of Virtual Velocities supplies for the condition 
of equilibrium of any system an equation of the form 

S (-3uSaj+ Yhy’\‘Zhz) = 0; 
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then if we suppose U a function determined hy the relation 

dU^t{Xdx+Ydy + Zdz), 

the condition for equilibrium amounts to the statement that in 
general U must be a maximum or a minimum, 

Lagrange’s transformation of the equations of motion in Dj- 
namics is also investigated ; see Art. 318. 


The principle of least action is also investigated. Stegmann 
considers this principle under the following form; required the 

curve for which jvds is a maximum or minimum, where v is 

supposed a given function of the co-ordinates a?, y, z. He shews 
that the differential equations which determine the curve, are 
the same as those which are furnished hy Dynamics for the curve 
which would be described by a particle under forces which would 
generate a velocity denoted by the given function v. He draws 

attention to the fact that jvds is not necessarily a minimum. For 

example, when v is constant and the particle moves on a smooth 
surface, the curve obtained may be in general the shortest line 
that can be drawn on that surface between fixed points, but will 
not be so necessarily. A particle may move on a smooth sphere 
acted on by no forces except the normal action of the sphere, 
and describe the shortest line between two points, namely the 
shorter arc of the great circle joining those points; but it may 
also describe the longer arc of the great circle joining those 
points. 

We shall now consider in detail a few points connected with 
Stegmann’s work. 


363. Suppose we require the maximum or minimum of dxj 
where ^ involves a?, y, and the differential coefficients of y ; before 
reducing js<f>dx in the ordinary way by integration by parts, 
Stegmann makes some remarks on the attempt to solve the problem 
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whicli is made by supposing =0 ; see his page 85. The relation 
8^ as 0 can only indicate one of these two things, either 0 does not 
change by ascribing a variation to y and its differential coefficients, 
or else ^ is itself a maximum or minimum. The former supposition 
is impossible, since 




With respect to the latter supposition it is to be observed that 
if ^ be itself a maximum or minimum for all values of x between 

given limits, then [^dx will also be a maximum or minimum re- 


spectively, the integral being taken between those limits. This 
Stegmann proves by means of a figure which is constructed by 
taking the ordinate of a curve always equal to 0. The proof 
amounts to the consideration that the integral must be a maxi- 
mum or a minimum, because each of the elements of which it may 
be ultimately regarded as the sum is a maximum or minimum re- 
spectively. It is however not true conversely that any relation 

which renders j ^dx a maximum or minimum will make ^ also 

such for all values of x between a and f . This is illustrated by 

a figure which amounts to the consideration that I <l>^dx may be 

/ i •'* 

(l>^dx, even although some of the values of <f>^ are 

less than the corresponding values of for other values of may 
be greater than the corresponding values of 


Thus the conclusion is that the relation 80 = 0 will not neces- 
sarily supply all possible solutions of the problem of finding the 

maximum or minimum value of (d>dx. 


864. On page 109 of his work Stegmann makes a remark 
which relates to the use of a series to represent a variation instead 
of a single term ; see Art. 334. Stegmann is investigating the 


maximum or minimum 




dx. 


The ordinary mode 


would be to change p into and then to examine the terms 
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involving Sp and (^)*. But suppose we change p not into ^4- ^ 
but into a series, after the manner of Strauch ; let this series be 

p + Kn'{x) + + ••• 


Arrange the variation of the proposed integral according to 
powers of k ; thus we obtain for the variation 

J^^x^{l+P^)^ 2 Ll+JP* ^ J Va?V(l+y)^“* 

In order that there may be a maximum or minimum we must 
have in the usual way 




VajV(l+i>*) 


= a constant. 


Stegmann then remarks that we are prevented from ascertaining 
what the sign of the term involving /c* is, by reason of the presence 
of '(a?) which is altogether independent of He does not 

notice that the relation which has been already assumed in order 
to make the coefficient of /c vanish, also makes the coefficient of 
^*{x) constant in the term involving hence it will be found that 
since the limiting terms of the first order are made to vanish, the 
terms of the second order which depend on ^ 'x will also vanish. 
It is in fact this circumstance that renders it useless to adopt 
the form of a series instead of a single term in order to denote 
a variation. 


365. On page 140 of his work Stegmann is discussing the 
problem of finding the curve which with its evolute includes a 
minimum area. 



by making the terms of the first order vanish in the variation of U 
we obtain a cycloid for the curve. The terms of the second order 
may be put in the form 

/' {i> (1+?1 W+ ( 2 ? f . 
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and Stegmann says that neither i nor p can become infinite be- 
tween the limits of integration ; so that the solution he has obtained 
gives a minimum. But p is infinite at the cusps of the cycloid, 
and thus Stegmann is wrong. But although p is infinite yet 


^ does not become infinite, this being the radius of curvature 

of the curve ; hence h fortiori - ^ and - ^ do 

not become infinite. Thus if hp and Sj are indefinitely small 
throughout the limits of the integration the quantity under the 
integral sign in the above expression will not become infinite ; so 
that the result obtained is really a minimum in comparison with 
all adjacent curves which can be obtained under the limitation that 
Sp and Sg shall be indefinitely small. 


With respect to the problem in question it will be useful to 
notice the conclusions of other writers. Thus in De Morgan’s 
Differential Calculus, page 463, the following statement is made, 
the radii of curvature at the extreme points are both = 0; 
which in the cycloid only happens at the cusps. Hence if A and B 
be the given points, every such figure as that in the diagram gives 
an algebraical minimum : that is to say, any slight variation of the 
upper curves with a corresponding variation of the lower evolutes 
would increase the area contained. There is no absolute arithmetical 
minimum; for by sufficiently increasing the number of revolutions 
of the generating circle we might diminish the whole area without 
limit.” The diagram referred to supposes the generating circle to 
have toned round three times completely, so that there are three 
complete arcs of a cycloid between the two fixed points. There is 
no investigation of the terms of the second order to shew that any 
slight variation would increase the area. 


The problem is solved by Strauch, and he exhibits the terms 
of the second order, but makes no remarks of importance. See his 
Vol. II. pages 289 — 291. 


Mr Jellett discusses the problem, and makes some remarks 
on the result; see pages 172 and 177 of his work. He gives a 
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figure consisting of a single complete arc of a cycloid with its 
extremities at the two fixed points ; the two fixed points are also 
connected by a curve which is composed of two complete arcs of a 
cycloid, one of which may if we please be supposed indefinitely 
small, and the other finite and differing infinitesimally from the 
single complete arc first considered. It is easy to shew that the 
area in the second case is less than the area in the first case; 
nevertheless the first is to be considered a real minimum in 
the proper sense of that term, because the second curve cannot 
be deduced from the first by a legitimate variation. 

366. In Art. 202 we have referred to a result obtained by 
Legendre in discussing the following problem ; required to connect 
two fixed points by a curve of given length so that the area 
bounded by the curve, the ordinates of the fixed points, and the 
axis of abscissae shall be a maximum. Stegmann discusses this 
problem and arrives at the same results as Legendre, though he 
does not refer to him ; see Stegmann’s work, pages 175—180. 

Let Aj, Aj be the co-ordinates of one of the fixed points, which 
we will denote by A ; let A,, \ be the co-ordinates of the other fixed 
point, which we will denote by B\ and we will suppose \ less than 

Aj, and \ less than A,. Then with the usual notation / ydx is 

i hi 
fha 

to be a maximum while I V(1 +y) is to have a given value. 

J hi 


Then we proceed to make 1 {y + X V(1 + p')]dx a maximum where 

j h\ 

X is a constant. 



Therefore 

1 ^ 0 


^ ''dbva+p*) 



therefore 

1 

II 

< 


therefore 

dy cc— Oj 


therefore 



(8). 
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It is easy to see that the sign of the terms of the second order is 
the same as that of 

•'* 1 ( 1 +/)* 

and is therefore the same as the sign of Then (2) gives for the 
required curve an arc of a circle of which is the square of the 
radius, and from (1) it may be shewn that this arc will be concave 
to the axis of a? if \ be negative ; so that an arc of a circle concave 
to the axis of x gives a maximum area. The constants X, and 
(7, are to be determined by making the arc go through the points 
A and JB and have the given length. This given length must of 
course be greater than the straight line which joins A and B. 

The solution thus obtained is satisfactory as long as the concave 
circular arc joining A and B falls entirely between the lines drawn 
through A and B perpendicular to the axis of a? ; the extreme ad- 
missible case is that in which the ordinate at A is the tangent to 
the circular arc at A. 

Supposing then that the given length exceeds that which cor- 
responds to the extreme admissible case just referred to, we must 
modify the problem. Let the ordinate at A be produced through A 
to a point distant from the axis of x ; and let the straight line 
of length yj — ifej be considered part of the curve connecting A 

r hg ^ 

and B, Thus we now propose to make I ydx a, maximum while 

h ^ 

y^’-\ + I V(1 +i>*) ^ ® given value. No change is thus re- 

J hi 

quired in the solution of the problem except so far as relates to the 
terms at the limits ; these formerly vanished because the extreme 
points were both fixed. Now we have corresponding to the lower 
limit the expression 

and to make this vanish we must have 


therefore 


P 

V(i+/) 
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This requires the circular arc to have its tangent at the point 
(Aj, tfi) where it joins the ordinate produced through -4, coincident 
with that ordinate produced. Thus and (7^ — Aj=the 

radius of the circle ; and the constants will be found from these 
relations combined with the conditions that the circle shall pass 
through and that the length of the circular arc together with 
-Ajj shall be equal to the given length. 

In this case then the reqtdred curve is made up of a straight line 
of the length y^ — and of an arc of a circle. 


The solution thus obtained is satisfactory so long as the concave 
circular arc is not cut by the ordinate at 5 produced through B; the 
extreme admissible case is that in which the ordinate at B is the 
tangent to the circular arc at B, 


Supposing then that the given length exceeds that which cor- 
responds to the extreme admissible case just referred to, we must 
again modify the problem. Let the ordinate at B be produced to a 
point distant y, from the axis of a?, and let the straight line of length 
y, — A, as well as the straight line of length y^ — Ajj be considered part 
of the curve connecting A and B. Thus we now propose to make 



a maximum, while 


yx-h+yi-K+ +p*) ^ 


has a given value. No change is thus required in the solution of 
the problem except so far as relates to the terms at the limits. We 
now have the expression 


and to make this vanish we must have 


therefore 


Pj = oo, and pg =5 — 00 . 
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This requires the circular arc to have its tangent at the point 
(Aj, yj where it joins the ordinate produced through A, coincident 
with that ordinate produced; and also its tangent at the point 
(A„y,) where it joins the ordinate produced through B, coincident 
with that ordinate produced. This requires the circular arc to be 

a semicircle, so that = and and the 

radius of the circle = ^ constant Cj is to be found 

from the condition that the sum of the length of the circular arc and 
— Aj and y, — is to be equal to the given length. 

In this case then the required curve consists of a semicircular 
arc and two straight lines. 

367. In his fourth Chapter, pages 222 — 227, Stegmann gives 
an investigation of the number of the constants which can occur 
in the solution of a certain problem, and of the number of the 
equations which serve to determine these constants ; see Art. 344. 
Stegmann’s conclusion is that in general these constants can all be 
determined; he does not shew that the auxiliary equations may 
diminish in number in certain cases, and thus some of the con- 
stants remain indeterminate. He draws attention however to some 
exceptional cases, in which the number of the constants may be 
less than the general theory indicates. Take for example the 
first case considered in Art. 273 ; here no arbitrary constants occur 
in the solution, so that the terms which relate to the limits must 
be supposed to vanish of themselves, or they will not vanish 
at all. In other words, if we use geometrical language, the 
limiting points must be supposed Jixed through which the curve 
is to be drawn. 

368. On his pages 245 — ^247, Stegmann solves a problem 

which we will here notice. Let 17= J where 

Z^j ^{l+p^)dx; 
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required to find the value of y which makes TJ a maximum or 
minimum. Here we have as far as terms of the second order 


Ja [\ 


pZp 






|V(1 +/) 2(l+p’)* 

and « C7-= |n^"-‘ S^+ ” (SZ )• + . . . j die. 


The investigation of Art. 38 may be applied to this problem. 
The quantity there denoted by v is here denoted by Z, and 

L = nZ'-\ AlsoP'= ,P while N, N\ P, Q, Q',... are 

zero. Thus we obtain 

(.4 — 7) P" = a constant ; 


and as -4 — 7 vanishes when x has its superior limiting value, the 
constant must vanish ; this leads to P'= 0, so that ^ = 0. The inte- 
grated part of the variation also vanishes since the above constant 
vanishes. 


Since ^ = 0 the only term of the second order which remains 
in SU is 

which is positive, and so we obtain a minimum. 

Stegmann’s solution is effected by the use of an arbitrary multi- 
plier, and leads to the same result. In discriminating however 
between a maximum and a minimum, he retains the term 




and this leads him to make the supposition that n is positive 
and not less than unity, in order to ensure a minimum. But as 
p is zero, 8Z is itself of the second order of small quantities, and 
thus the term just expressed is of the fourth order, and therefore 
does not require to be retained. 

It will be observed that the solution ^ = 0 can only apply when 
the limiting values of y are either not given or are given equal. 
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When the limiting values of y are given and unequal suppose these 
values to be and rj corresponding to the values a and | of x. 
Then putting the problem into a geometrical form, the curve re- 
quired appears to be made up of the straight line which joins the 
point (a, i8) with the point (f, jS), and the straight line which joins 
the point (f, )8) with the point (f, rj) ; or at least the nearer we ap- 
proach to this limit the smaller does U become. 

This problem is taken from Euler’s Methodua Inveniendi 
page 94. Euler considers any function of Z instead of Z”, and 
he arrives at the result ^ = 0 as necessary for a maximum or a 
minimum. 

369. An example of a relative minimum is solved by Steg- 
mann on his pages 255 — 258, which we will give here. Ee- 

1 

quired the minimum value of - I dx under the following con- 


ditions ; 

y.-i (1), 

( 2 ). 

Kvt 

Let X be a constant, and let 



then to the first order 


Hence 

^-t-0 

(3) 

and 



(4). 

From (8) 

we have 



!l 

1 



therefore ^ (® ~ -4 )* + 

1 

where A and B are constants. 
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The condition (1) gives 

therefore y = 1 + ^ (a^ — 2 Ax) (6). 

The condition (2) gives 

« ^ X*w4 //»\ 

wrWt ^ 

From (2) and (4) we obtain 

A+^ = 0. that is ^(l-^)+^=0, 

Sfi Ux Vi 

that is - (2 — ^) s= 0 (7). 

Vi 

By patting 0 ;=: 1 in (5), we obtain 

y. = i+^(i-2^) (8). 

The solution \ = 0 of (7) is inadmissible, for that would make 
y = l by (5), and then (2) would not be satisfied. Hence we 
deduce A — 2 from (7), and then from (6) and (8) we deduce 

^ 12 2 

49> 7* 

Now to determine whether a minimum is thus obtained, we 
must form the expression for SU correct to the second order; 
now we have exactly 

and therefore to the second order. 
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By integrating by parts we have 

^ -jxSpdxy, 

thus SU=j || (^)* + ^^ a!^|- dir 

X If' 

Now —5 = — 3, and — ydx^— 1 ; thus finally 

Hi Vi^ a 

zu^\ f^(sp + dx+i %.)*, 

so that we have obtained a minimum. 


370. Stegmann gives on his page 395 one application of the 
formulsB relating to double integrals which we will reproduce. 

Suppose we have to find a surface of minimum area under the 
condition that the length of the boundary is given. 

The equations which must hold at the boundary axe the first 
two of equations (13) of Art. 114. 

Here r=V(l + *" + 0, X^^,Y=^, 

j ^ ^ A , _ d fdt/^ d*y ds 

d*W" ds* dz' * d'z[Z} 

Thus the equations are 
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By ordinary transformations these equations become respectively 
V(i + *'*+*,*) - ^ (^ + *- ^) = 0 (1). 

VCl+iS-H-O “ ® ^ ® 

and this is the form in which Stegmann gives them. 

He now takes another condition, namely that z shall be constant 
round the boundary, so that round the boundary 

dz = z' dx + z^dy — 0 (3), 

and since z is constant round the boundary (2) gives 

z^dx — z*dy = 0 (4). 

From (3) and (4) we have round the boundary 
= 0 and z^ = 0. 

Also (1) becomes round the boundary 

W- 


From (5) by integration we obtain the equation to a circle of 
which the radius is numerically equal to c ; that is, the projection 
of the boundary on the plane of (a?, y) is a circle. 

Then Stegmann observes that this cannot give a minimum 
area but a maximum area, since the boundary is supposed to be 
a closed curve. But the result may be made useful by modifying 
the problem. The modification appears to be that the projection of 
the boundary shall be a four-sided figure having for two of its 
sides fixed straight lines perpendicular to the axis of a?, and the 
other two sides remaining to be determined and each being of given 
length. Then Stegmann says these other two sides should be arcs 
of circles with their convexities turned towards each other. 



CHAPTER XIV. 

MINOR TREATISES. 


371. This chapter is intended to give an account of the minor 
treatises on the Calculus of Variations. It includes all the separate 
works which have come to the writer’s knowledge, but does not 
attempt to notice every case in which a chapter has been devoted 
to this subject in the course of a general work on analysis. A few 
such cases have been however included in the present list. 


372. Brunacci. A treatise on the Calculus of Variations 
occupies pages 166 — 255 of the fourth volume of Brunacci’s Corso 
di Matematica Suhlime, Florence, 1808. 

Brunacci begins with some general remarks similar to those 
which we have given in Art. 363 after Stegmann. He considers 
the case in which F{x, y) is to be a maximum or minimum by the 
variation of y, and then the case in which F{x^ y, p) is to be a 
maximum or minimum by the variation of y and p or of one of 
them ; and he gives Lagrange’s example ; see Art. 3. He makes 
some brief remarks on the history of the subject, and states that 
Lagrange had finally relieved it firom any consideration of infini- 
tesimal quantities; he proposes to follow Lagrange’s method in 
discussing the subject. He does not use the symbol 3y, but m 
instead, where % is supposed indefinitely small and to an arbitrary 
function. 


In finding the maximum or minimum value of an integral 
J^dx he first supposes that ^ contains only x and y ; he illustrates 
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this bj two examples taken from Euler’s Invenimdi 

pages 39 and 40, and in the second example he agrees with Dirksen 
in distinguishing between a maximum and a minimum more care-* 
fiillj than Euler did ; see Art. 52, and Dirksen, page 202. He next 

supposes that ^ is a function of y, and^, and that is to be 

made a maximum or minimum; this case he illustrates by dis- 
cussing the problems of the shortest line a;id the brachistochrone. 
He insists on the propriety of separating the problems which occur 
into two parts, one depending strictly on the Calculus of Variations 
and the other on the Differential Calculus; see Arts. 90 and 91. 
He says that this idea was communicated to him by a distinguished 
scholar and mathematician Paradisi, and that Euler himself would 
have judged it worthy of his own immortal work, the Methodtia 

Inveniendi Accordingly Brunacci in treating the problem of 

the brachistochrone between two given curves first supposes the 
extreme points fixed and obtains a cycloid by the Calculus of 
Variations as the required curve; then he determines by the 
Differential Calculus the position which the cycloid must have 
when its ends are supposed moveable on two curves; in spite of 
Brunacci’s opinion his process seems longer and not clearer than 
that usually given which depends on the Calculus of Variations 
solely. Brunacci next supposes that ^ is a function of a?, y, 

and and that the maximum or minimum of j<f>dx is required ; 

this he illustrates by examples drawn from pages 61 and 247 of 
the Meth>dus Inveniendi 

Brunacci supplies investigations of the terms of the second order 
for distinguishing between maxima and minima values ; he repeats 
the investigation to which we have alluded in Art. 216 ; he says 
however that it is now presented in a better form. 

Brunacci gives some account of problems of relative maxima 
and minima, and considers a few simple examples. 

With respect to the variation of double integrals he gives an 
investigation which is correct so far as it goes ; see Art. 29. He 
applies the result to obtain the differential equation to the surface 



438 


BRUNACCI, 


which is a minimum among those which include the same volume. 
He says however that owing to the difficulty of integrating partial 
differential equations, to the difficulty of determining the arbitrary 
functions which occur in the solutions, and to other difficulties 
which arise from the nature of the problems, very little can be 
effected in this part of the subject; in his own words siamo 
sopra una spiaggia da cui si scopre un mar senza fine, e non ci 
h dato per anche d’inoltrarvisi, onde fare delle scoperte.” 


It would appear from his page 248 that Brunacci considered 
that his treatise on the Calculus of Variations might be contrasted 
favourably with those which had been previously published. It is 
not however very accurate in language or investigation ; we have 
already in Art. 208 pointed out an objectionable statement, and we 
will now indicate some others. Brunacci says on his page 168 that 

[h 

I f{x)dx is the sum of all possible values of f{x) between those 
J a 


which correspond to a? = a and a? = A ; this amounts to overlook- 
ing the dx which occurs in the symbol j f{x) dx. On his 

page 245 he interprets the equation xy = Zz^ to mean that the 
vertical ordinate is a third of the rectangle of the horizontal co-ordi- 
nates, instead of saying that the square of the vertical ordinate is so ; 
here he had previously given the statement correctly. On his page 

229 he discusses the maximum or minimum of jyjrdx, where is a 

function of iZ', and J^/(l dx. We have already considered 

a case of this problem in Art. 368. Brunacci by an obscure method 
arrives at a differential equation, and he shews that when a certain 
constant c' vanishes the solution is p = 0 ; but this he says is only 
a particular solution. It will be seen, however, on his page 230 
that he requires a to vanish at the limits, and 


„=_£V(i±£l) 

P 


SO that his solution leads necessarily to c = 0. 
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373. Lacroix. An elementary Vreatise on the Differential and 
Integral Calculua^ hy 8. F. Lacroix. Translated from the French. 
Cambridge, 1816. 

This work contains a brief treatise on the Calculus of Varia- 
tions on pages 436—463, and 706 — 711. The treatise has been 
described with great justice as “ singularly confused and unin- 
telligible.” 

374. Gergonne. Gergonne’s Annales de MatMmatiques 

Vol. 13, 1822, pages 1 — 93. 

This memoir Is on the Investigation of the maxima and minima 
of undetermined integral formulae. Gergonne considers that with 
many persons the Calculus of Variations is merely a mechanical 
process of which they do not comprehend the spirit. He proposes 
to shew that the questions of maxima and minima for which this 
Calculus was principally invented can be treated in the clearest and 
briefest manner by the principles of the ordinary Differential Cal- 
culus. He does not use the distinctive notation of the Calculus of 
Variations; thus for what is usually denoted by By he puts lY^ 
where i is an indefinitely small quantity and Y is an arbitrary 
function. 

This memoir seems of no great use; any student who could 
understand it could understand the ordinary exhibitions of the 
Calculus of Variations. The distinctive notation of the Calculus of 
Variations has always been considered one of its great advantages, 
and nothing is gained by discarding this notation. There are also 
passages in this memoir which would probably appear more difficult 
to a beginner than the corresponding passages in the ordinary 
treatises. Thus, for example, we may refer to the way in which 
Gergonne shews that the integrated and the unintegrated part of 
the variation of an integral must separately vanish in order that the 
integral may be a maximum or a minimum. 

The memoir is written with remarkable diffuseness. As an 
instance the following may be noticed. When Gergonne is dis- 
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cussing the question of the shortest line he obtains these two 
equations, 

and instead of inferring at once that 

v(r + ' S'»+y'«) = v(i+^'“+?‘) " “ 

he devotes a page to performing the differentiations first and then 
retracing his steps by integration ; and he makes a temporary mis- 
take in the course of his process by omitting ^ in the fifth line of 
his page 36. Page 89 is quite wrong ; the equations in the fourth 
line are false, since they ought to involve the partial differ- 
ential coefficients of S; the equations given by Gergonne would 
make the osculating plane of the curve perpendicular to its tan- 
gent. 

The following paragraph forms the last of Gergonne’s memoir. 

In conclusion we must ask the indulgence of the reader for the 
numerous imperfections and even errors which may be found in 
this memoir. If we may believe what is stated by Dr Prompt in a 
small treatise published in 1820, the work even of the illustrious 
Lagrange on this subject is not free from objections. The em- 
barrassing notation of that great mathematician on the one hand, 
and the brevity of Dr Prompt on the other hand, have prevented 
us from ascertaining to what extent these objections are well 
founded ; but this is a point to which we will return on another 
occasion. 

[It does not appear that Gergonne ever returned to the subject. 
The present writer has not seen any other notice of Dr Prompt’s 
work.] 

375. Ampere. Gergonne’s Annales de MatMmatiquea 

Vol. 16, 1825, pages 133—167. 

This memoir is an exposition of the principles of the Calculus 
of Variations, and is said to have been drawn up by Ampere for his 
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course of lectures at the Poly technique School. It constitutes such 
an elementary treatise on the Calculus of Variations as is frequently 
given in works on the Differential and Integral Calculus, and 
presents no peculiarity. After establishing the formula for the 
variation of an integral Ampfere shews that in order that the 
integral may be a maximum or a minimum the two parts of the 
variation must separately vanish. This he shews by supposing 
in the first place that the limiting values of the variables and 
of the differential coefficients are given; then the part of the 
variation which remains under the integral sign must vanish be- 
cause the other part vanishes of itself. Next he supposes that 
the limiting values are not given ; still it is in our power to sup- 
pose such a variation as leaves the limiting values unchanged, 
and this variation must be zero, so that, as before, the part under 
the integral sign must vanish. Gergonne himself says in a note 
that Ampbre is the first who has shewn distinctly that the part 
of the variation which is under the integral sign must separately 
vanish, and he admits that his own memoir was unsatisfactory on 
this point. 

376. Verdam and Verhulst. The subject of maxima and 
minima appears to have been proposed for a prize exercise in 
the University of Leyden in 1823. Essays by Verdam and 
Verhulst obtained prizes; they were published in 1824. The 
title of the two essays is the same ,,.Comimntatio ad Qumtionem 
Maihematicam ... in Academia Lugduno-Batava propositam ... 

Verdam’s essay occupies 100 quarto pages ; from page 76 to 
the end is devoted to the Calculus of Variations. The writer 
confesses that he has a very imperfect knowledge of this branch 
of the subject. Some of the ordinary formulae are given, but the 
demonstrations are only sketched, and reference is made to La- 
croix for the details; a few of the usual problems are given in 
illustration. The essay is not free from error ; we may refer for 
example to the treatment of the limiting equations. Verdam says 
in effect, that in a term of the form Aiy^ if the limits of y are 
fixed we still have -4 = 0, whereas the term vanishes because 
= 0 and the relation -4 = 0 does not in general hold. And on 
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his page 94 he gives an example from Euler’s Methodm Invent- 
endt... page 88, which he treats by means of that formula given 
by Lacroix which we have discussed in Art. 38. Verdam’s re- 
sult is correct for the case which Euler considers in which L 
is a function of 11, but is not true if, as Verdam says, i is a 
function of x and y. 

Verhulst’s essay occupies 30 quarto pages ; about three pages 
are devoted to the formulae of the Calculus of Variations, and 
three more to some of the common problems. 

377. Verhulst. There is another essay by Verhulst, which 
is on the Calculus of Variations exclusively. This obtained a 
prize which was offered in 1823 by the University of Ghent, and 
was published in 1824 under the title ...Commentatio ad Quces- 
tionem Maihematicam . . . Academice Oandavensis j^ropositam , . . . 

The essay contains a brief sketch of the subject, and discusses 
seven problems; it gives some account of the application of the 
subject to Mechanics, and demonstrates the principle of least 
action. It is chiefly remarkable for grave errors. 

378. Airy. In Airy’s Mathematical Tracts, published at Cam- 
bridge in 1826, twenty-three pages are devoted to the Calculus 
of Variations. These pages form an excellent elementary treatise 
on the subject. The author in his preface speaks of the subject 
as the “most beautiful of all the branches of the Differential 
Calculus.” He says of his treatise, “ by adhering rigorously to 
principles, by exemplifying every formula, and by avoiding the 
investigation of useless theorems, the author hopes that he has 
removed many of the difficulties which have been thought to beset 
this theory.” 

The fourth edition of the Mathematical Tracts was published 
in 1858 ; the treatise on the Calculus of Variations is here increased 
by two pages, namely pages 240 and 241 of the work. 

379. Bordoni. Lezioni di Calcolo Sublime, Milan, 1831. 
This work is in two octavo volumes; the Calculus of Variations 
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occupies pages 192 — 298 of the second volume. Bordoni adopts 
the method and notation of Lagrange which we have described 
in Art. 15 ; and the work is rendered extremely perplexing by the 
profiision of dots and dashes and aflSxes with which the symbols 
are loaded. Scarcely any examples are given in illustration of 
the theory. This appears to be the first elementary work which 
introduced Poisson’s formulae for the variations of the difieren- 
tial coefficients of a function of two independent variables; see 
Art. 262. 

We will notice a few points in the treatise in detail. 

380. Two examples of the use of Variations are given by 
Bordoni on his pages 261 — 265, which we will briefly explain. 

1. Suppose a fixed surface and two fixed points outside it ; let 
a string have its extremities fixed to these points, and let it be 
stretched and kept in contact with the surface by means of a 
point moving on the surface and against the string; thus the 
whole string consists of four portions, namely two straight lines 
outside the surface and two curved portions on the surface. The 
moving point will trace out a locus on the surface after the 
manner in which an ellipse is traced out on a plane by a moving 
point which stretches a string having its ends fixed. Then the 
locus traced on the surface has this property analogous to a 
property of the ellipse; the tangent at any point of the locus 
makes equal angles with the two curved portions of the string 
meeting in that point. This we shall now prove. The string is 
inextensible, and therefore the sum of the variations of the four 
parts is zero. Let a?, y, z denote the co-ordinates of a point in 
one of the curved portions, so that the length of this portion is 

jV(l between proper limits, where y* stands for ^ 

and z’ stands for ^ . The variation of this integral according 
to the usual notation consists of an integrated part 


V(1 +y +* )Sx+ 
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and an unintegrated part 

- /{(%-y&B) ^ ^ va+y’+o} 

Now this unintegrated part vanishes, because we know from 
statical considerations, that the curved portions of the string assume 
the forms of the lines of maximum or minimum length on the 
surface, and for such lines the unintegrated part of the variation 
of the length of an arc vanishes. We have therefore only the 
integrated part remaining, and this may be put in the form 

Sx + + z'Sz 

that is, Ss cos 0, where Ss* = So:® + Sy* + Sz% and (f> is the angle 
between two lines, one having its direction-cosines proportional to 
&c, Sy, Sz respectively, and the other having its direction-cosines 
proportional to 1, y', z' respectively. 

Now at the point which is common to one of the straight 
portions of the string and one of the curved portions, Ss and <f> 
have the same values for each portion; so that the two terms 
which are thus contributed to the variation of the whole length 
cancel. Then at the point common to the curved portions Ss is the 
same for the two portions, and therefore (p must have the same 
value in order that the whole variation may vanish. 

II. Suppose one end of a string fixed to a point in a curve 
on a fixed surface ; and let the string be stretched so that a part 
is kept in contact with this curve, a part kept in contact with the 
smrfacei and a part is free from the surface. Then whatever may 
be the position of the string, provided that the three parts are kept 
stretched, the third part is always a normal to the surface traced 
out by its free end. 

This is proved in the same manner as before. Let It, ?be 
the co-ordinates of the free end ; x,y,z the co-ordinates of the 
point where the string leaves the surface. Let a^ he the length 
of the straight portion, «, the length of the part which is only kept 
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on the surface, ^3 the length of the part which is kept against 
the curve. The whole variation of 5^ + 53 + a, must be zero. The 
unintegrated part of the variation of a, vanishes as before; the 
only variation in ^3 is that which is produced by lengthening or 
shortening the portion in contact with the curve ; and this variation 
is cancelled by the corresponding term in the integrated part of 
the variation of a,. The variation of so far as it depends on 
the variation of the point (a?, y, z) is cancelled by the corre- 
sponding term in the integrated part of the variation of a,. Thus 
that part of the variation of which arises from the variation 
of the point (f, ri, ?) must separately vanish. 

But 

». 

this equation shews that two lines are at right angles, namely 
the line which has its direction-cosines proportional to Sf, S17, Sf 
respectively, and the line which has its direction-cosines pro- 
portional to a? — “ 17, z — ? respectively. This proves the 

theorem. 


381. On pages 281 — 298 of his work, Bordoni discusses the 
criteria for distinguishing between maxima and minima values; 
here he follows the method of Legendre, Suppose we have to 

investigate the maximum or minimum of J<f> (sc, y, y^) dx. The 

terms of the first order are supposed treated in the usual way 
We have then to examine the sign of 


where 


I {A(^y + 2BSy^'+0(Syr}dx, 


A-^ 

df' 


B = 


dydy" 




Now we have identicallj, whatever a may be, 

= (A- a') (8yy + 2 (B- a) SySy'+ 0 %')* + {« 
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Thus the above integral becomes 

a +j{{A-cO (Sy)* + 2(B-a)W+C (8y)*} dx. 

Then if a can be found so as to make 

(A — a') G greater than (B — a)*, 

the sign of the expression remaining under the integral sign will 
be the same as the sign of G; and thus we shall be able to 
determine whether there is a maximum or a minimum. 

A suitable value of a may be found thus. Let c be the least 
value of G between the limits of integration, h the least value of 
A —5'; find fi from the equation 

{b + fdf)c==fl\ 

Sxy/b 

Xt. i. //-I \ 1 ^ 

so that V (P^) > 

where A; is a constant. 

Then a = 5 — /a is a suitable value. For 

& + /x' is less than A^ B and c less than G ; 

therefore (i + fi) c is less than (7 (A — j5' + 

that is C7 (A — jB' + /u,') is greater than /a®, 

that is 0 (A — a) greater than (B — a)\ 

Bordoni does not however allow for the exceptions which may 
arise ; thus in applying the test to a geodesic line, he says that 
such a line is a line of minimum length, which we know is not 
necessarily the case. 

382. One of the investigations which Bordoni gives is in- 
tended to discriminate between the maximum and minimum of 

^9 y\ ^0 ^ when a relation JP(aj, y, «, y\ z*) = 0 is sup- 
posed to hold. In this case by the use of a multiplier X we find 
that we have to investigate the sign of the terms of the second 
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order in the variation of J 4- \F) dx. These terms form a poly- 
nomial of the second degree in S/ , , Bz, By ; then Bz* is eliminated 
by means of the relation 


dF 

dz' 


^ , dF^ , ^dF^ , 



We thus obtain under the integral sign a polynomial of the 
second degree in By\ Bz, By^ say 

A {ByY + 2BByBy^ + -V G {By^; 


where 


dF 



dz' 


This polynomial is then modified by adding to it the term 
{a + 7 and taking away the same term, in 

the manner of the preceding article. Then a(Sy)*+ 2 ) 8 Sy&+ 7 (S«)* 
is brought outside the integral sign, and the polynomial under the 
integral sign involves a, /3, y and their differential coefficients. 
The polynomial under the integral sign may then be arranged 
by the theorem given in Art. 260 ; and finally by properly choosing 
the values of a, ^ 8 , y we may make the polynomial have the same 
sign as G. Thus we have a minimum if be positive throughout 
the limits of the integration, and a maximum if G be negative 
throughout the limits of the integration. 

This general result Bordoni applies to two special cases. 
First, suppose that ^ involves only x, y, z and y\ and that F 
is of the form {x, y, y') ; then the case coincides with 

that considered by Brunacci, and the result is the same as he 
obtained; see Art. 206. 

Next, suppose ^ {x, y, «, y', «') reduces to s' ; then G be- 
comes 
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Bordoni says that this is equal to 


^ dF d^z* 


because 


d^F ^ ^ d^F . .d^F ^ dFd^J 
which is altogether inadmissible. 


= 0 , 


383. In Kltigel’s Maihematisches W'&rterhuch, Vol. 5, 1831, 
an article occurs on Variationarechnung which occupies pages 
600 — 715. This article presents nothing remarkable. The early 
part of it is encumbered with useless generalities. It concludes 
with a brief sketch of the early history of the subject, accompanied 
with some references to writers, chiefly of the 18th century. 


384. Momsen. EUmenta Calculi Variationum ratione ad 
analyain infinitorum quant proadme ax^cedente tractata. Altona, 
1833. 

This treatise was written as an exercise for a degree in the 
University of Kiel ; it occupies 73 quarto pages. In the intro- 
duction the author treats of the different ways in which the 
notion of a variation has been presented by mathematicians, and 
gives the preference to that which has been adopted by Euler, 
Lagrange, Ohm and Strauch; see Art. 334. The work consists 
of four sections besides the introduction. The first section con- 
siders the maxima and minima values of single integrals. The 
second section considers the maxima and minima values of com- 
pound expressions, such as an integral which involves another 
integral, or the product of two integrals, or the quotient of one 
integral by another integral. The third section considers pro- 
blems of relative maxima and minima values. The fourth section 
considers the maxima and minima values of double integrals. The 
treatise possesses no merit as regards the theory of the subject; 
it may be considered as a collection of examples taken almost 
entirely from Euler’s Methodvs InveniendL.n, Momsen however 
adds to the solutions given by Euler some investigations of the 
terms of the second order in order to distinguish between maxima 
and minima Values. Momsen ascribes no variation to the inde- 
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pendent variable in bis solutions, nor does he make any changes 
in the limits of his integrations ; all investigations respecting the 
limiting values of the quantities which occur he considers to 
belong to the ordinary Differential and Integral Calculus ; see his 
pages 27 — 29. 

We will make some remarks on certain parts of the treatise. 

385. On his page 14 Momsen shews that j*(2iry — y*) dx is 

a maximum when y = x\ Euler, in the memoir to which we have 
referred in Art. 22, erroneously stated that the result is a minimum* 
On his page 15 Momsen discusses an example given by Euler 
in his Meihodus Inveniendi... page 41 ; see Art. 52. Momsen 
agrees with Dirksen in correcting Euler’s statement as to the 
nature of the result. See Dirksen, page 204, and also page 7 of 
the preface to Ohm’s work, entitled Die Lehre vom Qrossten und 
Kleinsten. 

On his pages 18 and 19 Momsen considers the problem of the 
solid of least resistance. In examining whether the result ob- 
tained is really a maximum or a minimum Momsen makes a 
mistake in his work ; the mistake occurs in the last two lines of 

page 18, where he has Ij^stead of * Hence, 

he erroneously concludes that the solid is really a solid of maxi- 
mum resistance, and he says, ‘‘ hinc igitur satis perspicitur, ex *hac 
qusestione, quae in omnibus fere libris de hoc argumento conscriptis 
occurrere solet, soluta parum sane emolumenti ad societatem hu- 
manam redundare.” The true results respecting this problem 
have been given by Legendre in the memoir which we have 
cited in Art. 197. 


On his pages 32 — 34 Momsen examines the problem of finding 
the maximum or minimum of the product of Jydx and J y/(l dx. 


The result apparently obtained is a circle, but Momsen shews that 
there is really neither a maximum nor a minimum ; Strauch arrives 
at the same result on page 541 of his second volume. Euler 
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erroneously concluded that a circle convex to the axis of abscissae 
would give a maximum ; see the Methodus Inveniendi page 149. 

386. On his pages 35 — 37 Momsen discusses a problem given 
by Euler in his Methodua Inveniendi ... pages 122 — 126. It is 
required to find the curve in which 11 is a maximum or minimum, 
where 11 is to be found by the differential equation 

dH -gdx^- all" V(1 dx==0 (1). 

This is easily seen to be a problem in Dynamics ; the curve is 
required down which a particle must move so as to acquire a 
maximum velocity, supposing a resistance varying as the 2n^*‘ power 
of the velocity. Strauch has considered the case in which w = l, 
but in examining the terms of the second order he has made a 
mistake ; see Art. 337. Momsen also is wrong in his investigation 
of the terms of the second order. We will here examine the 
problem briefly. We shall denote initial and final values by the 
suffixes 0 and 1 respectively, and we shall suppose IT^, given. Sup- 
pose n receives an increment 811 ; then from (1) retaining terms 
of the second order, we have 

czm + V(1 +f)dx+ +Mdx:=0... (2), 

where 

2Jf=an(n-l)n"-*(8n)V(l + ^ . 

V(l+/) (!+/)• 

Multiply (2) by where X is a function of x at present undeter- 
mined, and integrate ; thus 



*12 ^ +X3/] <fc=o. 

Now as X is in our power, we may assume 

«nXn-V(l+i)*)-^=0 


( 3 ); 
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then the coefficient of By must vanish in the expression under the 
integral sign in order that (Sn)j may be of the second order ; thus 

^ constant = G say (4). 

Moreover it will be necessary that the terms outside the in- 
tegral sign in the value of should vanish. If the initial and 
final points are fixed, these terms vanish because By^ and are 
then zero ; if these points are not fixed, we should require (7=0, 
and this would lead to = 0, and so the required curve would 
become a vertical straight line. We take the former supposition, 
namely that y^ and y^ are constants. 

From (4) by taking logarithms we can get an expression for 
i ^ > equate this to the value given by (3), and substitute for 
dTl 

from (1) ,* thus we shall finally obtain 

( 1 +/) ( 5 )- 

Thus we now have 

(\8n)^ = - f 

J JFq 

so that (Sn)j is of the second order. 

Now it is shewn by Euler that we can proceed one step further 
in the integration and obtain 11 as a function of p. Strauch having 
obtained 11 as a function of^, differentiates with the symbol S, and 
thus he obtains a relation between SII and ip, and by using this 
relation he simplifies the expression for M; see his Yol. II. 
page 445. He thus in fact assumes that the velocity is the same 
particular function of p both for the curve which we suppose to be 
under examination and for an adjacent curve ; this is altogether in- 
admissible. Thus Strauch’s equation xxvi is not true ; moreover 
in the equation immediately preceding instead of 2Lmio under the 
integral sign he ought to have ALmw. 

Although the way in which Strauch tries to connect SII and 
Bp is inadmissible, yet by another method we may find an expression 
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for Sn which may be used in transforming Jkf. If (1) could be 
integrated so as to give 11 in terms of p for any curve, we could 
connect SII and hp ; but this integration cannot be effected. But 
from (1) we have universally to the first order 

Let anil""* V(1 +i>*) te denoted by Q and 
that 


therefore 


^+^an+i?^=o, 


and by integrating from to a: 

e/«^8n = - f ' Sj? (for. 

J ^0 


The last result is universally true ; and when we apply it to 
the curve under consideration we may put \ for and 0 for \B ; 
thus 

\ Sn = — I CSp die =s — OSy, supposing Sy^ = 0. 

J JFq 


If we use this relation we can remove 811 from Jf, and thus 
express Jf as a function of the variations By and 


Momsen’s investigation of the terms of the second order is 
wrong. If his process be followed out correctly, the result obtained 
expressed in our notation will be 


+ g/% {n {n - 1 ) «n*- V(1 gn + 

and if we put 811 for C78y,this result agrees with that which we 
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hare obtained. But Momsen assumes that because (£11}^ is zero to 
the first order, therefore SII is so also ; by this error he obtains 


2(XSn), 


_ _ f*! a\ n* (^)* 




dx^C 



dx. 


By integration by parts the second term gives 



dx V(1 + i>*) 



in this form Momsen leaves it^ and asserts that there is a maximum ; 
so that he appears to assume that ^ necessarily 

positive. 

We may remark that although Momsen does not explicitly say 
so, yet from the beginning of his page 36 it appears that he takes 
to be given and also and 


387. Some remarks may be made on a problem which Momsen 
discusses on his pages 45 and 46. The problem is a particular 
case of the second of the two famous isoperimetrical problems pro- 
posed by James Bemouilli. Bemouilli’s problem is the following ; 

let 3 denote | V(1 +P^) and ^ (5) any function of s; then the 

relation between x and y is required which makes / ^ (s) dx a maxi- 

fa •'0 

mum or minimum while I +i>*) lias a given value, a being 

a constant. In the figure which is usually given to illustrate this 
problem it is in fact assumed that ff> (a) vanishes when a? = 0 and 
when a? = a ; this limitation is altogether unnecessary, and is never 
regarded in the solution. The enunciation implies that the limiting 
values of x are constants. The usual figure makes the limiting 
values of y both zero; this limitation is also unnecessary, it is 
sufficient that the limiting values of y should be constants. Thus 
the figure may be drawn as in figure 11, and the enunciation be 
given thus ; A and B are fixed points, it is required to find a curve 
A8B of given length such that the area OEDF may be a maxi- 
mum or a minimum where PN is always a given function of A8. 
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Since f <f>{8)dx is to be a maximum or minimum while 
A* •'o 

I V(1 ^ IS constant, we proceed to find the maximum or 

•'o 

minimum of (a) + X V(1 rfic. We can then apply the 
formula of Art. 38, supposing that 

The integrated part of 8 jFdb in that formula vanishes because 

the limiting values of x and y are constant ; hence for a maximum 
or minimum we have 


P+ (A — /) P = a constant = 0 say, 


therefore 

Xp + (A-I)j> (7 V(1 


therefore 

\ + 

Jr 

(1); 

by differentiating we obtain 



dl -G dp 

dx 


that is 



therefore 



(2), 

therefore 



therefore 

dy 0 

dx — ^ {a)* 


therefore 

dy C 

ds-^ic^+{c,-<t>{s)}r 


and 

dx Cl — 4>is) 
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From the last two equations x and y must be found in terms 
of 8 ; two constants already appear, and two more will occur in the 
integrations for finding x and y. These constants must be de- 
termined from the consideration that when 5 = 0 the values of 
X and y must be the co-ordinates of the given point -4, and when a 
is equal to the given length the values of x and y must be the 
co-ordinates of the given point B. A difierent view of this part 
of the solution is given in De Morgan’s Differential Calculus^ 
page 468. 


In the particular case considered by Momsen ^ («) = 5 ; thus 
dy _ O 
dx ( 7 , — 


and this shews that the curve must be a catenary 


having its directrix parallel to the axis of y. And thus we see that 
the ordinary figure with A and B on the axis of x is impossible in 
the present case, because a catenary cannot be cut in two points by 
a straight line perpendicular to its directrix. 


We proceed to investigate the terms of the second order in 
the variation of j (a) + X V(1 +y)| in the particular case in 


which <f> {s) = s. 


We have to the second order 


Jo iv(i +i>‘) 2 (1 + jp*)*) 


Thus the required terms consist of 




(^ydx X 




(!+/)» (!+/)« 

And 

J L/o (1. + Jo (I + •/ (1 4- 


therefore 


Id 


f “db rr 

J 0 Jo (1 4 - J 0 


(i+i*’)* 


Thus the expression to be examined becomes 
1 r* (X + <3t — a?) {^ydx 

^'o (1+p*)* ’ 
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We must now consider the sign and value of From equation 
(1), by supposing x — a, we obtain 

<»• 

From equation (2) 

da dp ^ 
dx'^ dx* 


therefore 



Hence by the nature of the catenary it may be shewn that X is 
numerically equal to the distance of the point B from the directrix 
of the catenary. 

Suppose in the first place that the ordinate of A is less than that 
of J?; if the catenary is concave to the axis of a?, then \ is negative 
and is numerically greater than a, so that X + a — a; is negative and 
we have a maximum ; if the catenary is convex to the axis of a?, 
then X is positive and we have a minimum. Next suppose that the 
ordinate of A is greater than that of B; if the catenary is concave 
to the axis of a?, then X is positive and we have a minimum ; if the 
catenary is convex to the axis of a?, then X is negative and is nume- 
rically greater than a, so that X + a — a? is negative and we have a 
maximum. 

The last eight lines of Momsen’s investigation are unsatisfac- 
tory ; he comes to the conclusion that there is always a minimum. 
He argues thus ; let 


TF=r{s + XV(l 
^ 0 

by integration by parts we have 


therefore 


j\dx /: 



MOMSEN. 


457 


thus 



+ a —a?) V{1 +i>*) 


Hence Momsen says that W is of the same sign as the ex- 
pression of the second order 


1 P (\ + q ~ a?) (Sj?)* dx ^ 
^'o (1+p')* ’ 


and this is true from what we have given although Momsen does not 
prove it. Then Momsen concludes that the result necessarily makes 
W a minimum. This is inadmissible ; the sign of W has nothing 


to do with the question of the maximum or minimum 



It should be observed that the solution here given is liable to 
fail, for the given length of curve may be too great to constitute an 
arc of a catenary joining the two given points. We will consider 
one case, and treat it after the manner of Art. 352. Let and k^ 
be the ordinates of -4 and jS, and suppose k^ less than k^. Suppose 
a maximum is required, and let us try if the problem can be solved 
by supposing the curve joining A and B to be made up of a 
straight line of length — k^ formed by producing OA through A, 
and an arc joining the point (0, yj to B, The expression which is 
now to be a maximum is 


f + where 5 = f 

Jo Jo 

and the whole length is y,-*o+f 

•'0 

Thus we may consider that we have now to find the maximum of 
•'0 

thatisof f {« + \V(l (« + ^) (y« -*())• 

Jo 


The only point in which the solution will differ from that 
formerly given is in the terms outside the integral sign. We 
have (a •+• \) from the term {a + X) y® J there is the term 
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(P+ AF-IF) 6) in the notation of Art. 38, which gives us - 
Thus we require that 

a + \-(7 = 0 (5). 

We have already stated that from (4) it follows that X is nume- 
rically equal to the distance of B from the directrix of the catenary ; 
then from (3) it follows that G is numerically equal to the para- 
meter of the catenary, that is, to the distance of the directrix from 
the nearest point of the curve. And if the catenary is concave to 
the axis of x both X and G are negative. Thus we shall deduce 
from (5) that the catenary must touch the axis of y at the point 

(0, y„)- 

This holds so long as y^ is not greater than If we cannot 
consistently with the given length have y^ not greater than we 
must make the catenary convex to the axis of x and make it touch 
the axis of y at the point (0, yj. 

If a minimum be required, the curve consists of a catenary 
beginning at A and ending at the point (a, and having its 
tangent parallel to the axis of y at this point; and the length con- 
sists of that of the arc of the catenary together with that of the line 
joining the points (a, yj and (a, 

388. The following problems relating to the maxima and 
minima values of double integrals are solved in Momsen’s fourth 
section, the limits of x and y being supposed given in all cases. 

(1) The maximum of jjz (a^ + y^-^az) dxdy; this is in 
Strauch, Vol. ii. page 662. 

(2) The maximum of jj |2 a/(x^ + y* + «*) - dx dy. 

(3) The minimum of JJ |« ^ ^y* 

(4) The surface of maximum or minimum area having a given 
boundaiy. 

(5) The sur&ce of maximum or minimum area among all 
those which correspond to a constant volume. 
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(6) The volume of a solid being given, it is required to find its 
bounding surface so that its centre of gravity may be at a maxi- 
mum distance from the plane of (a?, y). This problem is in Strauch, 
Vol. II. page 610. The problem is analogous to that considered in 
Art. 340 ; the result is that the required surface is a plane. Both 
Momsen and Strauch encumber their solution by not paying atten- 
tion to the remark at the end of Art. 340. 

(7) Among surfaces of given area to find that which has its 
centre of gravity at a maximum distance from the plane of (aj, y ) ; 
the differential equation of the required surface is here obtained, 
and as in the preceding problem the investigation is needlessly 
encumbered. 

A general formula for the variation of double integrals is given 
by Momsen from Lacroix, which involves the errors already indi- 
cated ; see Art. 27. 


389. Besides the errors we have already noted in Momsen’s 
treatise, a few more may be given. 

On his page 32 Momsen is speaking of the determination of the 
constants in the problem we have given in Art. 65. He has a con- 
dition equivalent to = 0, so that ^ must = 0 when a? = i. 

This equation which holds for a particular value of x he integrates, 
and deduces z = C^*, which is inadmissible. 


On his page 39 Momsen is speaking of the determination of the 
four constants which occur in the solution of the problem of the 
brachistochrone in a resisting medium. He says that two are to be 
determined by making the curve pass through given initial and 
final points; he proposes what he considers two conditions for 
determining the other two, but these two conditions amount really 
to only one condition. The condition which he omits is that the 
initial velocity must be supposed given, as he has really assumed 
at the top of his page 38. Bemarks similar to that which we have 
noticed in Art. 387 as occurring in the last eight lines of Mom- 
sen’s investigation occur in other places of Momsen’s treatise ; see 
his sections 36, 37, and 40. At the end of his section 48 he 
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assumes without any proof that the sign of C can be easily ascer- 
tained to be positive when the curve is convex to the axis of x ; 
the quantity C is the same as that denoted by M in Strauch, 
Vol. II. page 516, and its sign is not determined by Strauch. In 
his sections 38 and 58 Momsen retains terms which are absolutely 

zero, in the same way as J iydx is zero in Art. 340. 

390. Abbatt. A Treatise on the Calculus of Variations^ by 
Bichard Abbatt. London, 1837. 

This is a volume in foolscap octavo, of 207 pages, with a preface 
of 11 pages. The writer in his preface refers to Lacroix, Lagrange, 
Euler, Woodhouse and Airy ; and on page 203 he refers to Pois- 
son’s memoir. He appears to have used Poisson’s memoir also on 
his pages 18, 62, 115 — 121 and 194 — 203. Nevertheless he gives 
on his pages 192 and 193 the erroneous formulas which we have 
noticed in Arts. 39 and 40. He gives the correct formulas on his 
pages 197 and 198, but his mode of obtaining them is not satis- 
factory. 

The treatise contains numerous examples selected from preced- 
ing writers on the subject. 

391. De Morgan. In Professor De Morgan’s Differential and 
Integral Calculus^ pages 446 — 475 are devoted to the Calculus of 
Variations; this part of the work was published in 1840. By 
adopting a condensed yet expressive notation a large quantity of 
information on the subject is compressed into a brief space. There 
is no investigation of the terms of the second order, but with this 
exception the student is introduced to all the important parts of the 
subject. In the formulse respecting the variation of double inte- 
grals the limits with respect to both variables must be understood 
to be all cmstants^ for the reason which we have given in Art. 28. 

On pages 470 and 471 the problem of the brachistochrone in a 
resisting medium is discussed, and the way of determining the four 
constants which occur is carefully explained. Mr De Morgan 
observes that this part of the problem is omitted in silence by 
Woodhouse and Lacroix, and that Lagrange merely says that Sz^ 
is indeterminate, but does not give any reason...” Lagrange’s 
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meaning is to be found however from what he had previously given 
on page 465 of the Leqcms edition of 1806 ; and it appears from 
this that Lagrange’s view was correct. 

We may observe that in Stegmann’s discussion of the problem 
the constants are determined in the same way as by Mr De Morgan ; 
see Stegmann’s work, pages 318 — 321. Strauch is not satisfactory 
on this point ; see his Yol. il. page 418. 

392. Cournot. Two chapters are devoted to the Calculus of 
Variations in Cournot’s Traits iUmentaire de la Thiorie dee Fonc- 
tiona... Paris, 1841. These chapters occupy pages 113 — 155 of the 
second volume of the work ; they form a good elementary treatise 
on the subject. It should be observed however that in the varia- 
tion of double integrals Cournot reproduces the error which we 
have explained in Art. 27. 

393. Hall. The Encyclopoedta MetropoUtana contains a brief 
treatise on the Calculus of Variations by Professor Hall. It 
occupies pages 209 — 226 of the second volume of the first divi- 
sion of the Encyclopaedia; the date of this volume is 1843. The 
treatise gives the usual theory so far as terms of the first order in 
the variation of single integrals, and applies the theory to a few 


394. Bruun. A Manual of the Calmhbs of Variations* Odessa, 
1848. 

This is an octavo volume of 195 pages in the Bussian language. 
The difficulty of the language will prevent any detailed account of 
the work. It is divided into four parts. The first part occupies 
pages 1 — 36, and gives the variations of expressions. The second 
part occupies pages 37 — 56, and discusses the criteria of integrability 
of expressions. The third part occupies pages 57 — 181, and con* 
tains the investigation of maxima and minima values. The fourth 
part occupies pages 182 — 195, and consists of a sketch of the history 
of the subject. 

In the third part of the work the terms of the second order in 
the variations of integrals are investigated with the view of dis- 
tinguishing between maxima and minima values. Bruun takes in 
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succession the case in which the function under the integral sign 
involves only x, y and y\ and the case in which the ftinction under 
the integral sign involves a?, y, y* and y". He gives both Le- 
gendre's method and Jacobi’s method, and of course by comparing 
the results of the two methods the auxiliary quantities introduced 
by Legendre’s method become determined ; see Art. 235. 

The only passage in the third part which presents any appear- 
ance of novelty is that on pages 103 — 108. After having finished 

the discussion of the method of J acobi applied to (a?, y , y\ y') 

Bruun intimates that this method is very complex, and that he will 
explain another method of discriminating between maxima and 
minima values, given by Sokoloff. He does not however do more 
than introduce the method to the reader and refer for detail and ex- 
emplification to the memoir of Sokoloff. The title of this memoir 
appears to be Researches on a certain point of the Cahulm of Fana- 
tiona. Charkoff, 1842. The following process will give an idea of 
the method so for as it is explained by Bruun. 

Suppose we are investigating the sign of the terms of the second 

Tjf, 

order in the variation of I ^ (a?, y, y') dx. The expression we have 
J 

to examine may be written thus, 

["'{J (Syy+2£SySy+ C(Syr} dx, 

J Xq 

where -4, J?, C are functions of a?. We wish to know if this ex- 
pression retains the same sign for all values of hy and hy ; we will 
test this by ascribing a certain convenient value to 3y. 

We have J {A {By)* +2BSyBy'+C dx 

<=J{(ASy + BBy') By+{BBy+ C By') Sy'} dx 

- {BBy-^ CBy') By+f {ABy+B^'-^(BSy+ CBy')] Bydx. 

Thus if we choose for By a value which makes 
ABy + SBy'-^ + C%') = 0, 
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the term we wish to examine can be actually integrated, and so its 
sign can be easily ascertained. Now a value of which will 
satisfy the above equation can be found, supposing that we can 
solve the differential equation which arises from making the terms 

of the first order vanish in the variation of jif> (x, y, y ') dx ; see 

Art. 251. Such a value will be of the form where 

and ySj are arbitrary constants, and and are known functions of 
X. Thus (Biy + Chy*) Sy will be a homogeneous function of the 
second order of the arbitrary constants /3^ and ySj, and so we may 
by ordinary methods investigate whether 

|(5Sy+ osy) Syl- CSy') By}, 
is positive or negative for all values of these arbitrary constants. 

Such appears to be essentially all that Bruun gives. It is 
obvious that by this method we may in some cases succeed in 
shewing that a proposed expression has neither a maximum nor 
a minimum value ; but it does not appear obvious how we can 
deduce a positive test which shall shew when a proposed expression 
is a maximum or a minimum. 

The pages 193 — 195 of the work contain a list of references to 
writers on the subject. In this list, besides the memoir of Sokoloff, 
two works are named which the present writer has not had an 
opportunity of consulting. These works are the following. 

Textor. Kurze Barstellung der hohem Analysis^ nelst einem 
Anhange von dem Variationencahuh Berlin, 1809. 

Senff. Ehmenta Calculi Variationum, Dorpat, 1838. 

The present writer is indebted to the kindness of Professor 
Bruun for a copy of his Manual of the Calculus of Variations, 

395. Price. A treatise on the Calculus of Variations forms 
part of the second volume of Professor Price’s Treatise on Infinitesi- 
mal Calculus. Oxford, 1854. The Calculus of Variations occupies 
pages 234 — 334 ; and there is an application of the subject to the 
conditions of integrability on pages 440 — 446. The author refers 
to the works of Euler, Lagrange, Poisson, Jacobi, Ostrogradsky, 
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Delaunay, Strauch, Jellett, and Schellbach. The treatise gives the 
usual theory of the variation of single integrals ; it explains Jacobi’s 
method of distinguishing between maxima and minima values ; it 
treats copiously of geodesic lines ; and it touches briefly on the 
variation of double integrals. 

396. It may be of service to a student of Professor Price’s 
work to refer to a few points in which he may find some dif- 
ficulty. 

In Art. 93 we have given Poisson’s proof of a certain relation, 
namely, Kz ' « 0, and we have stated in Art. 94, that La- 
grange had proved this relation repeatedly. Mr Price on his pages 
969 and 272^makes a remark which amounts to assuming that this 
result is obvious without demonstration. 

On page 270 some remarks are made on the method of deter- 
mining the arbitrary constants which occur in solving problems in 
the Calculus of Variations. If the limiting values of the quantities 
are not restricted, the coelficients of the terms ... 

must be equated to zero. The book proceeds, ‘‘ Suppose, however, 
that equations are given connecting the variables at the limits, that 
is, that equations are given between and y^ and between and 
y ^ : then if T = 0 is the integral of H = 0, there will be given 



This seems unsatisfactory. If, for example, T = 0 then = 0 
and Tj = 0 necessarily, and no new information is supplied by these 
equations. The true method when relations are given between the 
limiting values of quantities is to deduce relations between the vari- 
ations of these limiting values; thus some of the variations are 
expressible in terms of the others, and the number left arbitrary is 
diminished; we then equate to zero the coefficients of these re- 
maining variations, and the equations so obtained together with the 
given relations can be used to determine the arbitrary constants. 

In some cases, as we have seen in Arts. 276 and 367 the 
number of arbitrary constants occurring in a solution may be too 
small. Mr Price speaks of such a problem as indeterminate on 
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page 270 ; it should rather be called impoasihUy for the problem 
cannot be solved at all, unless certain restrictions are imposed. See 
Mr Jellett’s Treatise, page 44. 


On page 274 instead of “ (®i ^7 

means of which four equations we can determine ^ , a and J, and 
thereby definitely fix the line whose equation is (32),” read 


(a?^, yj — 0, (ajj, yj — 0 ; also 




We have now five equations for finding y^, ar^ y^, ~ .” 

An important mistake occurs on page 296. The equations (131) 
cannot be deduced in the way given in the book. Equations (131) 
involve important properties of geodesic lines, but the equations 
(127), (128), (129), (130), from which the book deduces (131), are not 
at all restricted to geodesic lines. Equations (131) may be proved 
thus 5 we may shew by direct investigation that 

dk ^ dfi ^ dv 
ds d^x — dx d^s ds d^y —dyd^s ds d^z — dz d^s ^ 

and then by means of equations (115) of the book, we have 
dk ^dg, dv 


On page 307 we read “suppose a series of geodesic lines to 
originate at a point (/tj, v^) and to touch the line of curvature (/ij ; 
then at that point....” It is not possible to have a series of 
geodesic lines passing through a point and touching a given line 
of curvature. In fact the words “originating at a point” should 
be omitted, as they are not required or used. 

On page 308 we read “ it may be proved in the same way as 
the analogous theorem in plane geometry, that the geodesic radii 
vectores make equal angles with the curve of curvature.” The 
proposition in question has been assumed to be true in writing the 
equations 

dr^ sa d,^ cos if dr^ = — cfyS cos #, 
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which occur immediately before, so that of course we cannot use 
any consequence drawn from these equations in order to establish 
the proposition. 

On page 329 the same mistake occurs which we have noticed 
in Art. 232. We have an equation 

and it is stated that any value of u which makes hH = 0 will also 
satisfy the right-hand member of the equation. Either the limits 
0 and 1 should be omitted from the left-hand side and then the 
conclusion is that any value of u which makes 8/f = 0 will make 
the right-hand member equal to a constant ; or if the limits 0 and 1 
are retained on the left-hand side the right-hand side must be 
written 



and then any value of u which makes SJEf = 0 makes this expression 
vanish. 

397. There are some passages in the treatise which do not 
appear treated with sufficient detail for those who are studying the 
subject for the first time. For example, the process of page 258 of 
the treatise may be compared with Ostrogradsky’s corresponding 
process, which we have reproduced in Art. 128. The statement on 
page 283 respecting the equating certain ratios to a constant quantity 
seems to need explanation. On page 310 it is stated that the 
directions of the principal lines of curvature at any point of an 
ellipsoid are evidently parallel to the principal axes of a section of 
the ellipsoid made by a plane parallel to tlie tangent plane at the 
point in question ; they are parallel but not evidently so without 
demonstration. 

398. Meyer. Nouveaux Himents du Calcul des Variations. 
Lidge et Leipzig, 1856. 

This treatise consists of 132 octavo pages. In the preface the 
author says he has preserved the classification of variations into 
simple and compound, pure and mixed, given by Strauch, and that 
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he has borrowed from the profound work of that writer the formula 
for the variation of a double integral when the limits of the first 
integration are themselves susceptible of variation. He says that 
he has given a new method of explaining the principles of the 
subject, and he considers this method to have the threefold advan- 
tage of deducing the subject from Taylor’s Theorem, of freeing it 
from the consideration of infinitesimals, and of freeing it from any 
question about the convergence of series. As he only proposed to 
write an elementary treatise he has not entered upon the calculation 
of the variations of the second order. He says that for isoperime- 
trical problems he has given a method which is substantially 
Euler’s, but that he has introduced a modification which removes 
some objections that are brought against the methods of Euler and 
Lagrange. For the composition of the treatise he has consulted 
the most eminent writers, especially Euler, Lagrange, Poisson, 
Dirksen, Ohm and Strauch ; but as his method of explaining the 
principles of the subject differs from those of all the authors whom 
he consulted, he calls his treatise, New Elements of the Calculus 
of Variations. 

The treatise however does not seem to possess any claims to 
attention ; the method which the author adopts for explaining the 
principles of the subject would probably present serious difficulties 
to a beginner. In many of his earlier formulas Meyer retains 
terms of a higher order than the first ; this is a useless encum- 
brance, because he makes no use of those terms afterwards. It 
should be added that the book has been obviously printed at a press 
which is rarely used for mathematical works, and thus it presents 
an awkward and almost repulsive appearance. Meyer’s method 
will be seen from the following example which he gives. Let /(a;) 
and F(x) be two functions of x] form the equation 

f{x-\-7i)=F{x)i 

from this we may find for a value, say ^7 = ?(^)> iden- 

tically 

Thus the original function f{x) changes its properties and is 
transformed into Fi^. For example, 

put a {x + f))=i sin a?, 
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then 

sin a? — oa? 

a ■ 

and 

/ sin aj — ax\ 

a(.+ ^ ) = 


Thus if y =/(aj), Meyer puts 

Dy^F (x) -/ ix) =/(aj + rj) ~f{x) 

jL ^ 

dx^ efaj* 1 .2 "^^ *** 


=*y+j72^y+- 


Thus with him % = ^ — ^ •••> where 17 is an arbi- 

trary function of x. 

This method appears unsatisfactory. In the first place it is 
deficient in generality. The usual method is to suppose f[x) 
changed into ^ {x, t) and not necessarily into the restricted form 

/(a? + 0- 

Meyer seems to want to consider iy and 8*y as arbitrary 
and unconnected; this however is not the case in his system, 
for 

[dxj 


In tbe next place, a beginner would be perplexed by the 
anther’s speaking of 17 as a constant, after the explanation and 
example which have been given of it. This language occurs how- 
ever on page 6. Again, on page 22 we have this process. Having 

given the function , in which x is the constant element, 

required •••, y being a function of x. 
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We have by definition 


j>+2^ = 


d*"(y+I>y) 

da!* 


<?"(y+Sy+is’y + ...) 


^ 1 ^ . 

■*'2 tfaf 


but 




db* 


moreover t\ being an arbitrary function of the constant element a?, 
we must regard 17 , as constants. ... Here the last statement 
would appear obscure to a beginner. 

On page 81 there is some novelty, but it 'cannot be com- 
mended. The subject of isoperimetrical problems is considered 
on pages 89 and 90; but it is not obvious what modification or 
improvement the author has made of the common method. 
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399. The present chapter contains a brief account of some 
miscellaneous articles connected with the Calculus of Variations; 
the connection is in some cases very slight, but it is useful for 
purposes of reference to notice all the articles which bear on the 
subject. The notices will take the articles in chronological order. 

400. Ampere. Eemarks on the application of the general for- 
mulae of the Calculus of Variations to mechanical problems. 

This memoir was published in 1805, in the first volume of the 
Mimoires prisentis h VInstitut ,,,par Divers Savans. It occupies 
pages 493 — 523 of the volume. This memoir contributes nothing 
to the theory of the Calculus of Variations ; its only interest arises 
from its relation to mechanics. Lagrange had remarked in the 
Micanique Analytiqm^ that there is an analogy between the equa- 
tions of equilibrium in mechanical problems and the equations 
furnished by the Calculus of Variations for determining the maxima 
and minima values of integral expressions. Ampere makes some 
general remarks on this analogy ; he illustrates his remarks by the 
example of a uniform inextensible string suspended by its extre- 
mities and acted on by gravity. In connection with this example 
he indicates several properties of the common catenary. 

On his page 503 Ampere makes some remarks to the following 
effect. The Calculus of Variations consists of two parts, one in 
which it is suflScient to attribute variations to the dependent vari- 
ables only, the other in which variations must be attributed to all 
the variables dependent and independent; writers on the subject 
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have however confined themselves as much as possible to the 
former part. The theory of the Calculus of Variations is therefore, 
according to Ampere, not yet established upon absolutely rigorous 
principles. There remains in this respect a deficiency in Mathe- 
matics which Ampere proposes to consider elsewhere. 

It does not liowever appear that this purpose was accomplished ; 
for the memoir in Gergonne’s w4nnafes ... which we have noticed 
in Art. 375, can hardly be considered of sufficient importance to 
correspond to the purpose here expressed. On his page 516 
Ampere refers to some other memoir, without however indicating 
where it is to be found. 

401. Lagrange. The first volume of the second edition of 
Lagrange’s Micanique Analytique was published in 1811; the 
second volume was published in 1815, after Lagrange’s death. 
Lagrange uses the notation and the processes of the Calculus of 
Variations freely throughout the work, but the great interest which 
belongs to his investigations is derived from their connection with 
Mechanics. The theory of the Calculus of Variations receives no 
accession from the work. 

402. Crelle. In the article VariationsrecJinung of KlUgel’s 
Mathematisclies Worterhuchy page 713, reference is made to a work 
by Crelle. The article says, ‘‘ Crelle’s views on the principles of 
the Calculus of Variations seem not sufficiently known ; they are 
contained in his Verauch einer rein algehraischen Darstellung der 
Rechnung mit verandlicJien Orosseuy i. Gottingen, 1813, pages 
527—776. The numerous new symbols render the work difficult 
for study. The application to maxima and minima is not included 
in the work.” The present writer has not seen this work by 
Crelle. 

403. On the surface of minimum area between given limits. 

Gergonne’s Annales de MatMmatiqueSy Vol. 7, pages 68, 99, 
143—156, 283—287. 1816. 

These pages contain some problems proposed for solution ; the 
problems are particular cases of the question of the surface of 
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minimum area, various conditions being given with respect to the 
limits of the required surface. There is an attempt at the solution 
of one of the problems by M. T4d4nat, and criticisms on this 
attempt by Gergonne; Gergonne also makes some observations 
on the general question. 

The particular case considered by T^d4nat is the following ; it 
is required to determine a surface which shall pass through the 
inverse diagonals of two opposite faces of a cube, and so that the 
area of the portion of the surface intercepted by the cube may be 
a minimum. By mechanical considerations relating to a flexible 
elastic membrane, T^d^nat considers that he proves that the surface 

must be that which is determined by the equation y = a; tan — . 

Gergonne admits that this surface satisfies the general partial 
differential equation for a surface of minimum area, but objects that 
it is not proved that this surface gives the solution of the problem 
with the prescribed limiting conditions. Gergonne’s criticisms 
indicate that he had considered the problem more closely than 
T4d4nat had. 

Gergonne gives an interesting account of the circumstances 
which drew his attention to these problems. A distinguished 
mathematician informed Gergonne that he had serious doubts as to 
the legitimacy of the methods given in the Calculus of Variations. 
Gergonne invited him to write an article upon the subject which 
might appear in the Annales ... ; but the article was never sent for 
publication. One of the objections of the distinguished mathe- 
matician is expressed thus ; suppose the so-called minimum surface 
to be determined by conditions which preclude it from being a plane 
surface ; draw any plane curve upon it ; then remove the piece of 
the so-called minimum surface which is bounded by this plane 
curve, and replace it by a plane having the same boundary ; thus 
a surface is obtained which is less than the so-called minimum 
surface. Gergonne replies that this objection only amounts to a 
proof that it would be impossible to draw on the minimum surface 
a plane closed curve ; and this impossibility is consistent with the 
fact that the minimum surface has at every point its principal 
curvatures in opposite directions. 



GERGONKE. CEELLE. 


473 


Gergonne states that it appeared to him that it would be useful 
to propose certain problems relative to the minimum surface in which 
there should be definite limiting conditions. Besides the problem 
already given, the following are proposed. 

To find the surface of minimum area among all those which 
are bounded by the curve of intersection of two cylinders of the 
same radius, the cylinders having their axes at right angles to each 
other, and the axis of each cylinder being a tangent to the other 
cylinder. 

A quadrilateral is given having its sides not all in the same 
plane; find the surface of minimum area among all those which 
are bounded by the sides of this quadrilateral. 

Find the surface of minimum area among all those which are 
bounded by two circles given in magnitude and position. 

Find the surface of minimum area among all those which are 
bounded by the sides of a given square, and which include between 
themselves and the square a given volume. 

Among all surfaces which are bounded by the sides of a given 
square, and which have within this boundary a given area, find 
that which includes between itself and the square a maximum 
volume. 

No attempts seem to have been made to solve these problems, 
except that Ted^nat intimates that he believes that no continuous 
surface can be found as a solution of a certain special case of the 
problem in which the given boundary is a quadrilateral having its 
sides not all in the same plane ; see page 286 of the seventh volume 
of the Annahs . ... 

404. Crelle. Eemarks on the Calculus of Variations. 

These remarks form part of a collection of mathematical treatises 
published by Crelle under the title of Sammlung Mathematischer 
Aufadtze und Bemerkungm. The work consists of two octavo 
volumes; the first was published in 1821, and the second in 1822, 
both at Berlin. The remarks on the Calculus of Variations occur 
in the second volume ; they occupy pages 44 — 174. These remarks 
constitute an elementary treatise on the subject; the treatise 
however does not seem to possess any special merit, and the 
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notation is repulsive. On his page 47 Crelle refers to his former 
work on the subject, but not in terms of commendation; see 
Art. 383. 


405. Crelle. Remarks on the principles of the Calculus of 
Variations. 

This memoir forms part of the Transactions of the Academy of 
Sciences of Berlin for 1833 ; the date of publication of the volume 
is 1835. The memoir occupies 40 pages ; it proves the ordinary 
formulas for the variation of a single integral, both for constant 
and variable limits of integration. The method and notation differ 
from those in common use, but present no obvious advantages. 

406. Muller. On establishing and extending the Calculus of 
Variations. Crelle’s Mathematical Journal^ Vol. 13, pages 240 — 249. 
1835. 

This article contains some general remarks on functions without 
any obvious reference to the Calculus of Variations. At the end of 
the article the author says that he will on another occasion explain 
the method of applying these remarks ; it does not however appear 
that this design was accomplished. 

407. Boole. On certain theorems in the Calculus of Vari- 
ations, Cambridge Mathematical Journal^ Vol. 2, pages 97 — 102. 
1840. 

The author says at the beginning of this article, “ It would 
perhaps have been more just to entitle this communication ‘ Notes 
on Lagrange.’ The papers from which it is selected were written 
towards the close of the year 1838, during the perusal of the 
Micanique Analytiqm,^^ The article contains a simple demonstra- 
tion of a theorem which forms the basis of Lagrange’s investigations 
on the great problem of the variation of the arbitrary constants. 
The theorem is that which Mr De Morgan speaks of as ‘‘perhaps 
the most characteristic specimen of the genius of Lagrange which 
could be given;” see his Differential and Integral Calculus^ 
page 532. 

The author thus indicates the object of the latter part of his 
article. “ I shall now proceed to demonstrate from the general 
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transformed equation of motion the principles of the conservation of 
living forces, and of least action. The former of these has been 
thence deduced by Lagrange. I am not however aware that the 
latter has been obtained from the same equation, either by the 
discoverer of the Calculus of Variations, or by any subsequent 
author.” 

408. Delaunay. On the surface of revolution which has its 
mean curvature constant. Liouville's Journal of Mathematics^ Vol. 6, 
pages 309 — 315. 1841. 

When we investigate the problem of finding the surface which 
with a given area includes a maximum volume, we arrive at a 
certain partial differential equation which expresses that the sum of 
the principal curvatures at any point of the surface is constant. 
Delaunay proposes to determine what surface of revolution has this 
property. He finds that the generating curve must be such as 
would be traced out by the focus of a conic section, if the conic 
section itself were to roll without sliding on a fixed straight line. 
There is a note by Sturm immediately after Delaunay’s article, in 
which the same result is obtained in a different manner. The 
result is also given in Mr Jellett’s treatise; see his page 364. 

409. Strauch. Problems in the Calculus of Variations. 
Grunert’s Archiv der Mathematik und Physik^ Vol. 3, pages 
119—195. 1843. 

This article contains some problems which Strauch published 
as a specimen of his work on the Calculus of Variations. The 
first seven pages of the article contain some introductory remarks 
and definitions, and then follow the problems. A few of the 
problems relate to expressions involving neither symbols of differ- 
entiation nor symbols of integration ; the remainder relate to ex- 
pressions which involve differential coefficients but not integrals. 
All these problems are reproduced by Strauch in his work. 

In the same volume of Grunert’s Archiv ... a few remarks are 
made on Strauch’s article by Gopel ; these remarks occupy pages 
405—407 of the volume. Gopel says that the problems of the first 
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kind which Strauch considers are only ordinary problems of maxima 
and minima values; and he makes a few other observations. 
Gbpel’s remarks did not convince Strauch of the necessity of 
making any change; as the parts which are criticised appear again 
in substantially the same form in Strauch’s work. 

410. Laurent. A memoir on the Calculus of Variations was 
written by Laurent in competition for the prize offered by the 
Academy of Sciences at Paris; see Art. 133. Laurent’s memoir 
was sent to the Academy after the time fixed for the reception of 
the memoirs, but before the judges had published their award. 
A report on Laurent’s memoir is given by Cauchy in the Comptea 
Rendua ... Vol. 18, pages 920, 921. 1844. We will give a trans- 
lation of the essential part of this report. 

The application of the Calculus of Variations to the investi- 
gation of the maxima and minima values of multiple integrals 
required especially new formulse of integration by parts and a new 
notation which should afford an easy expression of these new 
formulas. The judges of the prize had particularly noticed the 
paragraphs relating to these two objects in the memoir of Sarrus. 
The corresponding paragraphs in the memoir of Laurent are also 
worthy of notice. The two authors have employed different methods 
of establishing the formulas of integration by parts. But the 
formulas are in reality the same in the two memoirs, although they 
are expressed by two distinct notations. We may add that when 
once these formulas are established Laurent uses methods analogous 
to those of Sarrus in order to obtain the limiting equations. 

The memoir of Laurent contains besides some observations, 
which are not without interest, respecting the different ways of 
verifying the limiting equations. 

We will not conceal the fact that among the methods employed 
by Laurent some may be considered rather as methods of induction 
than as perfectly rigorous methods. But it is generally very easy 
to verify the exactness of the results obtained by these methods, as 
the calculations commonly can be easily effected. 

To sum up we think the memoir of Laurent deserves to be 
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approved hy the Academy, and to be inserted in the Recueil dea 
Savants itrangers. 

We may add that the memoir does not seem to have been 
printed as yet. There is a report on two memoirs by Laurent in 
the Comptes Rendvs ... Vol. 40, pages 632 — 634. 1855. The 

report is by Cauchy, and it gives a short account of the scientific 
labours of Laurent then recently deceased. 

411. Strauch. On the sign of the second variation and on 
relative maxima and minima. Grunert's Archiv der Maihematik 
und Physih^ Vol. 4, pages 39—68. 1844. 

This article contains some problems in which the second vari- 
ation of an expression is examined in order to determine whether 
the expression is really a maximum or a minimum; and some 
problems of relative maxima and minima values are discussed. All 
these problems are reproduced by Strauch in his work. 

412. Strauch. Eemarks on the words variation^ variabhy.... 

Grunert’s Archiv der Maihematik und Physik^ Vol. 7, pages 
221—224, 1846. 

This article contains some remarks by Strauch on some of the 
terms used in the Calculus of Variations ; the remarks are repro- 
duced by Strauch in his work, Vol. i., pages 69 — 71. 

413. Koger. Essay on Brachistochrones. Liouville’s cTburnaZ 
of Mathematics, Vol. 13, pages 41 — 71. 1848. 

In this essay the author demonstrates several properties relative 
to brachistochrones. He considers the case when the moving par- 
ticle is constrained to remain on a surface as well as the case of a 
free particle. The differential equations of the problem are obtained 
by the ordinary principles of the Calculus of Variations, and many 
interesting results are deduced from these equations. 

414. Goodwin. Cambridge and Dublin Mathematical Journal, 

Vol. 3, pages 225—238. 1848, 

This article is entitled, On certain points in the theory of the 
Calculus of Variations. The article is chiefly devoted to the expla- 
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nation of a certain geometrical conception relative to variations. 
Suppose X and y the co-ordinates of a point in a curve. Then it 
is manifest that we may give the most general infinitesimal vari- 
ation possible to the position of the point {x, y) by giving it a 
small tangential displacement and also a small normal displace- 
ment. Let the tangential and normal displacements be denoted 
by T and v respectively ; then if hx and iy be the corresponding 
displacements parallel to the axes of co-ordinates, and da an element 
of the arc of the curve, we have 




da 



dx 


and these are equivalent to 


^ ^da^^'ds’ ^ ^ da 


The variation of an integral is then expressed so as to involve t 
and I/, and it appears that r does not occur at all in the uninte- 
grated part, and only once in the integrated part. 

It is not difficult to illustrate geometrically the fact that r does 
not occur in the unintegrated part. The unintegrated part may 

be denoted by J Uvda, and then the equation J7=0 gives ih^form 

of the curve which is required, and it is manifest that a curve may 
be made to pass into another which differs infinitesimally from 
itself by a normal variation only, and that in fact a tangential 
variation can have no effect upon the form of the curve, because if 
a point receive an indefinitely small displacement along the tangent, 
or which is the same thing along the curve, it still remains in the 
same curve. 


The fact that t does not occur in the unintegrated part of the 
variation of an integral is the principal topic discussed in this 
article, and it is illustrated and developed in various ways. Three 
examples are given of the application of the formulas which are 
investigated. 

The article concludes with some remarks on the condition of 
integrability of a function Vdxa In reference to the well-known 
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equation which is obtained as the condition the author says, 
“ I think it would be more proper to say that the equation ex- 
presses a condition of V dx being a perfect differential rather than 
the condition, for it is nowhere proved that there may not be an 
indefinite number of other conditions.” It must however be re- 
marked here, that it has been distinctly proved that the equation 
referred to is sufficient to ensure that V dx should be integrable as 
well as necessary ; see the last Chapter of the present work. 

415. Vieille. Cours compUmentaire d^ analyse et de M6can{que 
rationelle, Paris, 1851. 

This valuable work contains some investigations relating to our 
subject. 

An excellent demonstration of Lagrange’s transformation of the 
equations of motion in Dynamics is given in pages 1 — 9. 

A chapter entitled Diveloppements sur le cahul des variationsy 
occupies pages 38 — 50. This chapter contains four articles. (1) The 

investigation of the maximum or minimum of j ^Vdx, where V 

contains £c, y, z and the differential coefficients of y and z with 
respect to x; and an equation is given which connects the variables 
and differential coefficients. (2) To determine the conditions which 
must subsist among p, q, r which are all functions of x, y, and 

in order that I {p dx + q dy r dz) may retain a constant value 
J JPQ 

whatever functions of t may be denoted by x, y, z’y the conditions 
are found to be those which ensure that pdx-\~ qdy + rdz is an 
exact differential with respect to x, y, and z, considered as indepen- 
dent. (3) Having given cTT =p dx-^qdy + r dzy where £c, y, z are 
any functions of t, and py r are any functions of a?, y, z which 
may also contain ty it is required to determine under what con- 
ditions we shall also have ST =p Bx + qSy + rSz; the conditions 
are found to be the same as in the preceding example. (4) The 
example just given is now modified by the supposition that a?, y, 
and z are connected by a relation z—F(xy y) ; the condition now is 
found to amount to this, that pdx^ qdy •\-rdz must be an exact 
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differential after one of the variables has been eliminated by means 
of the given relation z = F[x^ y). 


A chapter of exercises on the Calculus of Variations occupies 
pages 113 — 127. Four examples are discussed. (1) Among all 
curves of given length which are terminated in two fixed points 
A and 5, to find that for which the sum of the products of each 
element by the square of its distance from the line AB is a maxi- 

mum. (2) To find the maximum value of I + subject 

to the relation that I iJida? + dy^ + dz^) shall be equal to a given 

constant. This question admits of easy geometrical treatment, but 
the process of the Calculus of Variations does not completely 
succeed, so that Euler’s method for solving problems of relative 
maxima and minima appears to fail. The reason appears to be, 
as Vieille conjectures, that the second integral involves a new 
variable z which is quite independent of the other variables x and y 
which alone occurred in the first integral. (3) Assuming that 
dT = Ydy-\‘Zdzy it is required to find the curve for which 



T eZs is a minimum ; the result is that the curve must be that 


which a flexible string would form when in equilibrium under forces 
on each element which referred to a unit of length of string would 
be X, F, F, respectively parallel to the axes of a?, y, z. (4) To find 
a curve of given length terminated at two fixed points for which 



is a maximum; this is an example of the first of James 


Bemouilli’s celebrated isoperimetrical problems; see Art. 387. 
Vieille gives a figure similar to that which we have recommended 
in Art. 387. 


Some results relative to brachistochrones are given on pages 
299 — 308 of the work. 


416. Cauchy. Variatims employies comme clefs algihrtques. 
This article occurs in the Comptes Bendus ... Vol. 37, pages 
57 — 64. 1853. The article presents nothing of interest so far as the 
Calculus of Variations is concerned ; it merely uses the symbol B to 
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express certain infinitesimal changes in the values of arbitrary 
constants. At the end of the article Cauchy promises another 
article on the subject. The student who wishes for information 
on what Cauchy calls clefs algihrtques may consult the Comptes 
Bendm ... Vol. 36, page 70, and a memoir on the subject in Vol. 4 
of Cauchy’s Eocercices Analyse ei de Physique Mathimatiqibe. 


417. Cauchy. On the advantages which arise from the intro- 
duction of a variable parameter and of the notation of the Calculus 
of Variations into some of the principal formulae of infinitesimal 
analysis. Comptes Rendus^ Vol. 40, pages 261 — 267. 1855. 

The following sentences will give an idea of this article by 
Cauchy. 

Let u be any function of the variables x^y^z\ suppose 
^ =/(^> «) 5 

and let u^ be the value which is obtained from u by changing 
a?, y, z into aj + A, y + A;, « + ? respectively, so that 

y + « + Z). 


Then put h = aA', h = oA', I thus may be considered 
a function of the parameter a, and may be developed by Maclaurin’s 
theorem in a series, which we may express thus ; 




This notation is also applied by Cauchy to the case of a system 
of differential equations. Cauchy says at the end that he will 
give another article on the subject. 


418. Carmichael. The treatise on the Cahultts of Operations^ 
published by Mr Carmichael in 1855, contains some investigations 
bearing upon the Calculus of Variations; they occupy pages 
153 — 160 of the work. These investigations include generalisations 
of the results which occur on pages 253, 262, and 340 of Mr Jellett’s 
treatise, and also some interesting theorems respecting attractions. 
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419. Braschmann. On the Principle of Least Action. Bulle^ 
tin,,.Phy8ico*MatMniat{que de VAcadSmie...de St P^tershourg. Vol. 
17, pages 487 — 489. 1859. 

We have remarked in Art. 317 that Ostrogradsky criticises 
some parts of Lagrange’s MScanique Analytique, On page 139 of 
the 16th volume of the Bulletin.,, de St Pdterabourg we read that 
M. Ostrogradsky announced a memoir on the principle of least action; 
and it is stated that he considers the ordinary enunciation of the 
principle to require modification. Braschmann’s article bears on 
this point. It does not appear obvious what error Ostrogradsky 
thinks he detects in the common account of the principle. We will 
however translate part of Braschmann’s article. 

Let there be a system of masses m, np!\ ... considered as 
points and acted upon by given forces. Let Y, Z denote the 
projections of the accelerating force which acts upon the mass m, let 
V denote the velocity of this particle at the end of the time U Put 

2m (X<& + Ydy^Zdz) = efll, i 2mt)* = T; 

u 

then the equation of motion of the system may he written under the 
following form ; 

the characteristic 8 relating to all possible displacements of the 
masses w, m', w", w'" .... We see by this equation, as M. Ostro- 
gradsky has shewn in his memoir on isoperimetrical problems, that 
in the passage of a system from one position to another 

s|(n+T)rft = 0; 

that is, between giren limits the integral j(n + T) dt is a maximum 

or a minimum. Nevertheless in the treatises on Mechanics which 
have appeared since the publication of this memoir, we find the 
principle of least action still treated after the manner of Lagrange. 
This great mathematician replaces in the equation (fllsdT the 
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differential d by the letter 8, which relates to possible displace* 
ments, and concludes that 

2 jTdt or Jtmvda 

must be a maximum or a minimum. Although it seems evident 
that we cannot substitute S for d in the equation of Vis Viva, yet 
it will perhaps be useful for those who are studying rational 
mechanics, still to prove by a simple example, that the true prin- 
ciple of least action is that given by M. Ostrogradsky, and that we 
are not at liberty to replace by 8 in the equation of Vis Viva. 

Braschmann then proceeds to his example. It merely shews 
what no one will dispute, that d and 8 are not to be interchanged 
arbitrarily; but it does not shew that there is any error in the 
ordinary conception or proof of the principle of least action. 

420. In the second edition of the Catalogue of the Library of 
the Observatory of Pulkova, St Petersburg, 1860, the titles of some 
treatises occur bearing on the Calculus of Variations which the 
present writer has not had the opportunity of consulting. These 
titles are the following. 

Wiedebeck, J. S. In methodum Variationum, Upsal, 1823. 

Svanberg, J. In Theoriam Maximorum et Minmonm, Upsal, 
1830. 

Almquist, E. De Prineipiia CalcuK Variationis, I. ii., Upsal, 
1837. 

Senff, C. E. Ekmenta Calcult Variationum ... Dorpat, 1838. 

Lindeldf, L. L. Variations-JcalkyUna theori och dess anvdnd- 
ning ... Hsfs, 1856. 

Popoff, A. Elements of the Calculus of Variaiions, Kazan, 
1856 (in Bussian). 

Simon, 0. Die Theorie der Variationsreohnung, Berlin, 1857. 



CHAPTER XVI. 


421. The following chapter contains brief accounts of some 
articles and memoirs on geometry and mechanics which have 
some connection with the Calculus of Variations ; and a few works 
are noticed which really belong to the ordinary theory of maxima 
and minima values given in the Differential Calculus, but the 
titles of which might suggest that they were treatises on the Cal- 
culus of Variations. We adopt the chronological order. 

422. Busse. Neue Meihode des Orossten und Kleinsten nehst 
Beuriheilung und einiger Verhesserung des hisherigen Systemes* 
Freyberg, 1808. 

This is an octavo volume of 108 pages with a preface of 12 
pages. It is devoted to the ordinary theory of maxima and minima 
values, and does not touch on the Calculus of Variations. The 
chief point in it seems to be that it draws attention to the fact 
that a function of a variable may have a maximum or minimum 
value when its differential coefficient with respect to that variable 
is infinite as well as when it is zero. It is stated in the preface 
that a second part will soon appear; this has not come to the 
knowledge of the present writer, and perhaps never appeared. 

Ohm speaks unfavourably of the views of Busse ; see Ohm’s 
System of Mathematics^ Vol. 4, Berlin, 1830, page 127. 

423. Playfair. Of the solids of Oreatest Attraction^ or those 
which among all the Solids that have certain •prcyperties attract with 
the greatest Force in a given direction. Bead 5th January, 1807. 
Published in the Transactions of the Royal Society of Edinburgh, 
Vol. 6 , 1812. 
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This memoir occupies pages 187 — 243 of the volume. The 
problems on Solids of Greatest Attraction are not treated by the 
Calculus of Variations, but by the method which we have illus- 
trated in Art. 322. 

It is stated on page 204, In general, if y, and are three 
rectangular co-ordinates that determine the position of any point of 
a solid given in magnitude, and if the value of a certain function Q, 
of X, y, and be computed for each point of the solid, and if the 
sum of all these values of Q added together be a maximum or a 
minimum, the solid is bounded by a superficies in which the func- 
tion Q is everywhere of the same magnitude.’* 

And on page 205, ‘‘All the questions, therefore, which come 
under this description, though they belong to an order of pro- 
blems, which requires in general the application of one of the 
most refined inventions of the New Geometry, the Gakulus Fa- 
riatwnum^ form a particular division admitting of resolution by 
much simpler means, and directly reducible to the construction 
of loci.” 

The problems respecting solids that have certain properties 
and attract with the greatest force in given directions are exam- 
ples of the ordinary methods of maxima and minima explained 
in the Differential Calculus. 

424. Knight. Of the attractions of such Solids as are terminaied 
hy Planes; and of Solids of greatest attraction. Bead March 19, 1812. 
Published in the Philosophical Transactions^ 1812. 

This memoir occupies pages 247 — 309 of the volume. It con- 
tains investigations of the attractions of solids of various forms. 
Knight refers frequently to Playfair’s memoir which we noticed in 
the preceding Article. One section of Knight’s memoir occupying 
pages 283 — 301 is devoted to Solids of greatest attraction. Knight 
states that besides Playfair this subject had been considered by 
Silvabelle and Frisi, but that these mathematicians had confined 
themselves to the case of a homogeneous solid of revolution. Knight 
obtains his solutions by a simple application of the Calculus of 
Variations, He proves the well-known result for the figure of a 
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homogeneous solid of revolution of given mass which exerts the 
greatest attraction on a particle in its axis ; and he notices that the 
generating curve is the same as would be obtained if the problem 
proposed were to find the form of a curve such that the area in- 
cluded maj be a given quantity, and the attraction on a given point 
a maximum. Playfair had established these results. Knight then 
shews that the same form is obtained for the solid of revolution of 
given mass and greatest attraction on a point in its axis if the 
solid be not homogeneous, provided the density at ahy point is a 
function of the distance of that point from the axis and of the 
distance between the foot of the perpendicular from that point on 
the axis and the attracted particle. 

425. Lehmus. Uehunga-Aufgahen zur Lehre vom Ordsstm 
und Kleinsten. Berlin, 1823. 

This is an octavo volume of 202 pages, containing examples of 
ordinary maxima and minima problems; it does not touch upon 
the Calculus of Variations. The problems are principally of a geome- 
trical character. Ohm refers to the work in favourable terms ; see 
Die Lehre vom Chroseien und Kleinsten^ page 208. 

426. Qi^^zMathematicalJournal^ Vol. 6, pages 81 — 83. 1830. 

This is an anonymous article respecting Minding's solution 
which we have examined in Article 307, which was not known to 
the present writer when that Article 307 was printed. The 
anonymous article agrees with what we have stated respecting the 
inaccuracy of Minding’s result. The equation given by Minding 

is here developed into the form 
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ds 

The writer says that neither ^ = 0 nor ^ = 0 can give the 
general solution ; that must be found from the equation in the form 
which it takes after removing the factor ^ by division. 


The writer gives a geometrical interpretation of the result 

= a constant, which belongs to the required curve. Suppose 

tangent planes drawn to the given surface at all the points of the 
required curve; we may suppose a developable surface generated 
by the lines which form the perpetual intersections of these tangent 
planes. The required curve is then common to the given surface 
and the generated developable surface. Then if the developable 
surface be developed into a plane the required curve becomes a 
circle on that plane. 

It appears from page 161 of the same volume of Crelle’s Mathe^ 
matical Journal that Minding admitted his error. 


427. Arndt. Disqmsitiones "historiem de maxtmts et mtmmis. 
Berlin, 1833. 

This essay was written for a degree in the University of Berlin. 
It contains a history of the ordinary theory of maxima and minima 
values without any reference to the Calculus of Variations. Giesel 
refers to it on page 38 of his work. 

428. Scherk. Eemarks on the least surface between given limits, 
Crelle’s Mathematical Journaly Vol. 13, pages 185—208. 1835. 

This memoir was presented to the Royal Academy of Sciences 
at Copenhagen in September, 1833. Some historical information 
is supplied as to the problem of the least surface. Lagrange found 
the partial differential equation. Meunier shewed the geometrical 
interpretation of the equation, namely, that the required surface 
must have at every point its two principal radii of curvature equal 
in magnitude and opposite in sign. Meunier also indicated two 
surfaces which satisfy this equation, namely, the surface called the 
hillside gauche by the French writers, and the surface formed by 
revolving a catenary round its directrix. Reference is then made 
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to the general integral of the partial differential equation found by 
Monge, and to the note on the problem by Poisson in the 
eighth volume of Crelle's Mathematical Journal. 

The surface in question was proposed as the subject of a prize 
essay by a scientific society in Leipsic, and the prize was awarded 
to Professor Scherk in Nov. 1830. 

The essay which gained the prize is printed in the Acta Socie^ 
tatis JablonovianoBj Vol. IV. Fasc. Ii. pages 204 — 280, under the title 
De proprietatihua superjiciei quce hoc continetur ccquatione 

(1 + j*) r- (1 < = 0 

disqumtionea analyticce. 

The two memoirs by Professor Scherk belong to the subject of 
differential equations rather than to the Cahulua of Variatiom. 
The result of them appears to be that some additional surfaces are 
indicated which satisfy the differential equation in question. An 
investigation is given with the view of shewing that the Mliqoide 
gauche is the only ruled surface which satisfies the differential 
equation, but the author admits that he has not fully established 
tiiis proposition. 

The following are the equations to three surfaces which are 
sh^wn by the author to satisfy the differential equation, 



(2) (6«*-€-^)(^"-€-«*)=:±4sinay. 

(3) * = Mog|v(r«+«*)+V(»-*-6*)}-o +a0 + c, 

where, as usual, r cos = a? and r sin 0 = y. 

The last result includes two well-known results; for by 
putting a « 0 we obtain the solid formed by revolving a catenary 
round its directrix, and by putting b—0 we obtain the hUiqoide 
gauche. Two other equations are given by the author, but they are 
very complicated. 
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We take this opportunity of adverting to a point in the history 
of the problem here considered. 

The statements which we have noticed in Art. 315 as made 
by Bonnet are not correct. Bonnet’s words are, On salt que 
rh51i<joide gauche it plan directeur est la seule surface r^gle5 qui 
ait en chacun de ses points ses rayons de courbure principaux 
4gaux et de signes contraires. Meunier a le premier d5montr5 cette 
proposition remarquable dans son M4moire sur les surfaces, qui 
a ins4r5 an Becueil des Savants itrangers* Plus tard Legendre 
y a 4t4 aussi conduit {voir les Mimoires de VAcadSmie des Sciences^ 
ann4e 1787). 

The memoir of Meunier is in the MSmoires presentSs ...par 
Divers Savans ... Vol. 10, 1785 ; see page 504 of the volume. 
Meunier proves that the Mligoide gauche is the surface of minimum 
area among all surfaces that can be generated by the motion of a 
line which always remains parallel to a fixed plane, not among all 
ruled surfaces; thus he does not prove so much as Bonnet 
says. Legendre does not prove any thing, but he asserts more 
than Bonnet intimates. His words are. Si on cherche la sur- 
face la moindre entre deux lignes droites donn^es, non situ5es dans 
le mOme plan, soit m la plus courte distance de ces lignes, \ Tangle 
qu’elles font entr’elles ... il en r^sultera pour Tdquation de la surface 
cherchee, r^duite h la forme la plus simple, 

s = a?tang^. 

° m 

These words occur on page 314 of the volume cited by Bonnet. 
Thus Legendre asserts that the hiligoide gauche is the surface 
of minimum area among all surfaces which have two rectilinear 
boundaries not in one plane ; this is not true ; see Art. 442. 

429. Michaelis. De lineis hrevissimis in dcUis superficiehus^ 
imprimis de Linea Oeodetica. Berlin, 1837. 

This is an exercise for a degree in the University of Berlin ; 
it consists of 27 quarto pages. The differential equations are in- 
vestigated by the Calculus of Variations for two problems. (1) The 
shortest line on a given surface. (2) The problem considered by 
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Minding and others ; see Art. 307. The investigations are given 
in two forms, first by using the ordinary variables x, y, z, and 
secondly by using two variables p and q in the manner explained 
by Gauss in his Disquiaitionea generalea circa auperjiciea curvaa. 
In the second problem Michaelis gives the result which had been 
published in the sixth volume of Crelle’s Mathematical Journal / 
see Art. 427. 

A large part of the memoir is devoted to the geodetic line, by 
which the author means the shortest line on the surface of an oblate 
spheroid. The investigations in this part chiefly involve the theory 
of elliptic integrals. 

430. Minding. On the shortest lines on curved surfaces. 
Crelle’s Mathematical Journal^ Vol. 20, pages 323 — 327, 1840. 

In this article the difierential equations furnished by the 
Calculus of Variations are assumed, and some inferences are de- 
duced from them with respect to the shortest lines on developable 
surfaces. 


431. Catalan. On ruled surfaces with a minimum area. 
Liouville’s Journal of Mathematicay Vol, 7, pages 203 — 211. 1842. 

The problem discussed is the following; among all ruled 
surfaces to find that of which the area is a minimum, or which 
amounts to the same thing, to find that which has its two prin- 
cipal radii of curvature at every point equal in magnitude and of 
opposite sign. The memoir does not make any use of the Calculus 
of Variations. The result has been already stated ; see Art. 311. 

432. Catalan. On the line of given length, which includes a 
maximum area upon a surface. Journal de VEcole Polytechnique, 
Cahier 29, pages 151 — 156. 1843. 

Reference is made to an investigation by Delaunay in the 
eighth volume of Liouville’s Journal of Mathematics; see 
Art. 314. (Catalan by mistake names the aeventh volume). 

The following theorems ar§ demonstrated by Catalan in his 
interesting article. 
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(1) Suppose any surface 8^ and let there be a curve L of given 
length described on it so as to include a maximum area ; construct 
a developable surface 2 which touches the surface 8 along the curve 
L ; then if the surface 2 be developed the curve L is transformed 
into a circle. This theorem had been obtained however by previous 
writers ; see Arts. 427 and 429. 

(2) Suppose any sui*face 8 and on it a curve L of minimum 
length ; construct a developable surface 2 which touches the sur- 
face 8 along the line L ; then if the surface 2 be developed the 
curve L is transformed into a straight line. 

433. Bjorling. In integrationem cequationia Derivatarum par^ 
tialtum superjlciei, cujua in puncto unoquoque primiipalea ambo radii 
curvedinis cequaUs aunt signoque contrario, Grunert’s Archiv der 
Maihematilc und Physih^ Vol. 4, pages 290 — 315. 1844. 

In the beginning of 1842 BjOrling published a treatise entitled 
Calculi Variationum Integralium Duplicium Exercitationea^ of which 
an account has already been given in Art. 311. A large part of that 
treatise was devoted to the integration of the differential equation 
which belongs to surfaces of minimum area. In a French scientific 
journal called L* Inatituty Bjorling saw it stated that Wantzel and 
Catalan had proved that the only ruled surface of minimum area 
was the hiligoide gauche. Bjorling then resolved to reprint his 
investigations on the integration of the partial differential equation, 
with some modifications and additions. 

Thus the present memoir is devoted to the solution of the partial 
differential equation, and the results obtained coincide essentially 
with those of the treatise already referred to, namely, that of all 
surfaces of revolution, the only one which satisfies the proposed 
differential equation is that formed by the revolution of a catenary 
round its directrix, and that of all surfaces which can be formed 
by the motion of a straight line which always remains parallel 
to a fixed plane, the only one which satisfies the proposed dif- 
ferential equation is the Mligoide gauche. Bjorling expresses a 
hope that the demonstrations of Wantzel and Catalan of the state- 
ment that this is the only surface out of all ruled surfaces which 



492 


BJOBLING. 


satisfies the proposed differential equation, will soon be published ; 
Catalan's has since been published, as we have seen in Art. 431. 

There are two points in the memoir to which we will ad- 
vert. 

In a note on page 303 Bjorling makes a statement to which 
he refers more than once afterwards; it is to the effect that if 

we are seeking the surface for which + is a 

minimum, and suppose the surface to be bounded by two given 
curves, the curves must be such that when they are projected on 
the plane of (a?, y) one projection must be entirely within the 
other. It is not obvious what he means to be inferred when this 
condition does not hold, whether he regards the problem as then 
impossible, or whether he thinks that the ordinary formulae of the 
Calculus of Variations cannot be applied to it. 

On page 312 Bjdrling considers a certain special example. Sup- 
pose we have two circles in parallel planes at a distance 2, and sup- 
pose that the line joining their centres is perpendicular to the planes 

of the circles, and that the radius of each circle is ^ • 

Take the line joining the centres as the axis of x and the origin 
midway between the centres. Then it might be supposed that the 
minimum surface would be that formed by revolving round the 
axis of X, the catenary determined by 


y = ^(e* + e-). 


and taking that portion of it comprised between — 1 and 1. 
But it will be found on trial that the surface thus obtained is 
not necessarily less than that which would be obtained by taking 
a cylindrical surface round the axis of x as axis with any radius 

r which is less than § forming the surface of the 

part of this cylindrical surface which is contained between a; = — 1 
and a? = l, together with the plane circular strips at each end 
which are necessary to connect the cylindrical surface with the 
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giTen limiting circles. In fact the area of the surface formed 
the revolution of the catenary will he found to be 

and the area of the surface made up of the cylindrical surface 
and the plane circular strips is 

2^j2r-^ + l(c + i)J. 

Now it is quite possible for the former expression to exceed the 
latter ; for example, the former will exceed the latter by tt , 

if r be taken so that 2r -f ~ = 0, that is if r be taken about « ’2. 

Bjorling brings this forward as an example of the necessity of the 
restriction he proposed in his note on page 303. It seems to shew 
no more than this ; a result furnished by the Calculus of Variations 
must not be assumed to be a maximum or a minimum without 
investigating the terms of the second order. 

434. Grunert. On the Cycloid as the Brachistochrone. 
Grunert’s Archiv der Mathematik und PJiysih^ Vol. 7, pages 
308—315. 1846. 

This article contains an elementary proof of the fact that the 
cycloid is the brachistochrone, without the use of the Calculus of 
Variations. 


435. Jacobi. On a particular solution of the partial differ- 
ential equation 


dW ^ d^V 
da? dy* df? 


0 . 


Crelle’s Mathematical Journal^ Vol. 36, pages 113 — 134. 1848. 
In the course of this memoir, Jacobi makes that application of the 
Calculus of Variations which we have given in Art. 323. 


436. Schlaeffli. On the minimum of a certain Integral. Crelle’s 
Mathematical Journal^ Vol. 43, pages 23—36. 1852. 
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The problem of finding the shortest line on a surface of the 

second order amounts to making the integral 

a minimum, where are connected by an equation of the 

second degree. In the present memoir the problem considered is 

to make the integral + ... +dx^) a minimum, where 

the variables x^f x^, ••• are connected by an equation of the 
second degree. The memoir however does not belong to the 
Calculus of Variations, as there is only one line connected with 
that subject; in this line the equations for a minimum value 
furnished by the Calculus of Variations are written down, merely 
for the purpose of indicating the number of arbitrary constants 
which should occur in the solution. The solution of the prob- 
lem considered in the memoir is efiected by some complex alge- 
braical investigations which do not involve the Calculus of Varia- 
tions. 


437. Hohl. Aufgahen zur Lehre vom Orossten und Khvnstm 
der DiJJkrenztaUFunctionen Stuttgart, 1852. 


This is an octavo volume of 162 pages ; the author is a pro- 
fessor of Mathematics in the University of Tubingen. The 
problems are of the same kind as that which we have considered 
in Art. 3, after Lagrange. Three cases are considered by the 

author. (1) The maximum or minimum of y, . (2) The 


lYiftTri ninTn or minimum of F ^a?, y, ^ ^ j . (3) The maximum 

or minimum of f(^, ^ 1® illustrated by 

the solution of numerous simple examples. The author says that 
the examples are intended for the exercise of beginners, in Dif- 
ferentiation, in Integration, and in the higher Geometry. 


The author says in his preface that he did not become ac- 
quainted with the work of Strauch before the printing of his 
own had advanced to the last^ sheet. He promises if his work 
is favourably received, to follow it up by a similar collection of 
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examples on the maxima and minima values of integral ex- 
pressions; the present writer is not aware that this continuation 
has appeared. 

438. Wituski. De Maximwatque Minimis valorilus Func-^ 
tionum Algehraicarum ... Berlin, 1853. 

This is an essay written for a degree in the University of 
Berlin; it contains 25 quarto pages. The essay has no relation 
to the Calculus of Variations ; it consists of investigations partly 
respecting the equations furnished by the Differential Calculus for 
determining the maxima and minima values of expressions, but 
chiefly respecting the tests for ascertaining whether a maximum 
or minimum value really exists. 

439. Jellett. On the surface which has its mean curvature 
constant. Liouville’s Journal of Mathematics^ Vol. 18, pages 
163—167. 1853. 

The Calculus of Variations shews that for a surface which 
includes a maximum volume under a given surface, the mean 
curvature must be constant. The object of the article is to prove 
that among all the surfaces whose volume can be expressed by 
the integral 

m 2ir 

r^dr sin 0 dd d<l>y 

j 

the sphere is the only surface which has its mean curvature 
constant. The proof depends upon two theorems. 

(1) For any closed surface 

see Mr Jellett’s Calculus of Variationsy page 353. 

(2) For any closed surface the whole area of the surface 




496 


BONNET. GRUNERT. SERRET. 


the integral being taken over the whole surface. This remarkable 
theorem is proved in the article. 

440. Bonnet. Note on the general theory of Surfaces. 

Comptea Rendua ... Vol. 37, pages 529 — 532. 1853. 

This note contains some results relative to the surface of mini* 
mum area. A new form is proposed for the integral of the differ- 
ential equation which belongs to such a surface, the new form being 
in Bonnet’s opinion preferable to that given by Monge. Some new 
properties of such surfaces are enunciated without demonstration. 
The investigations relative to the integral depend upon a method 
of considering surfaces which is due to Gauss. Bonnet does not 
demonstrate the fundamental formulse which he uses. 

441. Grunert. On the shortest line between two points on 

any surface and on the fundamental formnlse of spheroidal Trigono- 
metry. Grunert’s Archiv der Mathematik und Fhysik, Vol. 22, 
pages 64 — 106. 1854. 

The design of this memoir is to discuss in an elementary 
manner the subjects mentioned in its title, and there is no reference 
in it to the Calculus of Variations. 

442. Serret. On the least surface comprised between given 
right lines not situated in the same plane. Comptea Rendua 
Vol. 40, pages 1078—1082. 1855. 

Legendre asserted that the least surface comprised between two 
given right lines which are not situated in the same plane is the 
h6l{goide gauche; see Art. 428. Serret shews that this assertion 
is incorrect, for there is an infinite number of such surfaces, and 
the hili^de gauche is only a particular case of them. Serret’s 
investigation is based on Monge’s form of the integral of the 
differential equation belonging to surfaces of minimum area. 

443. Bonnet. On the determination of the arbitrary functions 
which occur in the integral of the equation for surfaces of minimum 
area. Comptea Rendua ... Vol. 40, pages 1107 — 1110. 1855. 
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Bonnet’s design is to shew that the question discussed by Serret 
on pages 1078—1082 of this volume of the Gomjptes Rendm.,.j 
and similar questions of greater difficulty, may be investigated by 
means of the formula which he himself gave in the 37th volume of 
the Comptes Eendus ; see Art. 440. 

444. Roger. Memoir on a certain class of curves. Comptea 
Rendus ... Vol. 40, pages 1176, 1177. 1855. 

This is a brief account by the author of the results of his in- 
vestigations. It is as follows. 

We may imagine In space or on a given surface an Infinite 
number of different trajectories which a particle can describe under 
the action of a given system of forces. Among these trajectories 
I have considered those which make an integral of the form 

I <f>(v)ds a minimum, where <f>(v) is a certain function of the 
Jo 

velocity, supposed known in terms of the co-ordinates of the moving 
particle, and s is the arc described from the starting-point. 

Some curves which have been already studied under various 
points of view fall under the class which I have defined, and form 
particular cases of it. The principal are the following. 1. Geodesic 
lines which correspond to the case for which ^ (v) = a constant. 

2. Brachistochrones for which ^ (v) = ~ • 3. The trajectories of 

least action which are obtained by taking ^ (v) = v ; these trajec- 
tories by a well-known principle due to Euler are those which the 
moving particle is naturally led to describe under the action of the 
given forces. 4. The lines of greatest slope {Ugnes de plus grande 
pente) ; these form a peculiar species, which I find corresponds to 

the case of = 0, whatever v may be. 

<l> {v) 

The lines belonging to these different species and to other 
species of the same class which have not as yet obtained a 
definition, or rather a distinctive appellation, possess on the one 
hand a set of common properties, and on the other hand properties 
peculiar to the different species ; the study of these properties ap- 

32 
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pears to me to have some interest. The most striking results which 
I have obtained are the following. 

I. If we suppose on a given surface a series of trajectories of 
the same species which start normally from the same curve, and 
take on each of them arcs described in the same time, the curve 
formed by the extremities of these arcs will be itself normal to 
every one of the trajectories, if these trajectories are geodesic lines 
or brachistochrones, and only in these two cases. (This theorem 
has already been demonstrated for geodesic lines by Gauss and for 
brachistochrones by Bertrand.) 

II. The trajectories of least action, the brachistochrones, and 
the species for which the ratio ^ 7 ^ vanishes when v = 0 , 

(p [V) 

are tangents to the lines of greatest slope, or, which is the same 
thing, are normals to the curves of level {courbes de niveau)^ in all 
the points where the velocity is zero. 



III. If we suppose the moving particle to be free or to be con- 
strained to move on a plane, and consider the ratio of the centrifugal 

force — to the component N of the force estimated along the radius 

of curvature of the path described by the particle, then 

1 . For all the curves which make the integral j<f> (v) ds a mini- 
mum the ratio of the component N to the centrifugal force is con- 
stant throughout the extent of any curve of level. 

2 . This ratio is absolutely invariable for all the particular 
species determined by a function of the form (f> (v) = where k is 
an arbitrary constant, which is in fact the value of the ratio of 

r 

3. In a more special manner this ratio reduces to ± 1 for bra- 
chistochrones and for curves of least action ; so that in these two 
species the component N is equal, in actual magnitude, to the cen- 

trifugal force — , and this property belongs exclusively to these 
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two curves, including the right line, which may be considered as 
a variety of either of them. 

IV. If a curve belongs to two different species it will possess 
the properties of all the species ; that is, it will be at every point 
geodesic, curve of least action, brachistochrone, line of greatest 
slope, &c. For example, in the case of gravity, any meridian of 
a surface of revolution with its axis vertical. 

This is the end of the author’s account of the results of his 
investigations. It would appear that these investigations constitute 
a development of the memoir published in Vol. 13 of Liouville’s 
Journal of Mathematics; see Art. 413. In that memoir Eoger 
explains what he means by a line of greatest slope and by surfaces 
of level. It is there stated that the theorem attributed to Gauss 
was published by him in the memoir in the 6th volume of the 
Gottingen Transactions. The theorem attributed to Bertrand is 
there proved by Eoger. Eoger first supposes the curves to start 
all from the same point; he says that this theorem was communi- 
cated to him by Bertrand, and he also gives Bertrand’s proof, which 
is as follows. 

Suppose a point on a surface; see figure 12. Let AM^ AM\ ... 
be brachistochrones, commencing at the same point Aj such that 
they would be described in equal times by particles starting from 
A with the same velocity; then the locus of the points M, M\ ... 
will be normal to every brachistochrone. For if the angle at Jf ' 
be acute we can make at M an angle NMM^ greater than NM*M\ 
then we shall have MN less than M*N\ thus the moving particle 
having arrived at N with a certain velocity would describe the 
element NM in less time than it would describe the element NM\ its 
velocity not being sensibly altered while describing the element ; 
thus the curve ANM would be described in less time than ANM\ 
that is in less time than AM^ which is absurd. 

445. Catalan. Note on a surface at every point of which the 
radii of curvature are equal and of opposite sign. Compfes Bendus . . . 
Vol. 41, pages 35 — 38. 1855. 

Catalan proposes to consider whether the well-known differential 
equation admits of a solution of the form z^^{x) He 
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shews that the only solution of such a form is one which in its 
simplest form may he written z = log cos y — log cos x. He also 
points out many properties of the surface denoted by this equation. 

This equation had been noticed before ; see Art. 428. 

446. Catalan. Note on two surfaces which have at every 
point their radii of curvature equal and of opposite sign. Comptea 
Rendus ... Vol. 41, pages 274 — 276. 1855. 

Two surfaces are here given which satisfy the well-known 
differential equation. One of them is that determined by equa- 
tion (3) of Art. 428. Catalan points out some properties of this 
surface. 

447. Catalan. On the surfaces which have at every point 
their radii of curvature equal and of opposite sign. Comptes 
Rendua ... Vol. 41, pages 1019 — 1023. 1855. 

This is an extract from a memoir on the subject named. Some 
results are given without demonstration. Catalan appears to have 
transformed the differential equation into forms more convenient 
for integration than the common form. He is thus enabled to 
obtain the integral in a more convenient form than Monge’s. Some 
new examples are given of surfaces which have the property 
considered. 

448. Bonnet. Observations on Minima Surfaces. Comptea 
Rendua ... Vol. 41, pages 1057, 1058. 1855. 

Bonnet adverts to three notes on the subject of Surfaces of 
minimum area which Serret had communicated to this volume of 
the Comptea Rendua ... Bonnet intimates that his own formulae in 
the 37th volume of the Comptea Rendua,.. had rendered such 
investigations superfluous. Bonnet claims for himself the example 
given by Catalan in his second note, which as we have seen had 
been given before either of them by Scherk ; see Arts. 446 and 428. 
Bonnet then adds two more examples of the use of his formulae. 

On page 1155 of the 41st volume of the Comptea Rendua ... 
Catalan offers a brief reply ^o the remarks of Bonnet. This reply 
was referred by the Academy to the members who had already 
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been appointed to examine Catalan’s memoir, namely Liouville, 
Binet and Chasles. 

449. Bonnet. Note on the surfaces for which the sum of the 
two principal radii of curvature is equal to twice the normal. 
Comjptes Rendus ... Vol. 42 , pages 110 — 112 . 1856 . 

This is an application of the formal® which Bonnet gave, as 
he says, in the Comptes Rendus ... Vol. 37 , page 349 , to the deter- 
mination of a class of surfaces which have a remarkable analogy to 
the surfaces of minimum area. Page 349 seems to be put by 
mistake for page 529 . 

450. Bonnet. New remarks on surfaces of minimum area. 
Comptes Rendus ... Vol. 42 , pages 532 — 535 . 1856 . 

Bonnet says that this article contains a simpler solution than 
that which he had given in Vol. 40 of the Comptes Rendus ... of the 
problem to determine the surface of minimum area which touches 
a given surface along a given curve. 

451. Liouville. Eemarkable expression of the quantity which 
by the principle of least action is a minimum in the movement of 
a system of material particles subject to any connexions. Comptes 
Rendus.,, Vol. 42 , pages 1146 — 1154 . 1856 . 

This article is not connected with the Calculus of Variations ; 
it is interesting in its relation to Dynamics. 

452. Richelot. Eemarks on the theory of Maxima and Minima. 
Schumacher’s Astronomische Nachrichten, No. 1146 . 1858 . 

This article relates to the ordinary theory of maxima and 
minima values of the Differential Calculus. 

453. Eichelot. On the theory of elliptic functions, and on 

the differential equations of the Calculus of Variations. Comptes 
Rendus... Vol. 49 , pages 641 — 645 . 1859 . 

This article states that the differential equations furnished by 
the Calculus of Variations for the maximum or minimum of an 
integral may be transformed into other differential equations of the 
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first order and first degree, which take what the author calls the 
canonical form ; this term is used because the form agrees with 
the analogous form in Dynamics. Kichelot’s object is thus the 
same as that of Ostrogradsky and Clebsch; see Art. 317. 

454. Bode and Fischer. Maihematische LeJiratunden von K. 
H. Schellbach. Aufgahen aus der Lehre vom Orossten und Klein- 
sten^ hearheitet und herav^gegehen von A. Bode und E. Fischer. 
1860. 

This is an octavo volume of 154 pages containing elementary 
problems not involving the Differential Calculus. 

455. We have in Art. 327 referred to some remarks by Loffler 
as destitute of value; since that article was printed the present 
writer has seen a later paper by LoflSer. This paper is entitled 
Beitrag zum Prohleme der Brachystochrone ; it is published in the 
41st volume of the Sitzungslerichte of the Academy of Sciences 
of Vienna, pages 53 — 59, 1860. It is remarkable that a scientific 
society should print a communication with so little to recom- 
mend it. 

Loffler’s notion is that the limiting equations in problems of 
maxima and minima are often inadmissible or contradictory, and 
that in the brachistochrone problem they do not supply sufficient 
conditions. 

He takes for example the case in which we require the 
maximum or minimum value of 



dx^ 


and supposes that the limiting values of y are not fixed. The 
term outside the integral sign in the variation of J 

is 2y'Sy ; and Loffler says that it is equal to (a^^i• — where 

a^ is a constant. Thus the coefficient of ty is infinite when a? == a, 
and so we cannot make the integrated part vanish at the lower 
limit. Loffler has not given the coefficient of hy correctly ; for to 
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make the proposed expression a maximum or minimum, we have 
the equation 



and this leads to 

2y = ajaj + aj-(£c~a) log(a5-a), 
where a, and a, are arbitrary constants. 


Thus — 1 — log (a? — a), 

and this should be the coefficient of Sy instead of what Loffler 
gives. Nevertheless it is true, as he says, that this coeflScient is 
infinite when x — a\ this indicates that if the limiting values of 
y are not fixed the proposed integral cannot be made a maxi- 
mum or a minimum, and this involves no contradiction and no 
difiiculty. 

Loffler next considers the brachistochrone problem on the sup- 
position that the initial point is constrained to lie on one fixed 
vertical line and the final point on another fixed vertical line. 
Take the axis of y vertically downwards, and let 




(Ix, 


If we proceed to make 1/ a minimum, we obtain in the usual 

vK)=v(-4-y)v(i+y’), 

where is a constant. The integrated part of the variation re- 
duces to 


fy%l 

f 1 

IV 

lV(«.)La’ 


and this will not vanish if Sy is arbitrary at both the limits unless 
y' vanishes at both limits. Loffler says that this is inadmissible, 
because the first element of the cycloid must be vertical and not 
horizontal. There is no reason for saying that the first element 
of the cycloid must be vertical ; the fact is that our result indi- 
cates that there is no minimum in the present case ; see Art. 23. 
There is therefore here no contradiction and no difficulty. 
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Loffler now takes the general brachistochrone problem when 
the initial and final points are constrained to lie on given 
curves, and the velocity is supposed given at the initial point. 
He puts down a few of the steps and arrives at the results which 
we have denoted thus in Art. 300, 

therefore *^'(^ 2 ) = X (^i)* 

He then asserts, quite untruly, that from the nature of the 
cycloid, we must have 

and on this error he constructs a large figure and a corresponding 
page of text. 

Lastly, he considers that there are not enough conditions for 
determining the constants of the problem ; he seems to be in 
difficulty with respect to the quantity A. But in the case which 
he has himself considered, A is equal to the value of y at the 
initial point ; and if A were any given function of the value of y at 
the initial point the problem could be discussed in a similar 
manner, Loffler’s difficulties arise solely from his own miscon- 
ceptions. 



CHAPTER XVII. 


CONDITIONS OF INTEGRABILITY. 


456. The present chapter will he devoted to the subject of 
the criteria which determine whether proposed expressions are 
immediately integrahle. The history of the subject has not hitherto 
been fully treated ; and it will be seen that the statements which 
have been made are deficient in precision. 

457. In Gregory’s Examples of the processes of the Differential 
and Integral Calculus^ first edition, page 285, the relations are 
given which must hold in order that a function involving two 
variables and their differentials may be integrable once, twice, 
thrice,... Gregory says, ‘‘these remarkable formulae were first 
discovered by Euler {Comm, Petrop, Vol. viii.) in his investigations 
concerning maxima and minima.” This does not appear correct ; 
Euler first gave the relation which must hold in order that a 
function of one variable and its differential coefficients may be in- 
tegrable once, but not in the place which Gregory cites. 

The eighth volume of the Comm. Petrop, is represented to be for 
the year 1736, and was published in 1741. It contains a memoir 
by Euler, entitled Curvarum maximi mmimive proprietate gauden^ 
tium inventio; there is nothing in this memoir relating to the 
conditions of integrability. 

The eighth volume of the Novi Comm . ... Petrop. is represented 
to be for 1760 and 1761, and was published in 1763 ; it has nothing 
bearing on the conditions of integrability. 

458. The tenth volume of the Novi Comm. ... Petrop. is re- 
presented to be for 1764, and was published in 1766 ; this volume 



506 


CONDITIONS OF INTEGB ABILITY. 


contains two memoirs by Euler, connected with the Calculus of 
Variations. The first memoir is entitled Elementa Calculi Varia- 
tionum; the second memoir is entitled Analyiica explicatio metJiodi 
maximorum et minimorum* At the end of the second memoir 
Euler says : Antequam autem finiam examini Analystarum egre- 
gium Theorema subjiciam cujus Veritas ex principiis hactenus 
positis baud difficulter perspicitur, et quod in Calculo integral! 
eximium usum praestare videtur. The theorem is that Zdx is 
integrable if 

dP d^Q d^R d^S 

dx dx^ da? dx^ ’ * * ’ 

and that Zdx is not integrable unless this relation holds ; NjP, Q,,.. 
being derived from Z in the well-known manner. 

This appears to be the earliest reference to the Theorem. 

459. The third volume of the first edition of Euler’s treatise on 
the Integral Calculus was published in 1770; the present writer 
has not seen it, but this date is assigned to it by Strauch in his 
preface, page x, and the date is confirmed by the testimony given 
in Vol. 15 of the Novi Comm . ... Petrop. which will presently be 
quoted. 

It appears that the third chapter of the part which treats of 
the Calculus of Variations contains the theorem, that the necessary 
and sufficient condition for the integrability of Vdx is that 

A7 -0. 

^^^dx’^dx^ dx^^dx^ 

the proof given is in substance the same that has usually been 
adopted in Treatises on the Calculus of Variations. The present 
writer has not had the opportunity of consulting the first edition of 
Euler’s Integral Calculus, so that he cannot assert positively that 
the proof is there given. Bertrand, in his Memoir in Cahier 28 of 
the Journal de VEcole PolytecJiniquCy quotes Euler’s proof but 
without giving any precise reference. The passage Bertrand quotes 
occurs in Art. 92, page 425 of the second edition of Euler’s Integral 
Calculus; the date of the volume is 1793. In the same volume, 
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Art. 129, page 454, Euler gives the form of the variation of J Fda?, 

where V contains two dependent variables y and «, and their differ- 
ential coefficients with respect to x. From his result he infers in 
Art. 131 that two relations must be satisfied in order that Vdx may 
be integrable, namely, 

„ dP ^ 

^ dx^ dx^ dx^^dx^ 

and a similar relation in connexion with z and its differential 
coefficients. 

460. The fifteenth volume of the Novi Comm . ... Petrop. is 
represented to be for the year 1770, and was published in 1771. It 
contains a memoir of 68 pages by Lexell, entitled De criteriis Inte-^ 
grabiUtatis Formularum Differentialium. There is a short account 
of this memoir given in pages 18 — 22 of the volume. In this 
account Euler’s theorem is referred to as, insigne Theorema ab 111. 
Eulero in Tomo ill. Calculi Integralis allatum, and the following 
statement is made. Hoc autem Theorema, licet jam demum anno 
prajterito in nunquam satis laudato opere Calculi Integralis evul- 
gatum fuit, tamen ad minimum ante 16 annos ab Illustris. ejus 
Auctore inventum fuisse certissime nobis habemus perspectum. 
Quum vero interea Illustr. Eulerus hoc Theorema cum insigni 
quodam Gallias Mathematico communicasset, probabile omnino est, 
Illustr. Marchionem de Condor cet per eum in cognitionem hujus 
Theorematis pervenisse. Ex Historia enim Illustrissimse Academ. 
Scient. ParisinaB pro annis 1764 et 1765 accepimus, modo laudatum 
Marchionem primum demonstrationem hujus Theorematis cum 
Illustr. Acad. Parisina communicasse, turn vero conscripto Tractatu 
de Calculo Integrali doctrinam de criteriis integrabilitatis omnino 
fusius explicasse. 

It seems singular that in this passage, which claims priorify 
for Euler, it is implied that the theorem was first given by Euler 
in his Integral Calculus in 1770, when we have seen that it was 
really given by him in the volume of the Novi Comm. ... published 
in 1766. Lexell, in his memoir, gives the criteria which determine 
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when an expression admits of integration several times in suc- 
cession. 

461. The volume of the Htstoire de VAcadimie ...de Paris,.. 
for the year 1765 was published in 1768. Here on pages 54 and 55 
we find the following statements. M. Le Marquis de Condorcet 
presented to the Academy a treatise on the Integral Calculus. He 
solves this problem; given a differential equation of any order 
with any number of variables, required to determine if this equa- 
tion in the state in which it is proposed admits or does not 
admit of an integral of an inferior degree. This important solu- 
tion is given with all the elegance and all the generality pos- 
sible. 

Lacroix, Traits du Calc. Diff. ... Vol. 2, page 238, says “ ... je 
passerai aux Equations de condition qu’Euler a rencontrdes par 
une sorte de hasard, et qui ont 6i6 d<$montrdes pour la premiere 
fois directement par Condorcet, dont je suivrai d’abord la marche,” 
Accordingly we may presume that Lacroix gives Condorcet’s 
method. The necessity of the condition is shewn very distinctly, 
and the conditions are given which must hold for a function to 
admit of integration twice, thrice, &c. 

462. The sixteenth volume of the Novi Comm. ... Petrop. is 
represented to be for the year 1771, and was published in 1772. 
It contains a memoir by Lexell which occupies 59 pages. Lexell 
says that he wished to give some examples of the application of 
the criteria of integrability, and also to give a new demonstration 
of Euler’s theorem, since that which he formerly gave was liable 
to objection. 

Lacroix, in his TraitS du Calc. Diff. ... Vol. 2, page 249, says, 
On trouve dans les Novi Commentarii Acad. Petrop. T. xv, et 
XVI. deux Memoires dans lesquels M. Lexell s’est propos<^ de 
prouver la proposition ci-dessus ; mais ses proc^d^s sont extr^me- 
ment compliqu^s, et ont paru tels It M. Lagrange. {Legons sur le 
Calcul des Fonctions^ p. 409, de I’^dition in-S® imprimde par 
M. Courcier, en 1806.) Lagrange’s words are quoted in the next 
article, and th^y do not bear out the remark of Lacroix; La- 
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grange says that the demonstration in the fifteenth volume is 
complicated, and says nothing of the other demonstration, while 
Lacroix speaks of Lagrange's opinion of hoik demonstrations. 

463. Lagrange has proved both the necessity and sufficiency 
of the condition of integrability for the case of a single dependent 
variable ; and he adds that in the same way the two conditions 
can be obtained which must hold when there are two dependent 
variables. See the ThSorie des Fonctiona^ first edition, page 217 ; 
and the Legons aur le Calcul dea Fonctiona^ edition of 1806, page 
402. It is usual on this point to refer to the latter work, but the 
proof is substantially the same in the two works, though the 
nature of it is perhaps seen more readily in the former work. 

On page 409 of the latter work, after Lagrange has given his 
proof, he remarks. Nous venons de prouver non seulement que la 
fonction propos^e ne pent ^tre une fonction d^riv^e exacte, k moins 
que r Equation de condition n’ait lieu, comme Euler et Condorcet 
I’avaient trouv^e, mais encore que si cette Equation a lieu, la 
fonction sera n^cessairement une ddrivde exacte, ce qui restait, ce 
me semble, k d^montrer; car la demonstration qu’on en trouve 
dans le tome xv. des Novi Commentarii de Petersbourg, est si com- 
pliqu^e, qu’il est difficile de juger de sa justesse et de sa generalite. 

464. In the Legona.,, Lagrange, after investigating the con- 
ditions of integrability, gives some examples of their use; see 
pages 417 — 421 of the work. Suppose in the first place that we 
have a function of the first order /(a?, y, y ') ; the condition that 
it may be an exact differential is 

/(y)-C/'(y')]'=o. 

In order that this may be identical /'(y') must not contain 
y\ for if it did [^f{y')J would contain y", and as y" would not 
occur in /'(y), the whole expression /'(y) - [/'(y')]' would not 
vanish identically. 

Thus /(a?, y, y') must be of the form 



510 


CONDITIONS OF INTEGBABILITY. 


then it will be found that the condition reduces to 

Next, consider a function of the second order /(a?, y,y\ y *') ; the 
condition that it may be an exact differential is 

/(i^) -[/'(/)]'+ [/'(y')]"=o. 

As before, it is necessary that f'{y') should not contain y” ] 
so that /(a?, y, y , y") must be of the form 

Then it will be found that the equation of condition will 
become 

(y) + y" <!>' (y) - [^' (y')]' + [^' (^)]' + (y)]’= o. 

Let ^'{x) +y'<l>'{y)--<^'(y') be denoted by x y')> 
the condition becomes 

•^'(y) +y"^'iy) + be (®> y> y')]' = o ; 

that is 

^'iy) + x'W +yy (y) +y" [f (y) +x'(y')] = o. 

And y" does not occur in any of the functions x'(®)> 

x'(y)i so thst the last equation cannot be identically true unless 

f (y)+x'(y') = o. 

and V"' (y) + x' («) + y'x' (y) = 

Lagrange adds on page 421 — ^In like manner as in the case of 
a function of the second order, the equation of condition decomposes 
into two which must hold simultaneously, so it may be proved that 
for a function of the third order it will decompose into three, for a 
function of the fourth order it will decompose into four; and so on. 
This statement has been developed in two elaborate memoirs by 
Baabe and J oachimsthal. Baabe’s memoir is in Crelle's Mathematical 
Journaly Vol. 31, pages 181 — 212. 1846. Joachimsthal’s memoir is 
Mathermtiixxl Jwrnaly Vol. 33, pages 95— 116. 1846. 
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465. As we have already stated, Lacroix gives a proof of the 
necessity of the conditions of integrability. His method is inde- 
pendent of the Calculus of Variations. But he does not prove the 
sufficiency of the conditions by this method, but refers to the Cal- 
culus of Variations on this point. Accordingly he returns to the 
subject in the chapter on the Calculus of Variations, and there he 
improves, as he considers, Euler’s proof ; see the Trait6 du Calc* 
Biff, ... Vol. 2, pages 249 and 764. 

466. The fourteenth volume of Gergonne’s Annales de Mdthi- 
matiques contains a memoir on the integrability of differential 
expressions by M. F. Sarrus; the date of publication is January, 
1824. The memoir occupies pages 197 — 205 of the volume. 

Sarrus begins by referring to the remarks of Lagrange which 
we have quoted in Art. 463. He then proves that the conditions 
of integrability are necessary; he takes the case in which two 
variables x and y are functions of a third variable ty and an ex- 
pression involves x and y and their differential coefficients. In 
proving that the conditions are necessary, Sarrus adopts precisely 
the same method as Lacroix, but he does not give any reference to 
him or to Condorcet. Sarrus then proves that the conditions are 
sufficient. 

The demonstration given by Sarrus is perhaps the best for 
elementary purposes that has yet appeared, unless it be considered 
preferable to prove the necessity of the conditions in the manner 
given by Sarrus, and the sufficiency of the conditions in the manner 
given in Moigno’s Legons de Calc. Biff, et de Cah. Int. 

467. Another memoir on the conditions of integrability ap- 
peared in the fourteenth volume of Gergonne’s Annales ... , pages 
319—323. 

The question considered is the following. Suppose V a function 
of X and y and their differential coefficients with respect to a third 
variable t. Then the two conditions which must hold in order 
that Vdt may be integrable are known from the memoir of Sarrus. 
Now suppose that y is made a function of a;, it is obvious that a 
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single condition would ensure the integrahility of Vdt ; it is required 
to find that condition. The result is 


TT dx -yr dl/ 

^de^^Tt 


= 0, 


where X and Y are the functions which we should have to equate 
to zero to ensure the integrahility of Vdt it y had not been made 
a function of x. This result is obtained by simple transformations. 
The result may be easily obtained by the Calculus of Variations; 
for if y be not supposed a function of cc, we obtain in the ordinary 

way for the unintegrated part ot sj Vdt the expression 
suppose y is made a function of oj, then this term becomes 



Thus in order that Vdt may be integrable, we must have 

r^=o. 

dx 

l[t 


At the end of the memoir the writer says that the condition is 
exactly that of Lagrange, Legons... page 412 of the edition of 1806. 
But Lagrange has there a different question before him; Lagrange’s 
result is in fact that which we have noticed in Art. 93, and have 
expressed thus, 


468. Graeffe briefly refers.to the condition of integrahility on 
page 46 of his essay ; see Art. 306* He quotes the theorem of 
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Euler as we have given it in Art. 458, and says, Manifesto Eulerus 
ad illam aequationem in quaestionibus quae ad calculum variationum 
spectant, instituendis venit, unde accidit, ut his principiis theorema 
superstrueret. Sed ejusdem evidentia adhuc desiderabatur et quan- 
quam Condorcet et Lexell demonstrationem in solius calculi inte- 
gralis notionibus fundatam tentabant, Lagrange tamen primus rite 
confirmavit, si formula V evanescat, semper quantitatem Zdx inte- 
grari posse. Graeffe refers to Condorcet, du Calcul Integral^ 
p. 16 seg. Novi. Comm. ... Petrop. T. xv. p. 127. Lagrange 
Legons ••• p. 401 seg* 

469. In Poisson’s Memoir on the Calculus of Variations, pages 

260 — 270 are devoted to our present subject ; see Art. 96. Poisson 
first shews very briefly the necessity of the condition. He says 
that if Vdx is an exact differential the integral U will be a function 
of ... y/, yl\ ... ; thus the value of hU must reduce 

to the part P, and therefore the factor H under the integral sign 
must vanish ; see equation (3) of Art, 86. Poisson adds the follow- 
ing words : “ Thus the same equation //=0 which determines the 
value of y corresponding to the maximum or minimum of Uy when 
Vdx is not an exact differential, must become identical when 
Vdx is an exact differential. This remark is due to Euler, who 
has thus been the first to express by an equation the necessary 
condition for the integrability of a differential formula of any order. 
Lagrange has proved by means of very complicated series not only 
that the equation 0 is necessary, but that it is sufficient for the 
integrability of Vdx^y Legons ... page 409 of the edition of 1806.” 

Poisson then says that he will give a demonstration of the second 
part of the proposition which appears more simple to him, and 
which has the advantage of presenting the integral of Vdx under a 
finite form, when the condition holds. 

470. A note by Sarrus is given in the Comptes Bendus. . . Vol. i. 
pages 115 — 117, 1835. This note enunciates some results, which 
the author had obtained as generalisations of his memoir in Ger- 
gonne’s AnnaUs.,., 

471. A memoir by Dirksen on the conditions of integrability 
of functions of several variables occurs in the volume for 1836 of 
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the Transactions of the Academy of Sciences of Berlin ; the date of 
the volume is 1838. This memoir names Euler, Condorcet, Lexell, 
Lagrange and Poisson. Dirksen agrees with Lagrange in speak- 
ing unfavourably of Lexell’s first memoir ; and Dirksen adds that 
Lexell’s second memoir, which Lagrange does not mention, is un- 
satisfactory. Dirksen objects to Poisson’s proof, because it depends 
on the Calculus of Variations, and intimates that a proof depending 
upon considerations which are not foreign to the subject, is still 
required. Accordingly, he supplies some tedious investigations on 
the subject ; he proves both the necessity and sufficiency of the con- 
dition, considering the case of one variable. 


472. A memoir by Bertrand on the conditions of integrability 
of differential functions was published in the Journal de VEcole 
Polytechnique^ Cahier 28, 1841, pages 249 — 275. Bertrand infers 
from the words of Lagrange and Poisson that they did not know 
that Euler had professed to prove the sufficiency as well as the 
necessity of the condition. Bertrand quotes Euler’s words as we 
have already stated in Art. 459. After some remarks on the history 
of the subject, Bertrand’s memoir is divided into three sections. 


In his first section, Bertrand proves the necessity and sufficiency 
of the condition. He says himself that his proof agrees with 
Euler’s when the latter is so modified as to be placed beyond the 
reach of objection. He then shews how to effect the integration 
when the condition is satisfied. Bertrand then investigates the 
conditions when a function is to admit of successive integration ; 
next he considers the case when there are two dependent variables ; 
and lastly, he considers the condition which must hold in order that 


jj Vdxdy may be capable of expression without assigning any par- 


ticular relation between x and y, where F is a function of x, y, z, 
and the differential coefficients of z with respect to x and y. All 
these investigations are simple and conclusive. 


Bertrand begins his second section by saying that his demonstra- 
tion in the first section depended entirely on the Calculus of Varia- 
tions, and so he says, diffbre en cela de celles qui avaient ^t^ pro- 
pos^es jusqu’ic; par Lexell, Lagrange, Poisson, et demibrement 



CONDITIONS OP INTEGRABILITY. 


616 


encore par M. Sarrus. These words would suggest to a reader that 
the memoir of Sarrus was subsequent to that of Poisson, which we 
know, however, is not the case. Bertrand adds that these mathe- 
maticians establish the sufficiency of the condition by effecting the 
integration, the possibility of which they wish to prove, and he says 
that they seem to regard this as the only difficulty in the question. 
He considers all the demonstrations which have been given very 
complicated, and thinks he has found a simple demonstration. Ac- 
cordingly, he establishes the sufficiency of the condition. HiS proof 
is, as he says, founded on the same principle as Poisson’s, but it 
avoids the use of the Calculus of Variations. Bertrand’s proof is a 
simplification of Poisson’s. Bertrand next proves the necessity of 
the condition ; this proof seems rather difficult but decisive. 

In his third section Bertrand gives some interesting applications 
to Mechanics. 

473. The second volume of Moigno’s Legons de Calc. Diff. et 
de Calc. Integ. is dated 1844. Moigno refers to our present subject 
on page xxxvii. of his preface, and considers it on pages 550 — 563 
of the work. Moigno states that Lexell, Lagrange, and Poisson 
seem not to have been aware that Euler had proved not only that 
the condition is necessary, but that it is sufficient. This seems in- 
correct so far as Lexell is concerned; for Lexell says that his object 
was to give a proof without using the Calculus of Variations^ so that 
he appears to imply that the proposition had been established by the 
use of that calculus. 

Moigno’s proof was communicated to him by M. Jacques Binet. 
The method of proving the sufficiency of the condition may be de- 
scribed as an improvement on Bertrand’s simplification of Poisson’s 
proof. The proofs of Poisson and Bertrand are liable to failure, be- 
cause a certain quantity which occurs may become infinite or inde- 
terminate ; the proof given by Moigno is free from this difficulty. 

The proof of the necessity of the condition given by Moigno 
seems open to an objection urged by Professor De Morgan in a 
memoir which we shall presently notice. Mr De Morgan says 
** Again, it is to be shewn, not only that the criterion is sufficient^ 
but that it is necessary. Some of the proofs of the latter point 
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appear to me to fail entirely. They depend upon the reduction of 
J Vdx to an integrated portion together with an integral of the form 

...) Qdsc. This, it is assumed, must vanish; which 

though clear enough in the common case in which and ... 
is a fonction of x only, is not* sufficiently supported in any other. 
Why may not ( © he a new integrable function It does 
not seem that this objection holds against any other proof besides 
that given by Moigno. 

Both Bertrand’s proof and that given by Moigno of the suffi- 
ciency of the conditions allow us to draw the two inferences drawn 
by Poisson ; see Art. 96. 

474. An article on the integrability of functions by Professor 
Bruun, of Odessa, was published in 1848, in the eighth number of 
the seventh volume of the Bulletin... Physico-Maihematique of the 
Academy of St Petersburg ; the article is in German. This article 
proves both the necessity and sufficiency of the condition ; the proof 
depends on the Calculus of Variations. The method resembles 
Poisson’s, but is much simpler. This article is included in Pro- 
fessor Bruun’s Manual of the Calculus of Variations. 

475. We may now refer to some investigations by Bertrand 
and Sarrus which are connected with the present subject. Ber- 
trand’s investigations were mentioned in the Comptes Rendus ... 
Vol. 28, pages 350, 351. 1849. Sarrus gave on pages 439 — 442 of 
the same volume a brief account of the method which he had for 
many years explained in his lectures, and which he presumed 
would be found to agree with Bertrand’s. A memoir by Bertrand 
explaining his method was published in Liouville’s Jmmal of 
Mathematics^ Vol. 14, pages 123 — 131. 1849. This memoir is 
followed by a note by Sarrus, which occupies pages 131—134 of 
the volume. 

The method of Bertrand and Sarrus is different from that of 
previous writers on the subject. Bertrand’s own words will give 
an idea of it. After referring to Euler’s well-known condition of 
integrability, which had been so often demonstrated, Bertrand 
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makes the following remarks. Notwithstanding the elegant form 
of this condition the application of it is very laborious. In order 
to make use of the condition, we have to perform a large number 
of differentiations, and when the condition is satisfied we have to 
perform a new set of operations in order to obtain the integ«’al 
which is thus known to exist. The method which I propose in this 
memoir differs widely from that of Euler, and it would require 
some complicated investigations to establish their agreement in a 
direct manner; the method does not certainly lead to such an 
elegant condition as Euler’s, but the operations which it requires 
have the great advantage of simplicity. It is by integrating a 
proposed function that we ascertain that it is integrable; each 
operation is followed by a verification, and we are relieved from the 
necessity of continuing the process if the verification does not 
succeed. We have thus an advantage analogous to that of the 
method of commensurable roots in the Theory of Equations ; for 
this method, although it does not give us a formula for the roots, 
indicates a series of operations by which we may find these roots, 
and a single operation will often shew that such a root does not 
exist. 

We may add that the method is explained in Professor Boole’s 
Differential Equations^ pages 219 — 222. 

476. Minich. An article on the present subject occurs in 
Tortolini’s Annali di Scienze Matematiche e FisicJie^ Vol. 1, pages 
321 — 336. 1850. The article is said to be an extract from an 
unpublished memoir. The article is divided into three sections. 

In the first section Minich proposes to exhibit the conditions 
which ensure that a function shall be susceptible of repeated inte- 
gration, under a simpler form than the well-known form. An 
example will give a clear idea of Minich’s object. Suppose we 
have an expression V which involves x and y and thC' differential 

coefficients of y with respect to a; up to ^ ; and let the partial 
differential coefficients of V with respect ^ 

and ^ , be denoted by jV*, P, Qy By 8 respectively. Then the 
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conditions which are necessaiy and sufficient in order that V 
may he immediately integrahle four times in succession are known 
to 


§P ^ , d*S „ 

dx'^' da? da? da? 

i?-4^ = 0. 

dx 

Minich substitutes for this system the following more simple 
system, 

4iV-^=0, 3P-2^ = 0, 2(3-3 — = 0, P-4^ = 0. 

dx dx dx dx 

If we only require that V shall be immediately integrable three 
times in succession, the conditions will consist of the first three of 
the first system given above ; and Minich substitutes for them the 
following, 

„ dP d^Q 


And similarly if F is to be immediately integrable twice in 
succession, Minich gives the two conditions. 
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Tims in every case the last condition of Minich’s system is the 
same as the last condition of the ordinary system, and the other 
conditions of Minich’s system are simpler than the conditions of 
the ordinary system. Minich gives a general investigation, and 
shews that the ordinary system can be deduced from his system. 
He does not shew conversely that his system can be deduced from 
the ordinary system ; this however is the case, and it can be easily 
verified in the example which we have given. 

The object of the second section of Minich’s article may be seen 
from an example which occurs in it. Suppose we require the con- 
dition which must hold in order that a given expression 

iZcfoj* + Sdx dy -f Tdy^ 

may result,by differentiating an expression of the form Pdx-^^ Qdy^ 
on the supposition that dx and dy are both constant. The required 
condition is found to be 


dy^ dxdy^ dx^ 


The third section of Minich’s article relates to the integration 
of expressions in Finite Differences. Lacroix intimates that Con- 
dorcet was the first to consider this subject, and Lacroix considers 
the subject more curious than useful; see the TraM du Calc, 
Biff, et du Calc. Int. Vol. 3, page 311. Minich investigates the 
condition which is necessary in order that one immediate Finite 
Integration may be possible. Suppose V any function of a?, y, 
Ay, A®y, ... A^y ; let Ay be denoted and A®y by and so on. 
Let the symbol B be equivalent to 1 + A. Then the necessary 
condition is 


dy dp^ dp^ 


+ (-l)“A»§^ = 0. 
’ dp. 


This condition may also be put in another form. 


Suppose that in V we put for Ay, A*y, ... their values in terms 
•••; namely 

A’y = y.-2y, + y, ... 
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then Fbecomes a ftmction of x, y, y^, y,, ... y«. The condition may 
now he expressed thus, 


dy dy^ dy^ dy^ 


dV 

In this form of the condition is not the same thing as was 
dV 

denoted by in the first form of the condition. 


Minich then briefly indicates the conditions necessary in order 
that it may be possible to effect immediate Finite Integration any 
number of times in succession ; and he shews that the system of 
conditions which he first obtains is deducible from a second system 
which is more simple, so that this part of the third section is 
analogous to the first section. 


477. In Mr Jellett’s treatise on the Calculus of Variations a 
chapter is devoted to the present subject. The ordinary proof by 
the Calculus of Variations of the necessity and sufficiency of the 
condition of integrability is given, and then five propositions are 
discussed, (1) To investigate the conditions under which a func- 
tion will admit of immediate integration m times successively. 


(2) To find the form of the function V in order that jjvdxdy may 


be reduced to a single integral, when F is a function of a?, y, z, p, 
and q. (3) To find the form of the function V in order that 


jjvdofdy may be reducible to a single integral, when Fis a func- 


tion of cc, y, z, p, q, r, 5, and t. (4) To find whether it is possible 
to represent tlie superficial area of a surface by any such formula as 


r+ jjF{P, e, <i>) d0d<f>, 


where F is a quantity referring solely to the limits of integration, 
P is the perpendicular from the origin upon the tangent plane, and 
0 and (j) are the polar angles which determine the position of this 
perpendicular, (5) Let It and B' be the principal radii of curvature 
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of a closed surface, P the perpendicular on the tangent plane, and 

the element of the spherical surface described hj a portion of 
this perpendicular whose length is equal to unity. Then 

jj(B + S')d(o = 2 jjpdm, 

the integrals being extended throughout the entire of the closed 
surface. 

478. A memoir On some points of the Integral Calculus by 
Professor De Morgan was published in 1851 in the second part of 
the ninth volume of the Transactions of the Cambrtdffe Philosophical 
Society. The fourth section of the Memoir is devoted to the con- 
dition of integrability of a differential expression. After the memoir 
had been read before the Society Mr De Morgan became acquainted 
with the memoir of Sarrus, which we have noticed in Art. 466 ; but 
as Mr De Morgan’s copy of this memoir was detached from the 
volume to which it belonged, he did not know in what journal it 
had been published, and made a wrong conjecture. Mr De Morgan 
says with respect to Sarrus’s memoir, This memoir contains the 
proof here given, in substance, though the equations on which 
the condition is founded are not demonstrated. It is singular that 
M. Bertrand takes no notice of it, except to observe that M. Sarrus 
does not use the calculus of variations. MM. Cauchy and Moigno 
pass it over altogether. But it must be observed that M. Sarrus 
establishes only the necessity of the condition, and does not esta- 
blish its sufficiency, except when the equations that give it are 
presented with it.” The statement that Sarrus does not prove the 
sufficiency of the condition is incorrect. By “MM. Cauchy and 
Moigno” is meant the work published under the name of Moigno 
which we have noticed in Art. 473. It is not obvious what is meant 
by the remark that “the equations on which the condition is 
founded are not demonstrated.” 

479. There is a very good elementary discussion of the subject 
in Stegmann’s treatise on the Calculus of Variations, pages 
118 — 132. Stegmann begins by remarking that the equation fur- 
nished by the Calculus of Variations for the maximum or minimum 
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of an integral may in some cases be impossible and in some cases 
identical. An instance of the first kind is supplied by endeavour- 
ing to find the maximum or minimum of J (ap — y) dx. Here we 
should obtain as the condition for a maximum or a minimum 
— 1 — ^ cc = 0, that is — 2 = 0, which is impossible. In fact if we 
transform the proposed expression to polar co-ordinates we find 
that we are requiring the maximum or minimum of jr'^dd, and it 

is obvious that this function may be made either as great as we 
please or as small as we please. Stegmann then passes on to the 
case in which the equation becomes an identity, and this leads him 
to discuss the condition of integrability. He proves the necessity 
of the condition in the same way as Sarrus, and the sufficiency 
of the condition in the same way as Binet in Moigno’s work. 

Stegmann makes a remark on his page 123 which we will give 
here. Suppose Vdx a, perfect differential of w, where u involves x 
and y and the differential coefficients of y with respect to x up to 

• Let y^ stand for ^ . Then 


du 

'-Tx 


du 

dy^ 




du 


du 

dy, 




therefore 


dV ^ d\ d^u d^u d\ 

dy ^ dy dx'^ dy dyj^^ dydyj^^' 


dV _d du 

where the right-hand member means the complete differential co- 
efficient of ^ with respect to x, 

du {dV j 


Therefore 
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so that if Fdb is a perfect differential, the two operations of com- 
plete integration with respect to x and partial differentiation with 
respect to y, may be performed on V in either order. 

480. We will close this chapter by giving a translation of the 
memoir of Sarrus which we have noticed in Art. 466, and also an 
account of the method adopted by Bruun which we have noticed in 
Art. 474. 

481. The present article is a translation of the memoir of 
Sarrus. 

The investigation of the conditions of integrability of differential 
functions which has chiefly engaged Euler and Condorcet constitutes 
one of the most important branches of the higher analysis. The 
method of variations leads very simply to these conditions, but the 
use of this method in investigations which strictly belong to the 
Integral Calculus seems indirect, and moreover it does not assist 
us in arriving at the integral when these conditions are fulfilled. 

Euler and Condorcet proved satisfactorily by their analysis 
that the conditions which they obtained are necessary; but Lexell 
appears to be the first who without using any considerations foreign 
to the integral calculus, tried to demonstrate that these conditions 
are sufficient, that is, that they assure us of the possibility of effect- 
ing the integration, which is the important point in the theory 
[Novi Comm . ... Pet Vol. xv). Unfortunately, as Lagrange re- 
marks, the demonstration of Lexell is so complicated that it is 
difficult to judge of its accuracy and its generality. 

In reflecting on this subject it appears to us that the processes 
of the differential calculus, strictly so called, are sufficient by them- 
selves to lead in a simple manner to the conditions of integrability 
and to the demonstration of the important proposition of Lexell ; 
and this we propose to shew in this brief memoir. 

In all that follows x and y will be any functions of a third 
variable, the differential of which we shall take for unity, and of 
any number of constants. For abridgement, we shall represent 
(foj, ... by a?„ a?,, ..., and dy, d% d%... by yj, ; 
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P, P,, P,, P,, ... wUl be any functions of x, x^, x^^ a,, ... 

y> Vn y»t y»» ••• y*_i> and their differentials will be re- 
spectively p, p^, p ^, ... 


Thus we have identically, 


dP dP dP 

, dP ^ .dP . dP ,dP . . dP ,, 


and therefore 

,rfP rfP dp dP 

dx"^ dx^ dx^ dx^ dx^ dx^ dx^ dx^^*' 

dp ^ ^ dP ^ dP dp _ dP 


dp jdP dp jdP dP dp jdP , dP 
dy dy^ dy^^ dy^^ dy^ dy^^' 

dp _ ^ dP ^ dP dp _ dP 
^y<^x ~ dy^x'^ dy^ ’ dy^^ , 


From the first of these systems of equations we obtain by succes- 


sively eliminating the differentials of 


dP 



^ dP 
’ dx^ ’ dx ’ 


dp 

— 


dx^x 

~dx„ 


dP 

_ dp 

-d^ 

dx^ 

~dx^^ 


dP 

II 

1 

[§- 

dx^i 


dx^x 




} ( 3 ). 



dp 
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The last of these equations is an equation of condition which 
must be satisfied by the differential^ of the function P. 

The equations (2) treated in the same manner give a similar 
system to (3), namely 

dP ^ dp 
dP dp ^dp 




dy dy^ dy^ dy^ dy^ 

dy dy^ dy^ dy^^ dy^ 

The last of these is a new equation of condition which must be 
satisfied by the differential p of the function P. 


(4). 


Before we proceed further we may remark that if P is a function 
of a?<, ... y, y^, y^, ... y«.i, only, that is, if this func- 

tion does not contain any of the quantities a?, a?j, a?,, ...a?^j, we 
shall have 



the application of the same method will then lead to the results 

dxi dxi ^ 




dXi dXp^ dx^ 

This remark will be useful to us in the sequel. 


( 6 ). 


When we are sure that p is an exact differential the equations 
(3) and (4) will supply the simplest means for obtaining the in- 
tegral P by quadratures only. But we have now to prove that any 
differential function which satisfies identically equations (3) and (4) 
is necessarily an exact differential. 
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In the first place let «« be anj function whatever of 


subject only to the condition of satisfying the equation 


j jm jj 




( 7 ), 


in which Ai is any constant quantity whatever. This equation may 
he put in the form 


duj 

dXi 


^Ai-\-d 


( dui 
\dx, 


'<+1 


dx^ dxi^^ 


duA 


and hence we infer that since the first member does not involve 
differentials of x and y of a higher order than the part of 

the second member comprised between the brackets cannot involve 
differentials of the same variables of a higher order than x^^ and 
; and therefore it will be possible to find a function P, of 
%ii ••• > ®m-ij Viy Vv ••• > Vn.v which satisfies the equation 

3 dUj Tg dUj Jtn-i+l 


and from this by means of (5) we shall have 


du^ 

dXi 


^ A^^rd 


dP, 

dXi 



and therefore w* = AiXi +pi + 


( 8 ), 


where denotes a function of x„, y, y^, 

which must be determined in a suitable manner. Substitute this 
value of M( in (7), and observing that since is an exact differential 
we have by (6) 



we shall find after reduction 




dXi 


i+t 


dXi 




•tu 


and therefore by integrating 
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dx. 


dx,. 


^<+1 ^**'i+2 ^•*'<+3 ^fit 

which shews that is entirely of the same nature as Ui. 

Let us now suppose that w is a function of a?, a?j, ... , a?„,, 
V} Vx^ ^ 3 ) ••• xl/ni which satisfies the condition 

du jdu n^du du 

by operations analogous to those which gave us equation (8) we 
shall obtain 

w = p + Wi, 

^8 = A^a+i^3 + ^4» 


-^W-I ^m-i "h Pitu^x "1" > 

Wm = +i?n, + F, 

r being a function of y, y^, y,, ... , only. 

Add these equations and put for abridgement 

^ “H ^^Xg "}“ ^^Xg “f* . • • ^p^x^ 

+Px+ i^8+*** 

thus j + F, 

in which ^ is evidently an exact differential because each of the 
terms of which it is composed is an exact differential. 

If u did not involve y and its differential coefficients y^jy,, 
ys, flio function which we have represented by Y would te 

a constant and therefore zero, otherwise u would be composed of 
heterogeneous terms, which can never be the case; thus u would 
then be an exact differential. 
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If on the contrary u involves y and its differential coefficients 
yi> y*? Vzi ••• > following equation is identically 

satisfiedi 

^yi ^ya ^y» 

the function Y may be different from zero; but by substituting in 
this equation the value of u just given, and observing that since q 
is an exact differential we have 

o.i-d^+d'p-- ±d’^, 

dy ^Vx ®y» «y» 

we obtain, by reduction, 

^ dY ,c?F . . ,„rfF 

dy dy^ dy^ dy^ 


from this we conclude as before, that since F only involves y and 
its differential coefficients y^j ya? ysj ••• > yn) function F is neces- 
sarily an exact differential, so that in this case, as in the preceding, 
u is still an exact differential. 


In order to simplify the question we have supposed that all the 
functions involved only two variables x and y and their differential 
coefficients ; but it is easy to see that the question would not be- 
come very much complicated if we wished to consider more than 
two variables, and that moreover the conclusions would be abso- 
lutely the same. 

[It would perhaps have been clearer if Sarrus had explicitly 
introduced the third variable, say of which x and y may be sup- 
posed functions ; thus in his value of p we should add a term on 
dP 

the right ; his equations (1) and (2) would still hold. His 

method really amounts to the following; let Fbe any function of 
X, y, t, and the differential coefficients of x and y with respect to t; 

then suppose jvdt separated into two parts, first, that part which 

would arise from supposing t variable, but not x, y, and their differ- 
ential coefficients, secondly, that part which would arise from regard- 
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ing X, y and their differential coefficients as variables. Then the 
first part may be supposed obtained by ordinary explicit integration, 
and Sarrus disregards it. 

Dirksen’s process, which we have referred to in Art. 471, 
resembles that of Sarrus in this respect; both in fact follow 
Condorcet’s method as given by Lacroix.] 


482. We will now give an account of the method adopted 
by Bruun which we have noticed in Art. 474. 

Bruun proves the necessity of the condition in the same way as 
it is usually proved in works on the Calculus of Variations. His 
proof of the sufficiency of the condition is substantially the fol- 
lowing. Let F be a function of x and y and the differential 
coefficients of y with respect to a?, which satisfies the condition of 
intcgrability, say V ^f{x, y, y\ y\ Change y into y + %, 

and let F< denote what V now becomes, so that 


Vt =/(a;, y + %, y + y” + ...). 

Then let 


dU 

dt 




dV 

Now will consist of a series of terms which we may de- 
note by 

My + MhJ + My'^ + -f- . . . 

Apply the process of integration by parts in the usual manner 
of the Calculus of Variations, and we shall obtain 




+ V' (P- 
+ 




dM d^N d^P 
dx da? dx^ 


dx. 
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The part under the integral sign vanishes, because the con- 
dition of integrability is supposed to be satisfied with respect to 
f{x,y,y',y", ...), and it will therefore be satisfied when y is 
changed into y+thy. Thus we may express our result as follows, 

^ = Byf(x,y+ %, y' + y" + ...) 

+ (*> y + %» y + %'» y" + ^^y"^ • • •) 

+ %> y + %'> y " + %"» •••) 

+ 

Integrate with respect to t from < = 0 to t = 1; then the left- 
hand member gives us so that 

J/(®> y + y + y " + %"> •••) y> y'> y\ •••) <^» 

= j-Syf(x,y + %, y’ + y" + tSy ", . . .) 

+ ¥ (»> y + %> y' + %'» y" + *¥'> • • •) 

+¥'fs («) y+ %» y + %', y' + •••) 

■f- ^ 


In this result put 0 for y and y for ly ; thus 

//(a’) y^ y. y'. •••) J/K 0, 0, 0, ...) (^a: 

= j jSyf(x, ty, ty\ ty'\..>i\ly ty, ty, fy", ...) 

+ 8y'ifr,(a:, ty, ty' , </,...) + 


dU 


This is in fact the result originally obtained by Poisson ; see 
Art. 96. 
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—1 956. 1 06 pp. 5x8. [Ill] $3.95 


CURVE TRACING 

By P, FROST 

This much-quoted and charming treatise gives a 
very readable treatment of a topic that can only 
be touched upon briefly in courses on Analytic 
Geometry. Teachers will And it invaluable as sup- 
plementary reading for their more interested 
students and for reference. The Calculus is not 
used. 

Seventeen plates, containing over 200 flgures, 
illustrate the discussion in the text. 

— 5th (unaltered) ed. I960. 210 pp. -f 17 fold-out plates. 
5%x8. [140] $3.50 
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THE THEORY OF MATRICES 
By F. R. GANTMACHER 

Translated from the Russian, with further revi- 
sions by the Author. 

This treatise by one of Russia’s leading mathe- 
maticians gives, in easily accessible form, a co- 
herent account of matrix theory with a view to 
applications in mathematics, theoretical physics, 
statistics, electrical engineering, etc. The indi- 
vidual chapters have been kept as far as possible 
independent of each other, so that the reader ac- 
quainted with the contents of Chapter I can pro- 
ceed immediately to the chapters that especially 
interest him. Much of the material has been avail- 
able until now only in the periodical literature. 

Partial Contenta. .VoL. One. I. Matrices and 
Matrix Operations. II. The Algorithm of Gauss 
and Applications. III. Linear Operators in an 
n-Dimensional Vector Space. IV. Characteristic 
Polynomial and Minimal Polynomial of a Matrix 
(Generalized B4zout Theorem, Method of Paddeev 
for Simultaneous Computation of Coefficients of 
Characteristic Polynomial and Adjoint Matrix, 
... ). V. Functions of Matrices (Various Forms 
of the Definition, Components, Application to In- 
tegration of System of Linear Differential Eqns, 
Stability of Motion, . . .). VI. Equivalent Trans- 
formations of Polynomial Matrices; Analytic The- 
ory of Elementary Divisors. VII. The Structure 
of a Linear Operator in an n-Dimensional Space 
(Minimal Polynomial, Congruence, Factor Space, 
Jordan Form, Krylov’s Method of Transforming 
Secular Eqn, . . .). VIII. Matrix Equations (Ma- 
trix Polynomial Eqns, Roots and Logarithm of 
Matrices, . . .). IX. Linear Operators in a Unitary 
Space. X. Quadratic and Hermitian Forms. 

Volume Two. XI. Complex Symmetric, Skew- 
symmetric, and Orthogonal Matrices. XII. Singu- 
lar Pencils of Matrices. XIII. Matrices with Non- 
Negative Elements (General Properties, Spectral 
Properties, Reducible Matrices, Primitive and 
Iniprimitive Matrices, Stochastic Matrices, Limit- 
ing Probabilities for Homogeneous Markov Chain, 
Totally Non-Negative Matrices, Oscillatory Ma- 
trices . . .), XIV. Applications of the Theory of 
Matrices to the Investigation of Systems of Linear 
Differential Equations (Systems with Variable 
Coefficients, Lyapunov Transformations, Reduc- 
ible Systems, Erugin’s Theorem, Multiplicative 
Integral, Volterra’s Calculus, Differential Sys- 
tems in Complex Domain, Analytic Functions of 
Several Matrices, The Research of Lappo- 
Danilevskii, . . XV. The Problem of Routh- 
Hurwitz and Related Questions (Routh’s Algo- 
rithm, Lyapunov’s Th^rem, Method of Quadratic 
Forms, Infinite Hankel Matrices of Finite Rank, 
Stitbility, Markov Parameters, Problem of Mo- 
ments. Theorems of Markov and Chebyshev. 
Generalized Routh-Hurwitz Problem, . . .). Bib- 
liography. 

— Vol. I. 1960. X 374 pp. 6x9. 

—Vol. II. 1960. X -H 277 pp. 6x9. 


[1311 66.00 

[133] $ 6.00 
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ARITHMETISCHE UNTERSUCHUNGEN 

By C. F. GAUSS 

The German translation of his Diaquiaitiones 
Arithmeticae, 

— Rcpr. of 1st German ed. 860 pp. 5%x8. [ISO] In prep. 


THEORY OF PROBABILITY 
By B. V. GNEDENKO 

Translated from the second Russian edition, with 
additions and revisions by Prof. Gnedenko. 

Partial Contents : I. The Concept of Probability 
(Different approaches to the definition. Field of 
events. Geometrical Probability. Statistical defini- 
tion. Axiomatic construction . . .). II. Sequences 
of Independent Trials. III. Markov Chains. IV. 
Random Variables and Distribution Functions 
(Continuous and discrete distributions. Multi- 
dimensional d. functions. Functions of random 
variables. Stieltjes integral). V. Numerical Char- 
acteristics of Random Variables (Mathematical 
expectation. Variance . . . Moments). VI. Law of 
Large Numbers (Mass phenomena. Tchebychev’s 
form of law. Strong law of large numbers . . .). 
VII. Characteristic Functions (Properties. Inver- 
sion formula and uniqueness theorem. Helly's 
theorems. Limit theorems. Char, functs. for multi- 
dimensional random variables . . .). VIII. Classical 
Limit Theorem (Liapunov's theorem. Local limit 
theorem). IX. Theory of Infinitely Divisible Dis- 
tribution Laws. X. Theory of Stochastic Processes 
(Generalized Markov equation. Continuous S. 
processes. Purely discontinuous S. processes. Kol- 
mogorov-Feller equations. Homogeneous S. proc- 
esses with independent increments. Stationary S. 
process. Stochastic integral. Spectral theorem of 
S. processes. Birkhoff-Khinchine ergodic theorem). 
XI. Elements of Statistics < Some problems. Varia- 
tional series and empirical distribution functions. 
Glivenko’s theorem and Kolmogorov’s compati- 
bility criterion. Two-sample problem. Critical 
region. Comparison of two statistical hypotheses 
. . . Confidence limits), tables, bibliography. 

—Ready, 1 96 1-1 962. About 400 pp. 6x9. [132] 


LES INTEGRALES DE STIELTJES et leurs Appli- 
cations aux Probl^mes de la Physique Math^ 
matique 

By N. GUNTHER 

—1932. 498 pp. 5Vix8. 


[ 63 ] $ 5.95 
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LECONS SUR LA PROPAGATION DES 
ONDES ET LES EQUATIONS DE 
L'HYDRODYNAMIQUE 
By J. HADAMARD 

“[Hadamard’s] unusual analytic proficiency en- 
ables him to connect in a wonderful manner the 
physical problem of propagation of waves and the 
mathematical problem of Cauchy concerning the 
characteristics of partial differential equations of 
the second order .” — Bulletin of the A. Af. S. 

—vlil + 375 pp. 51/2x81/2. [581 ^.95 

REELLE FUNKTIONEN. PunIctfunktionen 

By H. HAHN 

—426 pp. 51 / 2 x 81 / 2 . Orig. pub. at $12.80. [52] $4.95 

LECTURES ON ERGODIC THEORY 

By P. P. HALMOS 

CONTENTS: Introduction. Recurrence. Mean 
Convergence. Pointwise Convergence. Ergodicity. 
Mixing. Measure Algebras. Discrete Spectrum. 
Automorphisms of Compact Groups. Generalized 
Proper Values. Weak Topology. Weak Approxima- 
tion. Uniform Topology. Uniform Approximation. 
Category. Invariant Measures. Generalized Er- 
godic Theorems. Unsolved Problems. 

“Written in the pleasant, relaxed, and clear style 
usually associated with the author. The material 
is organized very well and painlessly presented. A 
number of remarks ranging from the serious to 
the whimsical add insight and enjoyment to the 
reading of the book.” 

— Bulletin of the Amer. Math, Soc. 
—I960. (Repr. of 1956 ed.) viii + 101 pp. 51 / 4 x 8 . [142] $2.95 

INTRODUCTION TO HILBERT SPACE AND 
THE THEORY OF SPECTRAL MULTIPLICITY 
By P. R. HALMOS 

Prof. Halmos’ recent book gives a clear, readable 
introductory treatment of Hilbert Space. The 
multiplicity theory of continuous spectra is 
treated, for the first time in English, in full 
generality. 

—1957. 2nd ed. (c. repr. of 1st ed.). 120 pp. 6x9. [82] $3.25 

RAMANUJAN: 

Twelve Lectures on His Life and Works 

By G. H. HARDY 

The book is somewhat more than an account of the 
mathematical work and personality of Ramanujan ; 
it is one of the very few full-length books of “shop 
talk” by an important mathematician. 

-^iii -f 236 pp. 6x9. [ 1 36] $3.95 
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GRUNDZUGE DER MENGENLEHRE 

By F. HAUSDORFF 

Some of the topics in the GrundzUse omitted from 
later editions: 

Symmetric Sets — Principle of Duality — most of 
the “Algebra** of Sets — most of the “Ordered 
Sets** — Partially Ordered Sets — Arbitrary Sets 
of Complexes — Normal Types — Initial and 
Final Ordering — Complexes of Real Numbers — 
General Topological Spaces — Euclidean Spaces 
— the Special Methods Applicable in the Euclid- 
ean plane — Jordan*s separation Theorem — The 
Theory of Content and Measure — The Theory 
of the Lebesgue Integral. 

—First edition. 484 pp. 51/2x81/4. r6l1 $4.95 


SET THEORY 

By F. HAUSDORFF 

Now for the first time available in English, 
HausdorfT*s classic text-book has been an inspira- 
tion and a delight to those who have read it in the 
original German. The translation is from the 
Third (latest) German edition. 

“We wish to state without qualification that this 
is an indispensable book for all those interested in 
the theory of sets and the allied branches of real 
variable theory .** — Bulletin of A. M, S, 

—1957. 352 pp. 6x9. [119] $6.00 


VORLESUNGEN USER DIE THEORIE DER 
ALGEBRAISCHEN ZAHLEN 
By E. HECKE 

“An elegant and comprehensive account of the 
modern theory of algebraic numbers.** 

— Bulletin of the A. M, S, 

“A classic .’* — Mathematical Gazette, 

—1923. 264 pp. 51 / 2 x 81 / 2 . 1461 $3.95 


INTEGRALGLEICHUNGEN UND 
GLEICHUNGEN MIT UNENDLICHVIELEN 
UNBEKANNTEN 

By e. HELLINGER and O. TOEPLITZ 

“Indispensable to anybody who desires to pene- 
trate deeply into this subject .” — Bulletin of A,M.S. 

— With o preface by e. Hilb. 1928. 286 pp. 5</4x8. [89] $4.50 
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Grundzuge Einer Allgemeinen Theorie der 
LINEAREN INTEGRALGLEICHUNGEN 
By D, HILBERT 

~306 pp. S</2 x8I/4- [91] $4-50 


PRINCIPLES OF MATHEAAATICAL LOGIC 

By 0. HILBERT and W, ACKERMANN 

The famous Grunduge der Theoretischen Logik 
translated into English, with added notes and re- 
visions by Prof. R. E. Luce. 

^'The best textbook in a Western European 
language for a student wishing a fairly thorough 
treatment .’* — Bulletin of the A. M, S. 

-1950-59. xii + 172 pp. 6x9. [69] $3.75 


GEOMETRY AND THE IMAGINATION 
By D. HILBERT and S. COHN-VOSSEN 

The theme of this book is insight. Not merely 
proofs, but proofs that offer insight — intuitive 
understanding — into why they are true. Not 
merely properties of the hyperboloid or of Pascal’s 
hexagon, but insight into why they have these 
properties. In this wide-ranging survey, one of the 
world’s greatest and most original mathematicians 
uses insight as both his technique and his aim. 
Both the beginner and the mature mathematician 
will learn much from this fascinating treatise. 

Translated from the German by P. Nemenyi. 

Chapter Headings: I. The Simplest Curves and 
surfaces. II. Regular Systems of Points. III. Pro- 
jective Configurations. IV. Differential Geometry. 
V. Kinematics. VI. Topology. 

*'A mathematical classic . . . The purpose is to 
make the reader see and feel the proofs.” — Science. 

“A fascinating tour of the 20th-century mathe- 
matical zoo.” — Scientific American. 

“Students . . . will experience the sensation of 
being taken into the friendly confidence of a great 
mathematician and being shown the real signifi- 
cance of things.” — Science Progress. 

“A glance down the index {twenty-five columns 
of it) reveal the breadth of range: — 

“Annulus; Atomic structure; Automorphic func- 
tions; Bubble, soap; Caustic Curve; Color problem; 
Density of packing, of circles; Four-dimensional 
space; Gears, hyperboloidal ; Graphite; Lattices; 
Mapping; “Monkey Saddle”; Table salt; Zinc. 

**These are but a few of the topics . . . The title 
evokes the imagination and the text must surely 
capture it.” — Math. Gazette. 

—1952. 358 pp. 6x9. 


[87] $6.00 
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SQUARING THE CIRCLE, and other 
Monographs 

By HOBSON, HUDSON, SINGH, and KEMPE 

Four volumes in one. 

Squaring the Circle, by Hobson. A fascinating 
account of one of the three famous problems of 
antiquity, its significance, its history, the mathe- 
matical work it inspired in modern times, and its 
eventual solution in the closing years of the last 
century. 

Ruler and Compasses, by Htidson. “An ana- 
lytical and geometrical investigation of how far 
Euclidean constructions can take us. It is as thor- 
oughgoing as it is constructive.“~;Set. Monthly. 

The Theory and Construction op Non- 
Differentiable Functions, by Singh. I. Func- 
tions Defined by Series. II. Functions Defined Geo- 
metrically. III. Functions Defined Arithmetically. 
IV. Properties of Non-Differentiable Functions. 

How TO Draw a Straight Line, by Kempe. An 
intriguing monograph on linkages. Describes, 
among other things, a linkage that will trisect any 
angle. 

“Intriguing, meaty .“ — Scientific American. 

— 388 pp. V / zxV / j - 1951 Four vols. In one $3.25 


SPHERICAL AND ELLIPSOIDAL HARMONICS 

By E. W. HOBSON 

“A comprehensive treatise . . . and the standard 
reference in its field.” — Bulletin of the A, M.S. 

—1930. 512 pp. 53/^x8. Orig. pub. at $13.50. [104] $6.00 

DIE METHODEN ZUR ANGENAHERTEN 
LbSUNG VON EIGENWERTPROBLEMEN IN 
DER ELASTOKINETIK 
By K. HOHENEMSER 

— (Ergeb. der Math.) 1932. 89 pp. 5’/2x8V'2- OtlQ- Pub. at 
$4.25. [551 $2.75 

ERGODENTHEORIE 
By E. HOPE 

—(Ergeb. der Math.) 1937. 89 pp. SVzxeVz . [431 $2.75 

HUDSON, ''Ruler and Composses," tee Hobson 

THE CALCULUS OF FINITE DIFFERENCES 

By CHARLES JORDAN 

“. . . destined to remain the classic treatment of 
the subject . . . for many years to come.” — Harry 
C. Carver^ Founder and formerly Editor of the 
Annals of Mathematical Statistics. 

— 1947. Second edition, xxi + 652 pp. 5V2X8I/4. [331 $6.00 
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THEORIE DER ORTHOGONALREIHEN 

By 5. fCACZMARZ and H. STEINHAUS 

The theory of greneral orthoji^onal functions. Mono- 
grafje Matematyczne, Vol. VI. 

—304 pp. 6x9. [831 $4.95 

KAHLER, Blotchk* 


DIFFERENTIALGLEICHUNGEN: 
LOESUNGSMETHODEN UNO LOESUNGEN 
By E. KAMKE 

Everything possible that can be of use when one 
has a given differential equation to solve, or when 
one wishes to investigate that solution thoroughly. 

PART A: General Methods of Solution and the 
Properties of the Solutions. 

PART B: Boundary and Characteristic Value 
Problems. 

PART C: Dictionary of some 1600 Equations in 
Lexicographical Order, with solution, techniques 
for solving, and references. 

**A reference work of outstanding importance 
which should be in every mathematical library.” 

— Mathematical Gazette* 
—Third ed. 692 pp. 6x9. OrlQ. PubI at $1 5.00 [44] $9.50 

KEMPE, ^^How to Draw o Straight Lin*/' s** Hobson 


ASYMPTOTISCHE GESETZE DER 
WAHRSCHEINLICHKEITSRECHNUNG 
By A. A. KHINTCHINE 

—1933. 82 pp. (Ergeb. der Moth.) SVzxSV,. Orig pub. ot 
$3.85. [36f Paper $2.00 


ENTWICKLUNG DER MATHEMATIK IM 19. 
JAHRHUNDERT 
By F. KLEIN 

Vol. I deals with general Advanced Mathematics 
of the prolific 19th century. Vol. II deals with the 
mathematics of Relativity Theory. 

— 616 pp. 51 / 4 x 81 / 4 . Orig. $14.40. [74] 2 Vols. In one $7.50 


VORLESUNGEN UBER HOHERE GEOMETRIE 

By FELIX KLEIN 

In this third edition there has been added to the 
first two sections of KleirCe classical work a third 
section written by Professors Blaschket Radorty 
Artin and Sehreier on recent developments. 

— ^Third ed. 413 pp. 51 / 2 x 8 . Orig. publ. at $10.80. [65] $4.95 
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VORLESUNGEN UEBER 
NICHT-EUKLIDISCHE GEOMETRIE 
By F. KLE/N 


Chapter Headings: I. Concept of Projective Geom- 
etry. II. Structures of the Second Degree. III. 
Coliineations that Carry Structure of Second De- 

S ree into Itself. IV. Introduction of the Euclidean 
[etric into Projective Geometry. V. Projective 
Coordinates Independent of Euclidean Geometry. 
VI. Projective Determination of Measure. VII. Re- 
lation l^tween Elliptic, Euclidean, and Hyperbolic 
Geometries. VIII. The Two Non-Euclidean Geom- 
etries. IX. The Problem of the Structure of Space. 
X AND XI. Relation between Non-Euclidean Geom- 
etry and other Branches of Mathematics. 

—1 928. XM + 326 pp. 5x8. [ 1 291 $4.95 


FAMOUS PROBLEMS, and other monographs 

By KLEIN, SHEPPARD, MacMAHON, and MORDELL 


Four volumes in one. 

Famous Problems of Elementary Geometry, 
by Klein. A fascinating little book. A simple, easily 
understandable, account of the famous problems of 
Geometry — The Duplication of the Cube, Trisec- 
tion of the Angle, Squaring of the Circle — and the 
proofs that these cannot oe solved by ruler and 
compass — presentable, say, before an undergradu- 
ate math club (no calculus required). Also, the 
modern problems about transcendental numbers, 
the existence of such numbers, and proofs of the 
transcendence of e. 

From Determinant to Tensor, by Sheppard. 
A novel and charming introduction. Written with 
the utmost simplicity. Pt I. Origin of Determi- 
nants. II. Properties of Determinants. III. Solution 
of Simultaneous Equations. IV. Properties. V. Ten- 
sor Notation. Pt II. VI. Sets. VII. Cogredience, 
etc. VIII. Examples from Statistics. IX. Tensors 
in Theory of Relativity. 

Introduction to Combinatory Analysis, bv 
MacMahon. A concise introduction to this field. 
Written as introduction to the author's two-volume 
work. 

Three Lectures on Fermat’s Last Theorem, 
by Mordell. These lectures on what is perhaps the 
most celebrated conjecture in Mathematics are 
intended for those without training in Number 
Theory. 1. History, Early Proofs. II. Rummer’s 
Treatment and Recent Results. III. Libri’s and 
Germain’s Methods. 

—350 pp. 51 / 4 x 81 / 4 . n08] Four vols. in one. $$.25 
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THEORIE DER ENDLICHEN UNO 
UNENDLICHEN GRAPHEN 
By D. KONIG 

“Elegant applications to Matrix Theory . . . 
Abstract Set Theory . . . Linear Forms . . . Elec- 
tricity . . . Basis Problems . . . Logic, Theory of 
Games, Group Theory.” — L. Kalmar, Acta Szeged. 

—1936. 269 pp. 51/4X8V4. Orig. publ. at $7.20. [72] $4.50 


DIOPHANTISCHE APPROXIMATIONEN 

By J. F. KOKSMA 

— (Ergeb. der Moth.) f936. 165 pp. 5 1/2x8 1/2. Orig. publ. at 
$7.25. [66] $3.50 

FOUNDATIONS OF THE THEORY OF 
PROBABILITY 

By A. KOLMOGOROV 

Translation edited hy N. Morrison. With a bibli- 
ography and notes by A. T. Bharucha-Reid. 

Almost indispensable for anyone who wishes a 
thorough understanding of modern statistics, this 
basic tract develops probability theory on a postu- 
lational basis. 

—2nd ed. 1956. vlii + 84 pp. 6x9. [23] $2.50 


EINFUHRUNG IN DIE THEORIE DER 
KONTINUIERLICHEN GRUPPEN 
By G. KOWAIEWSKI 

—406 pp. SV4X8I/;. Orig. publ. at $10.20. [70] $4.95 


DETERMINANTENTHEORIE 
EINSCHLIESSLICH DER FREDHOLMSCHEN 
DETERMINANTEN 

By G. KOWALEWSKf 

PARTIAL CONTENTS: Definition and Simple 
Properties . . . Systems of Linear Equations . . . 
Symmetric, Skew-symmetric, Orthogonal Deter- 
minants . . . Resultants and Discriminants . . . 
Linear and Quadratic Forms. . . Functional, Wron- 
skian, Gramian determinants . . . Geometrical ap- 
plications . . . Linear Integral Equations . . . Theory 
of Elementary Divisors. 

“A classic in its field.” — Bulletin of the A. M. S. 
—Third edition. 1942. 328 pp. 5V^x8. [39] $4.95 




CHELSEA SCIENTIFIC BOOKS 


IDEALTHEORIE 

By W. KRULL 

>-<Ergeb. der Math.) 1935. 159 pp. 5V^x8V^. Orig. publ. 
(paper bound) at $7.00. [48] Cloth, $3.95 

GROUP THEORY 

By A. KUROSH 

Translated from the second Russian edition and 
with added notes by Prof. K. A. Hirsch. 

A complete rewriting of the first, and already 
famous, Russian edition. 

Partial Contents: Part one: The Elements of 
Group Theory. Chap. I. Definition. II. Subgroups 
(Systems, Cyclic Groups, Ascending Sequences of 
Groups). III. Normal Subgroups. IV. JBndomor- 
phisms and Automorphisms. Groups with Opera- 
tors. V. Series of Subgroups. Direct Proaucts. 
Defining Relations, etc. Part two: Abelian Groups. 
VI. Foundations of the Theory of Abelian Groups 
(Finite Abelian Groups, Rings of Endomorphisms, 
Abelian Groups with Operators). VII. Primary 
and Mixed Abelian Groups. VIII. Torsion-Free 
Abelian Groups. Editor’s Notes. Bibliography. 

Vol, II, Part Three: Group-Theoretical Con- 
structions. IX. Free Products and Free Groups 
(Free Products with Amalgamated Subgroup, 
Fully Invariant Subgroups), a. Finitely Genera- 
ted Groups. XI. Direct Products. Lattices (Modu- 
lar, Complete Modular, etc.). XII. Extensions of 
Groups (of Abelian Groups, of Non-commutative 
Groups, Cohomology Groups). Part Four: Solv- 
able and Nilpotent Groups. XIII. Finiteness Con- 
ditions, Sylow Subgroups, etc. XIV. Solvable 
Groups ( Solvable and Generalized Solvable Groups, 
Local Theorems). XV. Nilpotent Groups (General- 
ized, Complete, Locally Nilpotent Torsion-Free, 
etc.). Editor’s Notes. Bibliography. 

—Vol . 1 . 2nd cd. 1 959. 27 1 pp. 6x9. [107] $4.95 

—Vol . 1 1 . 2nd ed. 1 960. 308 pp. 6x9. [ 1 09] $4.95 

DIFFERENTIAL AND INTEGRAL CALCULUS 

By E. LANDAU 

Landau’s sparkling Einfiihrung in English trans- 
lation. Completely rigorous, completely self- 
contained, borrowing not even the fundamental 
theorem of algebra (of which it gives a rigorous 
elementary proof), it develops the entire calculus 
including Fourier series, starting only with the 
properties of the number system. A masterpiece of 
rigor and clarity. 

— 2nd ed. I960. 372 pp. 6x9. [78] $6.00 

ELEMENTARE ZAHLENTHEORIE 
By E. LANDAU 

^’Interest is enlisted at once and sustained by the 
accuracy, skill, and enthusiasm with which Landau 
marshals . . . facts and simplifies . . . details.” 

— G, D. Birkhoff, Bulletin of the A. M.S> 
—1927. vii + 180+ iv pp. 5V^x8i/4. [26] $3.50 
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VORLESUNGEN UBER ZAHLENTHEORIE 

By E. LANDAU 

The various sections of this important work 
(Additive, Analytic, Creometric, and Algebraic 
Number Theory) can be read independently of one 
another. 

— ^Vol. L Pt. 2. ♦(Additive Number Theory) xii -f 180 pp. Vol. 
II. (Analytical Number Theory and Geometrical Number Theory) 
viii -|- 308 pp. Vol. III. (Algebraic Number Theory and Fermat's 
Last Theorem) vill -f 341 pp. • < Vol. I, Pt- 1 is issued 

as Slementary Number Theory.) Originally publ. at $26.40 
[32] Three vols. in one $14.00 


ELEMENTARY NUMBER THEORY 

By E. LANDAU 

The present work is a translation of Prof. Lan- 
dau's famous Elementare Zahlentkeorie, with 
added exercises by Prof. Paul T. Bateman. 

Part One. Foundations of Number Theory. I. 
Divisors. II. Prime Numbers, Prime Factoriza- 
tion. III. G.C.D. IV. Number-theoretic Func- 
tions. V. Congruences. VI. Quadratic Residues. 
VII. Pell's Equation. Part Two. Brun's Theorem 
and Dirichlet's Theorem. Part Three. Decompo- 
sition into Two, Three, and Four Squares. I. 
Farey Fractions. II. Dec. into 2 Squares. III. Dec. 
into 4 Squares. IV. Dec. into 3 Sciuares. Part 
Four. Class Numbers of Binary Quaiiratic Forms. 
II. Classes of Forms. III. Finiteness of Class 
Number. IV. Primary Representation . . . VI. 
Gaussian Sums . . . IX. Final Formulas for Class 
Number. 

Exercises for Parts One, Two, and Three. 
—1958. 256 pp. 6x9. [1251 $4.95 


EINFUHRUNG IN DIE ELEMENTARE UND 
ANALYTISCHE THEORIE DER 
ALGEBRAISCHE ZAHLEN UND DER IDEALE 
By E. LANDAU 

—2nd ed. vii + 147 pp. 5y2x8. [62] $2.95 


GRUNDLAGEN DER ANALYSIS 

By E. LANDAU 

The student who wishes to study mathematical 
German will find Landau's famous Grundlagen der 
Analysis ideally suited to his needs. 

Only a few score of German words will enable 
him to read the entire book with only an occasional 
glance at the Vocabulary! [A Complete German- 
English vocabulary, prepared with the novice 
especially in mind, has been appended to the book.] 

—3rd ed. I960. 173 pp. 5%x8. [24] Cloth $3.50 

[141] Paper $1.95 
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FOUNDATIONS OF ANALYSIS 

By E. LANDAU 

**Certainly no clearer treatment of the foundations 
of the number system can be offered. . . . One can 
only be thankful to the author for this fundamental 
piece of exposition, which is alive with his vitality 
and genius.*’ — J. F. Ritt, Amer. Math, Monthly, 
—2nd ed. I960. 6x9. [79] $3.50 


HANDBUCH DER LEHRE VON DER 
VERTEILUNG DER PRI/AZAHLEN 
By E. LANDAU 

To Landau’s monumental work on prime-number 
theory there has been added, in this edition, two of 
Landau’s papers and an up-to-date guide to the 
work: an Appendix by Prof. Paul T. Bateman. 
—2nd ed. 1953. 1,028 pp. SVzxS'A- [96] $13.95 

UEBER ANALYSIS 

By E. LANDAU, B, RIEMANN, and H, WEYL 

— See : Wey I -Landau- Riemann. 

MEMOIRES SUR LA THEORIE DES SYSTEMES 
DES EQUATIONS DIFFERENTIELLES 
LINEAIRES, Vols. I. II, ill 
By J. A. LAPPO-DANILEVSKlf 

Three volumes in one. 

Some of the chapter titles are: General theory of 
functions of matrices; Analytic theory of matrices; 
Problem of Poincar4; Systems of equations in 
neighborhood of a pole; Analytic continuation; In- 
tegral equations and their application to the theory 
of linear differential equations; Riemann’s prob- 
lem; etc. 

‘The theory of [systems of linear differential 
equations] is treated with elegance and generality 
by the author, and his contributions constitute an 
important addition to the field of differential equa- 
tions .” — Applied Mechanics Reviews, 

— 3 volumes bound os one. 689 pp. 5V^x8V^. [94] $10.00 


TOPOLOGY 

By S. LEFSCHETZ 

CONTENTS: I. Elementary Combinatorial 
Theory of Complexes. II. Topological Invariance 
of Homology Characters. III. Manifolds and their 
Dually Theorems. IV. Intersections of Chains 
on a Manifold. V. Product Conmlexes. VI. Trans- 
formations of Manifolds, their Coincidences, Fixed 
Points. VII. Infinite Complexes. VIII. Applica- 
tions to Analytical and Algebraic Varieties. 

— 2nd ed. (Corr. repr. of Ist ed.). x-f 4)0 pp. 

[116] $ 4.95 
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ELEMENTS OF ALGEBRA 

By HOWARD LEVI 

“This book is addressed to beginning students of 
mathematics. . . . The level of the book, however, is 
so unusually high, mathematically as well as peda< 
gogically, that it merits the attention of profes- 
sional mathematicians (as well as of professional 
pedagogues) interested in the wider dissemina- 
tion of their subject among cultured people ... a 
closer approximation to the right way to teach 
mathematics to beginners than anything else now 
in existence .’* — Bulletin of the A. M. S, 

—Third ed. 1960. xi -f* 161 pp. 5%x8. [103] $3.2S 


LE CALCUL DES RESIDUS 

By E. UNDEL6F 

Important applications in a striking diversity of 
mathematical fields : statistics, number theory, the 
theory of Fourier series, the calculus of finite 
differences, mathematical physicL and advanced 
calculus, as well as function theory itself. 

—151 pp. 5>/2 x8i/2. [341 M.25 


THE THEORY OF MATRICES 

By C. C. MacDUFFEE 

“No mathematical library can afford to be without 
this book .” — Bulletin of the A, Af. 5. 

— (Ergeb. der Math.) 2nd edition. 116 pp. 6x9. Ong. publ. 
at $5.20. [281 $2.95 

AAACMAHON, 'introduction . . see Klein 


COMBINATORY ANALYSIS, Vols. I and II 

By P. A. MACMAHON 

Two VOLUMES IN ONE. 

A broad and extensive treatise on an important 
branch of mathematics. 

— XX + 300 + XX + 340 pp. 5%x8. [137] Two vols. in one. 

$7.50 


FORMULAS AND THEOREMS FOR THE 
FUNCTIONS OF AAATHEMATICAL PHYSICS 
By W, MAGNUS and F. OBERHETTINGER 

Gathered into a compact, handy and well-arranged 
reference work are thousands of results on the 
many important functions needed by the physicist, 
engineer and applied mathematician. 

Translated by J. Wermer. 

— 1954. 182 pp. 6x9. German edition was $7.00. [51] $3.90 
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THE DEVELOPMENT OF 
MATHEMATICS IN CHINA AND JAPAN 
By y. MIKAMI 

A scholarly work. 

— First ed. 1913. viii -|- 347 pp. 54^x8. Summer, '61. 

[1491 $3.95 


GEOMETRIE DER ZAHLEN 

By H, MINKOWSKI 

— vili -f 256 pp. 5 Vix8 1/4 . [93 1 $4.50 

DIOPHANTISCHE APPROXIAAATIONEN 

By H. MINKOWSKI 

''Since the author has g^iven an elementary, enter- 
taining:, account, both in greometric and arithmetic 
language, of some important original results as 
well as the salient features of a classic theory, but 
presented in a novel manner, his work is deserving 
of the attention of the very widest circle ox 
readers.” — L. E. Dickson, 

— vlil -t- 235 pp. 51 / 4 x 81 / 4 . [118) $4.50 

MORDELL, "Fermat's Lost Theorem," see K/ein 


INVERSIVE GEOMETRY 

By F, MORLEY and F, Y, MORLEY 

Chapter Headings: I. Operations of Elementary 
Geometry. II. Algebra. III. The Euclidean Group. 
IV. Inversions. V. Quadratics. VI, The Inversive 
Group of the Plane. VII. Finite Inversive Groups. 
VIII. Parabolic, Hyperbolic, and Elliptic Geom- 
etries. IX. Celestial Sphere. X. Flow. XI. Differ- 
ential Geometry. XII. The Line and the Circle. 
XIII. Regular Polygons. XIV. Motions. XV. The 
Triangle. XVI. Invariants under Homologies. 
XVII. Rational Curves. XVIII. Conics. XIX. 
Cardioid and Deltoid. XX. Cremona Transforma- 
tions. XXI. The n-Line. 

— xi 4- 273 pp. 51 / 4 x 81 / 4 . [101 ) $3.95 


LEHRBUCH DER KOMBINATORIK 

By E, NETTO 

The standard work on the fascinating subject of 
Combinatory Analysis. 

— Second edition, viii 4*348 pp. 5x8 in. [123] $4.95 

VORLESUNGEN UBER 
DIFFERENZENRECHNUNG 
By N. H. NORIUNO 

— ix + 551 pp. 5x6. Orig. publ. at $1 1 .50. 


[100] 9S.9S 
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FUNCTIONS OF REAL VARIABLES 
FUNCTIONS OF A COMPLEX VARIABLE 
By W. F. OSGOOD 

Two VOLUMES IN ONE. 

**WeU-organized courses, systematic, lucid, fun- 
damental, with many brief sets of appropriate 
exercises, and occasional suggestions for more ex- 
tensive reading. The technical terms have been 
kept to a minimum, and have been clearly ex- 
plained. The aim has been to develop the student^s 
power and to furnish him with a substantial body 
of classic theorems, whose proofs illustrate the 
methods and whose results provide equipment for 
further progress.” — Bulletin of A, M.S 
-~676 pp. 5x8. 2 vols. in 1. [1241 $4.95 


DIE LEHRE VON DEN KETTENBRUECHEN 

By O. PERRON 

Both the Arithmetic Theory and the Analytic 
Theory are treated fully. 

‘*An indispensable work . . . Perron remains the 
best guide for the novice. The style is simple and 
precise and presents no difficulties.” 

— Mathematical Gazette, 
~-2nd ed. 536 pp. 5y4x8. [73] $5.95 


IRRATIONALZAHLEN 

By O. PERKON 

Methods of introducing irrational numbers 
(Cauchy, Bolzano, Weierstrass, Dedekind, Cantor, 
M4ray, Bachman, etc.) Systematic fractions, con- 
tinued fractions. Cantoris series and algorithm, 
LiirotKs and EngeVs series, Cantoris products. 
Approximations, Kronecker theorem, Algebraic 
ana transcendental numbers {including transcen- 
derCcy proofs for e and n; Liouville numbers, etc.) 
— 2nded. 1939. 207 pp. [471 Cloth $3.25 

[1131 Paper $1.50 


EIGHT-PLACE TABLES OF 
TRIGONOMETRIC FUNCTIONS 
By J. PETERS 

With an appendix on the computation to twenty 
decimal places. 

— Approx. 950 pp. 8x 1 1 . [ 1 541 In prep. 


SUBHARMONIC FUNCTIONS 

By T. RADO 

— (Eroeb. der Moth.) 1937. iv + 56 pp. Sy 2 x 8 V 2 . [601 $2.00 
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ANALYTIC GEOMETRY OF 
THREE DIMENSIONS 
By G. SALMON 

A rich and detailed treatment by the author of 
Conte Sections, Higher Plane Curves, etc. 

—Seventh edition. (V. 1). 406 pp. 5x8. [I22J $ 4.95 

INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 

By O. SCHREiER and E, SPERNER 

An English translation of the revolutionary work, 
Einfuhrung in die Analytische Geometrie und 
Algebra. Chapter Headings: I. Affine Space. Linear 
Equations. (Vector Spaces). II. Euclidean Space. 
Theory of Determinants. III. The Theory of Fields. 
Fundamental Theorem of Algebra. IV. Elements 
of Group Theory. V. Matrices and Linear Trans- 
formations. The treatment of matrices is especially 
extensive. 

^‘Outstanding . . . good introduction . . . well 
suited for use as a text . . . Self-contained and each 
topic is painstakingly developed.’’ 

— Mathematics Teacher. 
—Second td. 1959. viii-f- 378 pp. [80] $6.00 

PROJECTIVE GEOMETRY OF n DIMENSIONS 

By O. SCHREIER and E. SPERNER 

Translated from the German by Calvin A. Rogers. 

A textbook on the analytic projective geometry 
of n dimensions whose clarity and explicitness of 
presentation can hardly be surpassed. 

Suitable for a one-semester course on the senior 
undergraduate or first-year graduate level. The 
background required is minimal: The definition 
and simplest properties of vector spaces and the 
elements of matrix theory. For the reader lacking 
this background, suitable reference is made to the 
Authors’ companion volume Introduction to Mod- 
em Algebra and Matrix Theory. 

There are exercises at the end of each chapter 
to enable the student to test his mastery of the 
material. 

Chapter Headings: I. n-Dimensional Projective 
Space. II. General Projective Coordinates. III. 
Hyperplane Coordinates. The Duality Principle. 
IV. The Cross Ratio. V. Pro jectivi ties. VI. Linear 
Projectivities of Pn onto Itself. VII. Correlations. 
VIII. Hypersurfaces of the Second Order. IX. 
Projective Classification of Hypersurfaces of the 
Second Order. X. Projective Properties of Hyper- 
surfaces of the Second Order. XI. The Affine 
Classification of Hypersurfaces of the Second Or- 
der. XII. The Metric Classification of Hyper- 
surfaces of the Second Order. 

—1961. 206 pp. 6x9. 


[1261 $ 4.95 
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PROJECTIVE METHODS 
IN PLANE ANALYTICAL GEOMETRY 
By C. A. SCOTT 

The original title of the present work, as it ap- 
peared in the first and second editions, was '^An 
Introductory Account of Certain Modern Ideas and 
Methods in Plane Analytic Geometry.’' The title 
has been changed to the present more concise and 
more descriptive form, and the corrections indi- 
cated in the second edition have been incorporated 
into the text. 

Chapter Headings: I. Point and Line Co- 
ordinates. II. Infinity. Transformation of Coordi- 
nates. III. Figures Determined by Four Elements. 
IV. The Principle of Duality. V. Descriptive Prop- 
erties of Curves. VI. Metric Properties of Curves ; 
Line at Infinity. VII. Metric Properties of Curves; 
Circular Points. VIII. Unicursal (Rational) 
Curves. Tracing of Curves. IX. Cross-Ratio, 
Homography, and Involution. X. Projection and 
Linear Transformation. XI. Theory of Corre- 
spondence. XII. The Absolute. XIII. Invariants 
and Covariants. 

— Ready, Summer, 1961. 3rd ed. xlv 4-288 pp. 5x8. 

[M6] Probably $3.50 

LEHRBUCH DER TOPOLOGIE 

By H. SEIFERT and W. THRELFALL 

This famous book is the only modern work on com- 
binatorial topology addressed to the student as well 
as to the specialist. It is almost indispensable to 
the mathematician who wishes to gain a knowledge 
of this important field. 

**'rhe exposition proceeds by easy stages with 
examples and illustrations at every turn.*’ 

— Bulletin of the A. M, S. 
—1934. 360 pp. SVixSVi. Orig. publ. ot $8.00. [31] $4.95 


SHEPPARD, ''From Datorminont to Ttnsor," Kloin 

HYPOTH^SE DU CONTINU 

By W. SIBRMNSKI 

An appendix consisting of sixteen research papers 
now brings this important work up to date. This 
represents an increase of more than forty percent 
in the number of pages. 

*‘0ne sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fufidamental questions of anal- 
ysis and geometry are connected with it ... a most 
excellent addition to our mathematical literature.” 

— Bulletin of A, M, 

^Second edition. 1957. xvii 4- 274 pp. 5x8. [117] $4.95 


SINGH. '^Non.DIffarantiabi* Funetiont." m* Hobcan 
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DIOPHANTISCHE GLEICHUNGEN 

By T. SKOLEM 

‘This comprehensive presentation . . . should be 
warmly welcomed. We recommend the book most 
heartily .” — Acta Szeged, 

— <Eroeb. der Math.) 1938. lx -f 130 pp. SVixBVi- Cloth. 
Orig. publ. at $6.50. [75] $3.S0 

ALGEBRAISCHE THEORIE DER KOERPER 

By E. 5TEINITZ 

“Epoch-making.” — A, Hoar, Aea Szeged, 

— 177 pp. including two appendices. 5>4x8Vi|. [77] $3.25 


INTERPOLATION 
By J. F. STEFFENSEN 
“A landmark in the history of the subject. 

“Starting from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
variables, in a clear, elegant and rigorous manner 
. . . The student . . . will be rewarded by a compre- 
hensive view of the whole field. ... A classic ac- 
count which no serious student can afford to 
neglect.” — Mathematical Gazette, 

—1950. 2nd ed. 256 pp. 5y4x8y4. Orig. $8.00. [71 ] $4.95 

A HISTORY OF THE MATHEMATICAL 
THEORY OF PROBABILITY 
By /. TODHUNTER 

Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish. Hundreds of problems are 
solved in detail. 

— 640 pp. 5yix8. Previously publ. at $8.00. [57] $6.00 

SET TOPOLOGY 

By R. VAIDYANATHASWAMY 

In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme. 

Over 500 exercises for the reader enrich the text. 
Chapter Headings: I. Algebra of Subsets of a 
Set. II. Rings and Fields of Sets. III. Algebra of 
Partial Order. IV. The Closure Function. V. Neigh- 
borhood Topology. VI. Open and Closed Sets. VII. 
Topological Maps. VIII. The Derived Set in Ti 
Space. IX. The Topological Product. X. Con- 
vergence in Metrical Space. XI. Convergence 
Topology. 

—2nd ed. 1960. vi + 305 pp. 6x9. 


[139] $6.00 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 
By G. VAURON 

—1923. xii 4- 208 pp. SVaxS. [56] $3.50 


GRUPPEN VON LINEAREN 
TRANSFORMATIONEN 
By B. L. VAN DER WAERDEN 

— (Ergeb. der Math.) 1935. 94 pp. SVixSYz. [45] $2.50 


LEHRBUCH DER ALGEBRA 

By H. WEBER 

The bible of classical algebra, still unsurpassed for 
its clarity and completeness. Much of the material 
on elliptic functions is not available elsewhere in 
connected form. 

Partial Contents: VOL. L Chap. I. Rational 
Functions. II. Determinants. III. Roots of Alge- 
braic Equations. V. Symmetric Functions. V. 
Linear Transformations. Invariants. VI. Tchirn- 
haus Transformation. VII. Reality of Roots. VIII. 
Sturm’s Theorem. X. Limits on Roots. X. Approxi- 
mate Computation of Roots. XI. Continued Frac- 
tions. XII. Roots of Unity. XIII. Galois Theory. 
XIV. Applications of Permutation Group to 
Equations. XV. Cyclic Equations. XVI. Kreistei- 
lung. XVII. Algebraic Solution of Equations. 
XVIII. Roots of Metacyclic Equations. 

VOL. II. Chaps. I.-V. Group Theory. VI.-X. 
Theory of Linear Groups. XI.-XVI. Applications 
of Group Theory (General Equation of Fifth De- 
gree. The Group Gtm and Equations of Seventh 
Degree . . .). XVII.-XXIV. Algebraic Numbers. 
XXV. Transcendental Numbers. 

VOL. III. Chap. I. Elliptic Integral. II. Theta 
Functions. III. Transformation of Theta Functions. 
IV. Elliptic Functions. V. Modular Function. V. 
Multiplication of Elliptic Functions. Division. VII. 
Equations of Transformation. VIII. Groups of the 
Transformation Equations and the Equation of 
Fifth Degree . . . XI.-XVI. Quadratic Fields. XVII. 
Elliptic Functions and Quadratic Forms. XVIII. 
Galois Group of Class Equation. XIX. Computa- 
tion of Class Invariant . . . XII. Cayley’s Develop- 
ment of Modular Function. XXIII. Class Fields. 
XXIV.-XXVI. Algebraic Functions. XXVII. Alge- 
braic and Abelian Differentials. 

—Ready. Fall. '61. 3rd ed. (C. repr. of 2rKi ed.). 2.345 pp. 5x8. 

[144] Three vol. set. Probably $19.50 
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DAS KONTINUUM, 
und andere Monographien 

By H, WEYL, E. LANDAU, and B. RIEMANN 
Four volumes in one. 

Das Kontinuum (Kritische Untersuchuns:en 
ueber die Grundlasren der Analysis), by H, Weyl. 
Reprint of 2nd edition. 

Mathematische Analyse des Raumproblems, 
by H, Weyl 

Darstellung und Begruendung einiger 

NEURER ERGEBNISSE DER FUNKTIONENTHEORIE, by 
E. Landau, Reprint of 2nd edition. 

Ueber die Hypothesen, welche der Geometrie 
zu Grunde liegen, by B. Riemann. Reprint of 3rd 
edition, edited and with comments by H. Weyl. 

—83 + 117 + 120 + 48 pp. 5y4x8. [134] Four vols. in one. 

$6.00 


THE THEORY OF GROUPS 

By H. J. ZASSENHAUS 

In this considerably augmented second edition of 
his famous work, Prof. Zassenhaus puts the origi- 
nal text in a lattice- theoretical framework. This 
has been done by the addition of new material as 
appendixes, so that the book can also continue to 
be read, as before, on a strictly group-theoretical 
level. The new edition has sixty percent more 
pages than the old. 

The number of exercises, also has been greatly 
increased. 

“A wealth of material in compact form.” 

— Bulletin of A, M, S, 
—Second edition. 1958. viii + 265 pp. 6x9. [53] $ 6.00 


Prices iubjmet to changm without notice 











